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ANNOTATION 


More than 2100 integral equations with solutions are given in the first part of the book. A lot 
of new exact solutions to linear and nonlinear equations are included. Special attention is paid to 
equations of general form, which depend on arbitrary functions. The other equations contain one 
or more free parameters (it is the reader’s option to fix these parameters). Totally, the number of 
equations described is an order of magnitude greater than in any other book available. 

A number of integral equations are considered which are encountered in various fields of 
mechanics and theoretical physics (elasticity, plasticity, hydrodynamics, heat and mass transfer, 
electrodynamics, etc.). 

The second part of the book presents exact, approximate analytical and numerical methods 
for solving linear and nonlinear integral equations. Apart from the classical methods, some new 
methods are also described. Each section provides examples of applications to specific equations. 

The handbook has no analogs in the world literature and is intended for a wide audience 
of researchers, college and university teachers, engineers, and students in the various fields of 
mathematics, mechanics, physics, chemistry, and queuing theory. 
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FOREWORD 


Integral equations are encountered in various fields of science and numerous applications (in 
elasticity, plasticity, heat and mass transfer, oscillation theory, fluid dynamics, filtration theory, 
electrostatics, electrodynamics, biomechanics, game theory, control, queuing theory, electrical en- 
gineering, economics, medicine, etc.). 

Exact (closed-form) solutions of integral equations play an important role in the proper un- 
derstanding of qualitative features of many phenomena and processes in various areas of natural 
science. Lots of equations of physics, chemistry and biology contain functions or parameters which 
are obtained from experiments and hence are not strictly fixed. Therefore, it is expedient to choose 
the structure of these functions so that it would be easier to analyze and solve the equation. As a 
possible selection criterion, one may adopt the requirement that the model integral equation admit a 
solution in a closed form. Exact solutions can be used to verify the consistency and estimate errors 
of various numerical, asymptotic, and approximate methods. 

More than 2100 integral equations and their solutions are given in the first part of the book 
(Chapters 1-6). A lot of new exact solutions to linear and nonlinear equations are included. Special 
attention is paid to equations of general form, which depend on arbitrary functions. The other 
equations contain one or more free parameters (the book actually deals with families of integral 
equations); it is the reader’s option to fix these parameters. Totally, the number of equations 
described in this handbook is an order of magnitude greater than in any other book currently 
available. 

The second part of the book (Chapters 7—14) presents exact, approximate analytical, and numer- 
ical methods for solving linear and nonlinear integral equations. Apart from the classical methods, 
some new methods are also described. When selecting the material, the authors have given a 
pronounced preference to practical aspects of the matter; that is, to methods that allow effectively 
“constructing” the solution. For the reader’s better understanding of the methods, each section is 
supplied with examples of specific equations. Some sections may be used by lecturers of colleges 
and universities as a basis for courses on integral equations and mathematical physics equations for 
graduate and postgraduate students. 

For the convenience of a wide audience with different mathematical backgrounds, the authors 
tried to do their best, wherever possible, to avoid special terminology. Therefore, some of the methods 
are outlined in a schematic and somewhat simplified manner, with necessary references made to 
books where these methods are considered in more detail. For some nonlinear equations, only 
solutions of the simplest form are given. The book does not cover two-, three- and multidimensional 
integral equations. 

The handbook consists of chapters, sections and subsections. Equations and formulas are 
numbered separately in each section. The equations within a section are arranged in increasing 
order of complexity. The extensive table of contents provides rapid access to the desired equations. 

For the reader’s convenience, the main material is followed by a number of supplements, where 
some properties of elementary and special functions are described, tables of indefinite and definite 
integrals are given, as well as tables of Laplace, Mellin, and other transforms, which are used in the 
book. 

The first and second parts of the book, just as many sections, were written so that they could be 
read independently from each other. This allows the reader to quickly get to the heart of the matter. 
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We would like to express our deep gratitude to Rolf Sulanke and Alexei Zhurov for fruitful 
discussions and valuable remarks. We also appreciate the help of Vladimir Nazaikinskii and 
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SOME REMARKS AND NOTATION 


1. In Chapters 1-11 and 14, in the original integral equations, the independent variable is 
denoted by 2, the integration variable by ¢, and the unknown function by y = y(2). 


2. For a function of one variable f = f(x), we use the following notation for the derivatives: 


d” f 


2 3 4 
_ af m _af mm Pei and fe ae for n2=5. 
gn 


ai : 


fi pears pas ag eee Ae 
bi dz 2 xx dx2 2, LLL dx3 : LLLL dx4 2 


Occasionally, we use the similar notation for partial derivatives of a function of two variables, 


for example, K/.(x, t) = 2 Ke. t). 
xe 


din 
3. In some cases, we use the operator notation f @—| g(x), which is defined recursively by 
x 


d |” d ai™ 
oe G(x) = foor-e| oe wn}, 


4. It is indicated in the beginning of Chapters 1-6 that f = f(x), g = g(x), K = K(a), etc. are 
arbitrary functions, and A, B, etc. are free parameters. This means that: 


(a) f = f(x), g = g(a), K = K(ja), etc. are assumed to be continuous real-valued functions of real 
arguments;* 


(b) if the solution contains derivatives of these functions, then the functions are assumed to be 
sufficiently differentiable;** 


(c) if the solution contains integrals with these functions (in combination with other functions), then 
the integrals are supposed to converge; 


(d) the free parameters A, B, etc. may assume any real values for which the expressions occurring 


in the equation and the solution make sense (for example, if a solution contains a factor 


A 
beac rd aah Sn ae eae 
then it is implied that A ¥ 1; as a rule, this is not specified in the text). 


5. The notations Re z and Im z stand, respectively, for the real and the imaginary part of a 
complex quantity z. 


6. In the first part of the book (Chapters 1-6) when referencing a particular equation, we use a 
notation like 2.3.15, which implies equation 15 from Section 2.3. 


7. To highlight portions of the text, the following symbols are used in the book: 
> indicates important information pertaining to a group of equations (Chapters 1-6); 


indicates the literature used in the preparation of the text in specific equations (Chapters 1-6) or 
sections (Chapters 7-14). 


* Less severe restrictions on these functions are presented in the second part of the book. 


** Restrictions (b) and (c) imposed on f = f(x), g = g(x), K = K(x), etc. are not mentioned in the text. 
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Part | 


Exact Solutions of 
Integral Equations 


Chapter 1 


Linear Equations of the First Kind 
With Variable Limit of Integration 


> Notation: f = f(x), g = g(a), h= h(a), K = K(x), and M = M(a) are arbitrary functions (these 
may be composite functions of the argument depending on two variables x and t); A, B, C, D, E, 
a, b, c, a, B, y, A, and are free parameters; and m and n are nonnegative integers. 


> Preliminary remarks. For equations of the form 


/ K (a, thy(t) dt = f(x), axa<b, 
where the functions K(x, ¢t) and f(a) are continuous, the right-hand side must satisfy the following 
conditions: 


1°. If K(a,a) #0, then we must have f(a) = 0 (for example, the right-hand sides of equations 1.1.1 
and 1.2.1 must satisfy this condition). 


2°. If K(a,a) = Ki(a,a) =--- = KY (a,a) =0, 0<|K{"(a,a)| < 00, then the right-hand side 
of the equation must satisfy the conditions 

fla) = fia) = +++ = f@ =0. 
For example, with n = 1, these are constraints for the right-hand side of equation 1.1.2. 
3°. If K(a,a) = Ki (a,a) =---= K&(a,a) =0, K‘”(a, a) = 00, then the right-hand side of the 
equation must satisfy the conditions 

f@ = f,@=--+ =f (@) =0. 


For example, with n = 1, this is a constraint for the right-hand side of equation 1.1.30. 

For unbounded K(x, t) with integrable power-law or logarithmic singularity at x = t and con- 
tinuous f(a), no additional conditions are imposed on the right-hand side of the integral equation 
(e.g., see Abel’s equation 1.1.36). 

In Chapter 1, conditions 1°—3° are as a rule not specified. 


1.1. Equations Whose Kernels Contain Power-Law 
Functions 


1.1-1. Kernels Linear in the Arguments zx and t 


1. | y(t) dt = f(a). 


Solution: y(x) = fi.(2). 
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2. ; (x — t)y(t) dt = f(x). 
Solution: y(x) = fi, (a). 


3. jp + Bt+ C)y(t) dt = f(x). 


This is a special case of equation 1.9.5 with g(x) = x. 


1°. Solution with B 4 —A: 
d ee A ORR __B_ 
y(x) = = [((A+B)r+C] 4+8 / [(A+ Bt+C] 4*8 fia ar}. 


2°. Solution with B = —A: 


y(x) = a lexw(-Z:) [ exp(4") fi(t) a), 


1.1-2. Kernels Quadratic in the Arguments x and ¢ 


4. / (w-t)y(t) dt = fle), fla) = fila) = f%,(a)=0. 
Solution: y(x) = 5 f2",(2). 
5, | (e?-L)y(t) dt = fle), fla) = fia) =0. 


This is a special case of equation 1.9.2 with g(x) = 2’. 


1 
Solution: y(x) = a [afi (x) — fi(a)). 


6. | (Ax? + Bt”) y(t) dt = f(a). 
For B =—A, see equation 1.1.5. This is a special case of equation 1.9.4 with g(x) = 2. 


1 d[ _2A f* _ 2B 
xv a 


7. | (Ax + Bt? +C)y(t) dt = f(x). 


This is a special case of equation 1.9.5 with g(x) = 2’. 
Solution: 


d Oe Ome i, __B 
y(x) = sign p(x) {lew ae | lPOL A+B fi (0) a, p(x) =(A+ B)x? +C. 


8. i [Aa’ + (B - A)at - Bt’| y(t) dt = f(x), f(a) = f(a) =0. 
Differentiating with respect to x yields an equation of the form 1.1.3: 
/ [2Ax + (B-— A)t]y@) dt = fi(2). 


Solution: 
2A A-B 


y(a) = aE / (ASB ficoat| 


Bdzx 
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9. | (Ax? + Bt? +Cx+ Dt + E)y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(a) = Av? + Cx and h(t) = Bt? + Dt + E. 


10. / (Axt + BY? + Cx + Dt + E)y(t) dt = f(z). 


This is a special case of equation 1.9.15 with g;(a) = x, hy(t) = At + C, g(x) = 1, and 
ho(t) = Bt? + Dt + EL. 


11. y (Ax? + Bat + Cx + Dt + E) y(t) dt = f(z). 


This is a special case of equation 1.9.15 with g)(x) = Bx+D, hi (t) =t, go(x) = Av’? +Ca+EF, 
and ho(t) = 1. 


1.1-3. Kernels Cubic in the Arguments «x and t 


12. | (e-t)y(t)dt = fw), f(a) = f(a) = f%,(a) = f(a) = 0. 


Solution: y(x) = t eee): 


13. [GP ydt= fa, —flay= fia) =0. 
This is a special case of equation 1.9.2 with g(x) = x°. 


Solution: y(a) = sale wna (L) — 2f, (2). 


14, / : (Aa? + Bt?) y(t) dt = f(x). 


For B =—A, see equation 1.1.13. This is a special case of equation 1.9.4 with g(a) = 2°. 


1 d [ _34 f* _ 3B. 
Solution withO<a<a: y(x)= TeBae E A+B y t A+B fi (t) a : 
xc a 


15. | (Ax* + Bt? +C)y(t) dt = f(x). 
This is a special case of equation 1.9.5 with g(x) = 2°. 
16. | (xt -xt*)y(t)dt = f(x),  f(a)=fi(a)=0. 
This is a special case of equation 1.9.11 with g(x) = x and h(x) = x. 
1@f1 
Solution: y(x) = ——; [sso] ; 
x dx* |x 
17. i} (Ax?t + Bat*)y(t) dt = f(x). 
For B =—A, see equation 1.1.16. This is a special case of equation 1.9.12 with g(x) = a” and 


h(x) = x. 
Solution: 


ee ee wae [rm 5 1 eal at 
y (A+ B)x dx . dt | t 
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18. [408+ Batyyin at = fle) 


This is a special case of equation 1.9.15 with g(x) = Ax, hy(t) = 1, g(x) = Ba, and ho(t)=t?. 


19. [Ae + Be*ny eat = Fo. 


This is a special case of equation 1.9.15 with g)(x) = Az, h(t) = 1, g(x) = Bz’, and 


ho(t) = t. 


20, [Avie Beye at = fo, 


This is a special case of equation 1.9.15 with g,(a) = Ax’, hi(t) =t, go(a) = B, and ha(t) = t?. 


a1: [det + Be YO dt = Fo). 


This is a special case of equation 1.9.15 with g,(x) = Ax, h,(t) = t*, go(a) = B, and ha(t) = t?. 


22. [Ase + Bat + Ane? + Bot? + Aye + Bit + C)y(t) dt = fe) 


This is a special case of equation 1.9.6 with g(x) = A3a> + Apa? + Aya + C and h(t) 
Bt? a Bt? + Bit. 


1.1-4. Kernels Containing Higher-Order Polynomials in x and t 


23. foe —t)" y(t) dt = f(x), n=1,2,... 


It is assumed that the right-hand of the equation satisfies the conditions f(a) = fi(a) =--- 


f{P@ = 0. 


; 1 

Solution: y(x) = safe a): 

nr: 

Example. For f(x) = Ax™, where m is a positive integer, m > n, the solution has the form 
Am! 


grt 
n!(m-n-1)! 


y(x) = 


24. poe —t”)y(t) dt = f(x), f(a) = fi(a)=0, n=1,2,... 


Solution: y(#) = _ Eo F 


gn-l 


25, ft (erator) y(t) dt = Fo), n =2,3,... 


This is a special case of equation 1.9.11 with g(x) = x"*! and A(x) = x”. 
1 Ee 


Solution: = — 
olution: y(x) ie ae 
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1.1-5. Kernels Containing Rational Functions 


26. | pe kee eo 
0 


att 


N 
1°. For a polynomial right-hand side, f(x) = 5> Ay2x”, the solution has the form 
n=0 


N A n (-1)* 
y@)=) 5", By=(ty"] n+) " | 
n=0 k=1 
N 
2°. For f(x) = a S> Anx”, where » is an arbitrary number (A > —1), the solution has the 
n=0 
form o 
A LgMrdt 
Xr non 
= — By = : 
a dF,” [ i+t 
N 
3°. For f(x) = Ine( Anz”) , the solution has the form 
n=0 
N N 
yr) =Inx > — +) > Be x", 
n=0 —™ n= te 


N 
4°. For f(x) = > An (In x)”, the solution of the equation has the form 
n=0 


N 


n=0 


where the functions Y,, = Y,,(x) are given by 


d” xu tr dz 
Yn = ee Wee 5 I r = . 
(2) a lan Wa O) if l+z 


N N 
5°. For f(@) = 35 Ap cos(A, Inx) + >> B, sin(A, In x), the solution of the equation has the 
n=l n=1 


form 


N N 
y(x) = S- Cry, cos(Ay, In x) + > Dy sin(An In x), 


n=l n=l 


where the constants C;, and D,, are found by the method of undetermined coefficients. 


6°. For arbitrary f(a), the transformation 
L= te ey b= te", yt)=eTw(r), f(x)=e*g(%) 


leads to an integral equation with difference kernel of the form 1.9.26: 


[ Ce Lae: 


oo cosh(z — T) 
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27. 


28. 


[ eerrt6 a>0, a+b>0. 
0 


ax + bt 


N 
1°. For a polynomial right-hand side, f(a) = 5> Anx”, the solution has the form 


N 


An ' en at 
= hy Bn = : 
va)=) Be, ee 


n=0 n 


N 
2°. For f(x) = a? S> A,x”, where is an arbitrary number (A > -—1), the solution has the 
n=0 


form 
N 


Ans ge ake: 
ward ge, Bao | oe 


n=0 ie 


N 
3°. For f(x) =In w( by Ana") , the solution has the form 
n=0 


N N 1 
An yi AnCn +“ t” dt t” Int 
ya) =Inx ) | oe 2 B2 ae Bn -[ atbt’ Cuz | ae 
n=0 a, 


n=0 


4°. For some other special forms of the right-hand side (see items 4 and 5, equation 1.1.26), 
the solution may be found by the method of undetermined coefficients. 


° y(t) dt 
| aa? a bet Le a>O0, a+b>0. 
0 


N 
1°. For a polynomial right-hand side, f(a) = 5> A,x”, the solution has the form 


N 


Ais ah “ie ae 
— pale 3 B, = ry 
le Na (i 


n 
n=0 


Example. For a = b = | and f(x) = Aa? + Ba + C, the solution of the integral equation is: 


2A 5, 4B 4, 2C 
a+ a+ : 
1-In2 4-1 In2 


y(x) = 


N 
2°. For f(x) = 2% S> Anx”, where 2 is an arbitrary number (A > —1), the solution has the 
n=0 


form 


N 1 4d4+n4+1 
A t dt 
iA n +1 = 
Uae DB By= f a+b | 
n=0 


N 
3°. For f(x) =In w( sy Anat”) , the solution has the form 


n= 


N N n 1 yntl 
Ag iis AnCn nat t™*! dt t™* Int 
va)=ine Doe eB =A a+ be’ Cu= | pe 
n=0 a n 
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“ y(t) dt 
29. | Seco. a>0, at+b>0, m=1,2,... 
9 ax™ + bt™ 


N 
1°. For a polynomial right-hand side, f(x) = 5> Anz”, the solution has the form 
n=0 


N 


An m+n-1 ene ' dt 
w= geen, B= [ 


n=0 ee 


N 

2°. For f(x) = a > Anx”, where 2 is an arbitrary number (A > —1), the solution has the 
n=0 

form 


N 

An fAtmtn— 1 dt 

y(x) = ma 5 = grin B. -[ ; 
n=0 


re —atbt™ 


N 
3°. For f(z) = In w( > Anz”) , the solution has the form 
n=0 


N N 
y(x) =Inz : S gminl : aE grin 
n=0 ~—” n=0 ay 


1 1 1 ym+n-l 
ern dt t Int 
Ba= [ eS Cn= f SG 
0 a+ bt™ 0 at bt™ 


1.1-6. Kernels Containing Square Roots 


| Va—ty(t)dt = f(x). 


Differentiating with respect to x, we arrive at Abel’s equation 1.1.36: 


* u(t) dt 
me = 2f1(a0), 


Solution: 
2a f* f@dt 


ya) = — 5 Sears 


31. | (Va - Vt )y(t) dt = f(x). 


This is a special case of equation 1.1.44 with p= 5. 


Solution: y(x) = ot [Vz f,(a)]. 
dx 


32. | “ (AVz + Bvt )y(t) dt = f(a). 


This is a special case of equation 1.1.45 with y= 5. 
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34. 


35. 


36. 


37. 


38. 


39. 


a (1+ bVa -t) y(t) dt = f(x). 


Differentiating with respect to x, we arrive at Abel’s equation of the second kind 2.1.46: 


d 
yore [ nen fila). 


/ 7 (t/x —xv/t) y(t) dt = f(x). 


This is a special case of equation 1.9.11 with g(x) = \/z and h(x) = z. 


| : (AtVa + Brv't )y(t) dt = f(a). 


This is a special case of equation 1.9.12 with g(x) = \/z and A(t) = t. 


 y(t)dt 
is Ware 
Abel’s equation. 
Solution: 
1d f[* f(t)dt f(@ 1 f* fi@)dt 
y(2) = = + / 
a dx Var-t ./x-a 


@) Reference: E. T. Whittacker and G. N. Watson (1958). 


= 1 
[ (o+ a) uo dt = f(a). 


Let us rewrite the equation in the form 


” y(t) dt 
Vae-t 


Assuming the right-hand side to be known, we solve this equation as Abel’s equation 1.1.36. 
After some manipulations, we arrive at Abel’s equation of the second kind 2.1.46: 


= f(x) / y(t) dt. 


pee - = F(x), where F(x) = _ pms 


yla)+ = 


Gas Jz )ut) at = Fw), 


This is a special case of equation 1.1.44 with w =—;. 
Solution: y(x) =-2[a* fia)’, a > 0. 


[(dee unas 


This is a special case of equation 1.1.45 with pw =—7. 
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? y(t) dt 


40. ———. = f(x). 
a Vv a? - 
to Dod f* ap @ae 
Solution: y= de fee 
@) Reference: P. P. Zabreyko, A. I. Kosheley, et al. (1975). 
- t) dt 
41. y(t) =f(@), a>0, atbd>0. 


0 Vax + bt? 


N 
1°. For a polynomial right-hand side, f(a) = 5> A,x”, the solution has the form 
=0 


N 1 


A t” dt 
Oye ae) a 
d pe By 0 Vat bt? 


n=0 


N 
2°. For f(x) = 2* > Anx”, where \ is an arbitrary number (A > —1), the solution has the 
form . 

N 1 yA4n 
An t dt 
y(z) = x” —x2", By, = ae 
» By 0 Vat bt? 


N 
3°. For f(x) =In zl > An”) , the solution has the form 


n=0 
eh EAE 1 1 
(x) =Inx x” BP Bee ae WO = arene 
‘ > By » Br 0 Vat bt? 0 Vat bt? 


N 
4°. For f(x) = 3> An (In x)”, the solution of the equation has the form 


n=0 


N 
y(x) = 5° AnYn(2), 


n=0 
where the functions Y,, = Y,,(x) are given by 


wo={aelal}e Onl ae 
eae Gare aN eer Jo Vat b22 


N N 

5°. For f(a) = S> An cos(A, Inx) + > By sin(Ay In x), the solution of the equation has the 
n=l n=l 

form 


N N 
y(x) = ye Cp, COS(Ay In x) + S Dy, sin(An nz), 


n=l n=l 


where the constants C;, and D,, are found by the method of undetermined coefficients. 
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1.1-7. Kernels Containing Arbitrary Powers 


42. fe - t)y(t) dt = f(x), fi) =0, 0<A<1. 


Differentiating with respect to x, we arrive at the generalized Abel equation 1.1.46: 


* y(t) dt by 
2 @ AOR ARO 
Solution: © Fd q 
= (t) dt _ sin(wA) 
y(x) = Dp eae es ae 


@) Reference: F. D. Gakhov (1977). 


43. fo —t)*y(t) dt = f(a). 


For pp = 0,1,2,..., see equations 1.1.1, 1.1.2, 1.1.4, 1.1.12, and 1.1.23. For —-1 < yz < 0, see 
equation 1.1.42. 
Set yp =n—A, where n = 1,2,... andO< <1, and f(a) = fia) =--- = f%@ =0. 
On differentiating the equation n times, we arrive at an equation of the form 1.1.46: 


* yt)dr — Tu-n+1) 
a (@@-th T(t) 


f°Q), 


where I'(j) is the gamma function. 


Example. Set f(x) = Az’, where (3 = 0, and let pp >—-1 and wz- 6 #0,1,2,... In this case, the solution has 
T(6 +1) owl 


the form y(2) = Tat DIG-p) 


@) Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971). 


44, fiw —t*)y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = x". 


Solution: (x) = F [xt fi(@)]. 


45. | (Aa + Bt") y(t) dt = f(a). 
For B =—A, see equation 1.1.44. This is a special case of equation 1.9.4 with g(x) = x". 
1 d Au vc Bu 
lution: ae | A+B fi(tyatl. 
Solution: y(x) = aot as le + i. +B f(b) | 


 y(t)dt _ 
46. (@ a» 1 0<A<1. 
The generalized Abel equation. 
Solution: 
_ sin(wA) d ae f(t)dt __ sin(7A) f[@ +[ fi dt 
y(@) = z (2 —t)- = = (2 —a)!> (2 —t)!I> 


@) Reference: E. T. Whittacker and G. N. Watson (1958). 
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47. 


48. 


49. 


50. 


51. 


52. 


53. 


os 1 
b + ——— | y(t) dt = F 0<A<1. 
[ | pH f(x) 
Rewrite the equation in the form 


” y(t) dt 
(x-t) 


= f(x)-b / y(t) dt. 


Assuming the right-hand side to be known, we solve this equation as the generalized Abel 
equation 1.1.46. After some manipulations, we arrive at Abel’s equation of the second 
kind 2.1.60: 


b sine) y(t) dt 
al [ @-)> 


= F(x), where F(x) = sine) d i, * f@at 


dx (x-t)r” 


[ (va-vipuwat =f(z), O<AK<1. 


Solution: 
— fOdt _ sin(z) 
ye) = (ve ae) f° Vi (Ve vt)*’ oe TA 


erm 0<A<1. 
a xz-vt 


Solution: 


sin’) < f@ dt 


pe « Vil/e-Viy> 


| : (Ax + Bt”) y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = Ax and h(t) = Bt. 


/ [1+ AGM —a")] y(t) dt = fla. 


This is a special case of equation 1.9.13 with g(a) = Ax” and h(x) = 2%. 
Solution: 


= Au +X 
y(a) = aco fie no) soc atl, ®(2) = exp(— a" ‘ 


/ : (Av°t? + Bax®t*) y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g,(x) = Az, h(t) = t7, g(x) = Bx®, and 
ho(t) = t. 


f [Ax*(t* — x) + Bx (t7 - x7)] y(t) dt = f(x). 


This is a special case of equation 1.9.45 with g)(x) = Ax, hy(x) = x", go(x) = Be®, and 
ho(x) = x7. 
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54, 


55. 


56. 


57. 


58. 


7 [Aw th + Bath? — (A+ Bat") y(t) dt = f(a). 


This is a special case of equation 1.9.47 with g(x) = x. 


/ 7 t? (a — t#) y(t) dt = f(x), o>-l, p>, A>-1. 

The transformation 7 = t", z= 2", w(T) = t7 +1 y(t) leads to an equation of the form 1.1.42: 
ee —T)w(r) dr = F(z), 

where A = a and F(z) = pf (z!/"). 


Solution with -1 < A <0: 
psin(wA) d 
y(“) = -——_— — 


we? dx 
@ y(t) dt 
| BOE Gas: 


(a + t)# 
This is a special case of equation 1.1.57 with A = 1 anda =b=1. 
The transformation 


c=7e*, t=ze", yQ=e* u(r), f@)=e9(2) 


leads to an equation with difference kernel of the form 1.9.26: 
f, = w(t) dr (2) 
—__—_— = (2). 
_oo cosh'(z — 7) 7 


* y(t) dt 
), ax gee a>0, a+b>0. 


1°. The substitution t = xz leads to a special case of equation 3.8.45: 


| / ‘ tH gh — Hy! ft) dt}. 


y(az) dz 
9 (at+bz>)¥ 


Sey (ay: (1) 


2°. For a polynomial right-hand side, f(z) = 5> Amz”, the solution has the form 
m=0 


1 ymtrApl dy 


Le 
— »Ap-l mom bs 
y(a2) = a 5 T. ge, 7 ee GREE. ree 


m=0 © 7 0 
The integrals J, are supposed to be convergent. 


3°. The solution structure for some other right-hand sides of the integral equation may be 
obtained using (1) and the results presented for the more general equation 3.8.45 (see also 
equations 3.8.26-3.8.32). 


4°. For a = b, the equation can be reduced, just as equation 1.1.56, to an integral equation 
with difference kernel of the form 1.9.26. 


i (Va+Vant)” + (Va-Va-t)” 
a 2/2 -t 


The equation can be rewritten in terms of the Gaussian hypergeometric functions in the form 


y(t) dt = f(x). 


| (@-F(, Dai “Jue dt = f(x), where y=4. 


See 1.8.86 for the solution of this equation. 
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1.2. Equations Whose Kernels Contain Exponential 
Functions 


| 1.2-1. Kernels Containing Exponential Functions | 


1. | e*@ a(t) dt = f(a). 
Solution: y(a) = fi(v)-Af (a). 
Example. In the special case a = 0 and f(x) = Az, the solution has the form y(x) = A(1 — Ax). 
2. / er@*Pta(t) dt = f(x). 


Solution: y(x) = eO*" | f! (x) — Af(a)]. 


Example. In the special case a = 0 and f(x) = Asin(yz), the solution has the form y(x) = Ae~O+9)* x 
[y cos(yx) — A sin(yx)]. 


cS / [eX* _I]y(t)dt= f(z), fla) = fi(a) = 
Solution: y(x) = 4 (a) — fica). 


4. / “ [e** + bl y(t) dt = f(a). 


For b = —1, see equation 1.2.3. Differentiating with respect to x yields an equation of the 
form 2.2.1: 
es = 


yla)+ oe MoD y(t) dt = 


_ £,@) r . Nb ; 
y(x) = - | exp] -0 fi@® dt. 


Solution: 


b+1 (+1) 


5. / ‘ (er**9 + b) y(t) dt = f(a). 


For 3 =—A, see equation 1.2.4. This is a special case of equation 1.9.15 with g;(a) = e>* 
hy(t) = e®*, go(x) = 1, and h(t) = b. 


6. / (*—e™)y(t)dt = f(a), f(a) = f(a) = 


This is a special case of equation 1.9.2 with g(x) = e** 


Solution: y(ax) = e* apes (2) — fi, co]. 


7. ie (er* ee b) y(t) dt = f(x). 


For b = 0, see equation 1.2.6. This is a special case of equation 1.9.3 with g(x) = e*” 


Solution: 
x ert = err 
y(x) = rit (x) - se =) exp(F) dt. 
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8. / : (Ae*” + Be) y(t) dt = f(x). 


For B =—A, see equation 1.2.6. This is a special case of equation 1.9.4 with g(x) = e>*. 


a ee! d AX Bx ; 
Solution: y(#) = A+B ds exo( ics) | exo (AG) ena. 


9. ip (Ae** + Be** + C) y(t) dt = f(a). 


This is a special case of equation 1.9.5 with g(x) = e*”. 


10. | (Ae*” + Be"*) y(t) dt = f(x). 
For \ = pz, see equation 1.2.8. This is a special case of equation 1.9.6 with g(a) = Ae** and 
h(t) = Be. 

11. | [er _ eh) y(t) dt = f(a), f(a) = fi(a) = 0. 


Solution: 


1 
v@)= [fee -Otmfet Mf], f= fe). 


12. | [Ae** + Bet?) y(t) dt = f(x). 


For B =—A, see equation 1.2.11. This is a special case of equation 1.9.15 with g)(a) = Ae>*, 
h(t) =e, go(a) = Bet”, and ho(t) = eM. 
Solution: 


op SO AE goes "1 f(t))' at _ BO - pL) 
y(x) = el" we) | Fae (2) = exp| AAP], 


13. | [Ae** + Beh? + Cl y(t) dt = f(a). 


This is a special case of equation 1.2.14 with G = 0. 


14. | [Ae** + Bet 4+ Ce%*) y(t) dt = f(a). 


Differentiating the equation with respect to x yields 
x 


(A+ B+C)y(x) + / [Arer? + Buck + CBe°" | y(t) dt = f(a). 


a 


Eliminating the term with e°~™ with the aid of the original equation, we arrive at an equation 
of the form 2.2.10: 


(A+ B+C)y(x)+ / : [AQ = Ber? + Biu- BeM] yt) dt = fi(x) - Bf(ax). 


a 


In the special case A+ B+ C = 0, this is an equation of the form 1.2.12. 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


y . [Aer** + Bet(®) + CeP@ _ A-B-Cly(t)dt= f(x), fla)= fi(a) =0. 


Differentiating with respect to x, we arrive at an equation of the form 1.2.14: 


i [Arer + Buck?) + CBF) y(t) dt = fi (2). 


| (cAwtHE — eH y(t) dt = f(x), — f(a) = f(a) = 0. 
This is a special case of equation 1.9.11 with g(x) = e*” and h(t) = e"*. 


Solution: 
na A+ WF CZ) + AMS (@) 
(A- p)explr + 12] 


yx) = 


| (Aer**Ht + Bet***) y(t) dt = f(x). 
For B = —A, see equation 1.2.16. This is a special case of equation 1.9.12 with g(x) = e>” 


and A(t) = e. 
Solution: 


fe oe WB eh? se OO) = exp( #= 
10° apes (MOL Pog Se|e}  Pe=e0( F752) 


i (Aer*tHt + Be®?*"") y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = Ae**, hy (t) = e!*, G(X) = Be®*, and 
ho(t) = eV. 


| (Ae* + Be*®* + Ce** + De® + E) y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(a) = Ae” +Ce* and h(t) = Be?! + De +E. 
i (Aer***t + Be? + Ce” + De® + E)y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(x) = e”, h(t) = Ae® + D, and g2(x) = 1, 
ho(t) = Be??t + De®! + E. 


/ (Ae? + Bert + Ce*” + De® + E) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = Be** + D, hi(t) = e®*, and g(x) = 
Ace** + Ce** + E, halt) = 1. 


i, “[L+ Ae (eH — eH*)y(t) dt = fle). 


This is a special case of equation 1.9.13 with g(x) = e“” and h(x) = Ae**. 
Solution: 


df ore “Tf@]" at Nii octane 
wor Tero [Ee] amp 2@ =| ae 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


ye [Ae**(et* — ett) + Be®*(e7 — e7*)| y(t) dt = f(x). 


This is a special case of equation 1.9.45 with g)(x) = Ae**, h(t) =e", G(X) = Be®*, and 
hy(t) =-e7. 


| { A exp(Ax + pt) + Bexp[(A + B)x + (4 - Bt] 

-(A+ ByexplrA+ yx + (u- el} y@ dt = f(a). 
This is a special case of equation 1.9.47 with g)(a) = e>*. 
| (2 - e**)" y(t) dt = f(x), n=1,2,... 


Solution: 


ya) = "(So)" foo. 


Ann! er" dx 


i Verz — ert y(t) dt = f(x), A> 0. 


Solution: Pe 
= 2 Ax [{ j-Ax d yf € f(b) dt 
yay T (© dx 2 ert _ ert : 
2 y(t) dt 
mre = f(a), A> 0. 
a ere —e 
Solution: 


“ye Aad [* ee f@Od 
Yo ~ a dx - Vere — ert” 


| (er” — eH y(t) dt = f(x), A>0, O<p<l. 


Solution: 


d i Oe eM iGalt fe sin(7 pL) 


=k | An : 
Ue Ne dx/ Ja (eA —er*)u Th 


2 y(t) dt 


a 


Solution: 


y(x) 


_ Asin(rp) d [ e* f(t) dt 
7 an 


dz ert _ ert) ln . 


1.2-2. Kernels Containing Power-Law and Exponential Functions 


30. 


| ‘ [A(x - t) + Be**™ | y(t) dt = f(a). 


Differentiating with respect to x, we arrive at an equation of the form 2.2.4: 


By(x) + / ; [A+ Bre?) y(t) dt = f(a). 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


| Be: -the* y(t) dt = f(z), fia@=fi(a=0. 
Solution: y(a) = fl.(v)—2A fi (a2) + f(a). 


[ie + Bt+ C)e** y(t) dt = f(x). 


—Ax 


The substitution u(x) = e*” y(x) leads to an equation of the form 1.1.3: 


/ “Os + Bt + C)u(t) dt =e” f(a). 


[Avex + Bte*”)y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(a) = Az, hi() = e**, and g(x) = Be", 
ho(t) = t. 


/ [Amer + Btet?| y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(x) = Aze**, h(t) =e, go(x) = Be”, and 
ho(t) = te. 


| (aw - te? y(t) dt = f(z), f(a) = fi(a) = f",(a) = 0. 


Solution: y(x) = s [ee (x) — 3A fl, (x) + 3" fia) — Mf (z)| 4 


LLL 


| G3 -t)"e*@ y(t) dt = f(x), n=1,2,... 


It is assumed that f(a) = fi(a) =--- = f(a =0. 
: 1 AX an Ax 
Solution: y(#) = ale Apakl le f(a)]. 


| “Cage + Be**)y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = Az? and h(t) = Be. 


/ (Ae*? + Bt? y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = Ae** and A(t) = Bt’. 
/ (AaF et + BtYe"”)y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = Ax®, h(t) = e**, g2(x) = Be”, and 
ho(t) = t7. 


if er? /z — t y(t) dt = f(x). 


Solution: 


2. use fe FO) de 
y(x) = —e , 
am dx J, JSx—-t 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


x er(a-t) 
| ult) dt = fla). 


Solution: 
sd: fe aa 


ya) = Ee = : as 


| “Gi - te? y(t) dt = f(x), 0<A<1. 


Solution: 


oe Ef eM Fat _ sind) 
Ee af - (x-t) ’ he Tr 


A(a-t) 


Solution: 
sin) ,, d [* ef 
e 


T dx (x —t)!+ oe 


y(@) = 


a 


| Ue -vt )*eu@ y(t) dt = f(a), 0<A<L 


The substitution u(x) = e¥” y(x) leads to an equation of the form 1.1.48: 
/ (Vx - Vt)*u(t) dt =e” f(a). 


/ & ehl@)ay(t) dt 
a (ve-vt)* 


The substitution u(x) = e” y(x) leads to an equation of the form 1.1.49: 


= f(x), 0<A<1. 


” u(t) dt ee 
One 
x er(a-t) 
Vaan dt = f(x). 
a vw — 
x At 
Solution: y= 2 ow d at dt. 


/ ‘ exp[A(x? - t?)]y(t) dt = f(z). 


Solution: y(a) = fi(x)-2Axf (2). 


I “Texp(z?) — exp(rt”)] y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = exp(A2’). 
ld | fr) 


Solution: = j 
olution: y(x) ar dx xv exp(Ax?) 
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49. | [A exp(Ax’) + B exp(At”) + C] y(t) dt = f(x). 
This is a special case of equation 1.9.5 with g(x) = exp(A’). 
50. / [A exp(Ax’) + B exp(ut?)] y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = A exp(A”) and h(t) = B exp(it?). 


51. | “ Va —t exp[X(a? - t?)]y(t) dt = f(x). 


Solution: 
” exp(-At?) 


Vat 


2 
yl) = = expr) 5 f(t) dt. 
7 dx 


® exp[A(2? - t”)] 
a Va-t 


Solution: 


52. y(t) dt = f(x). 


Si >, d_ f® expat?) 
y(2) = = exp(Ar ar Lo BEE f@) dt. 


53. | (a — t)* exp[p(a* — t?)]y(t) dt = f(x), 0<A<1. 
Solution: 


* exp(—t?) 


Gepy one). 


TA 


2 a 
y(a) = kexp(ux*) 7a | 


54. [ere - yy at = fee 


a 


Solution: y(ax) = fi(x) —AGax*" f(a). 


1.3. Equations Whose Kernels Contain Hyperbolic 
Functions 


1.3-1. Kernels Containing Hyperbolic Cosine 


1. | : cosh[\(x — t)]y(t) dt = f(x). 


Solution: y(x) = fi(a)— 7 i) : f(a) da. 


2: / {cosh[\(x - t)]-1}y(@)dt = fw), fla) = fi(a) = f(a) = 0. 


Solution: y(x) = arhital@) — fi (a). 
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| ” {eosh[A@ — t)] + b} y(t) dt = f(a). 


For b = 0, see equation 1.3.1. For b = —1, see equation 1.3.2. For \ = 0, see equation 1.1.1. 
Differentiating the equation with respect to x, we arrive at an equation of the form 2.3.16: 


fi.) 
b+1- 


» tie 
y(x) + hat ‘i sinh[A(« — t)]y(@) dt = 


1°. Solution with b(6 + 1) < 0: 


x 2 ore 
be - rOreha i; sin[k(x —t)] f; dt, where k=. 
2°. Solution with b(6 + 1) > 0: 


/ 2 x 
EX) = are i sinh[k(a — t)] f;() dt, where k=) 


y(@) = 


YL) = 


| : cosh(Ax + Gt)y(t) dt = f(x). 


For 3 = —A, see equation 1.3.1. 
Differentiating the equation with respect to x twice, we obtain 


cosh[(A+ B)x]y(x) + i : sinh(Art Bt)y(t) dt = f(a), (1) 


{cosh[(A+B)a]y(x)} +A sinh[(A + B)x]ly(a) + / : cosh(\x+ 3t)y(t) dt = f(a). (2) 


a 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the first-order linear ordinary differential equation 


wi, + Atanh[(A + B)ajw = fi.(a) - d f(x), w = cosh[(A + A)a]y(2). (3) 


Setting x = in (1) yields the initial condition w(a) = f/ (a). On solving equation (3) with this 
condition, after some manipulations we obtain the solution of the original integral equation 


in the form 
co) ' A sinh[(\ + 3)x] 
YO) = cosh + Bal no cosh*[(A + 3)z'] I) 
- d 
k-2 7 
Sa OSaa | fOcosh A+ Ayia, — k= yp. 


| [cosh(Ax) — cosh(At)]y(t) dt = f(x). 
This is a special case - ee 1.9.2 with g(x) = cosh(Az). 
f(x) r 


Solution: y(#) = : dx | a8, 


/ “TA cosh(Ax) + B cosh(At)]y(t) dt = f(x). 


For B =—A, see equation 1.3.5. This is a special case of equation 1.9. - with g(a) = cosh(\ 2). 


A 
Fe { [eosmcawy] A+B ie [cosh(At)] ASB A@® ar}. 


Solution: y(#) = ——— apa 
xr 
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10. 


11. 


12. 


13. 


7 [A cosh(Ax) + B cosh(yut) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = Acosh(\x) and A(t) = B cosh(pt) + C. 


| { Aj cosh[A;(a — t)] + Az cosh[Ax(a - t)]} y(t) dt = f(a). 
The equation is equivalent to the equation 
rp {By sinh[A; (a —t)] + Bo sinh[A2(a — t)] }y(t) dt = F(a), 


BS BaD Pw f sod, 
1 2 a 


of the form 1.3.41. (Differentiating this equation yields the original equation.) 
| : cosh7[A(a - t)]y(t) dt = f(a). 
Differentiation yields an equation of the form 2.3.16: 
y(a) +A 7 sinh[2\(x — t)] y(t) dt = fi(2). 
Solution: : 
2d? 


y(a) = fi(a2)- — fe sinh[k(x — t)] f;(® dt, where k= AV2. 


| ° [cosh?(Azx) — cosh?(At)] y(t) dt = f(x), f(a) = fi(a) =0. 


ld Z 
Solution: wo= 5 | eo. 


| ; [A cosh’(Ax) + B cosh*(At)] y(t) dt = f(a). 


For B =—A, see equation 1.3.10. This is a special case of equation 1.9.4 with g(x) = cosh?(Ax). 
Solution: 


d _ 2A ft _ 2B 
y(2) = { [cosh A+B : [cosh(At)] 4+2 f/(t) ah, 


A+B daz 
/ [A cosh?(Ax) + B cosh*(pit) + C] y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = A cosh?(Ax), and A(t) = B cosh? (jit) +C. 


| cosh[A(a — t)] cosh[A(ax + t)]y(t) dt = f(x). 
Using the formula 

cosh(a — 3) cosh(a + 3) = 4[cos(2a) +cos(23)], a=Axr, GB=At, 
we transform the original equation to an equation of the form 1.4.6 with A = B = 1: 


i "Pesci + cosh(2At)]y() dt = 2 f(x). 


Solution: 


: 1 e  f(t)dt 
We) ae | (ERO Jy, ERO | 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


| [cosh(Ax) cosh(zt) + cosh(Gx) cosh(yt)]y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(x) = cosh(Axz), h(t) = cosh(ut), g2(x) = 
cosh(Gz), and h2(t) = cosh(7t). 


| “ cosh*[X(a — t)]y(t) dt = f(x). 


Using the formula cosh? B= + cosh 33 + ; cosh (3, we arrive at an equation of the form 1.3.8: 


/ ‘| 4 cosh[3A(x — t)] + 3 cosh[\(a — t)] }y(t) dt = f(a). 


/ : [cosh*(Ax) — cosh*(At)] y(t) dt = f(x), f(a) = fila) =0. 


1d | f,(@) 


Solution: 7 
olution: y(zx) 3X dz | sinh(Ax) cosh?(Ax) 


| ; [A cosh*(Ax) + B cosh*(At)] y(t) dt = f(a). 


For B =—A, see equation 1.3.16. This is a special case of equation 1.9.4 with g(x) =cosh?(Az). 
Solution: 


I d 2% ‘ -i5; ! 
Wo) = ay { [cosh(re)] + i. [cosh(At)] 4+ fuoatl. 


if ° [A cosh*(Ax) cosh(yt) + B cosh(Gx) cosh?(yt)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(@) = Acosh?(Ax), h(t) = cosh(uut), go(x) = 
Bcosh(3x), and h(t) = cosh?(4t). 


/ cosh*[X(a — t)]y(t) dt = f(x). 
Let us transform the kernel of the integral equation using the formula 
cosh* 3 = t cosh 4G + + cosh23+2, where 6 =X(«-1), 


and differentiate the resulting equation with respect to x. Then we obtain an equation of the 
form 2.3.18: 


y(x) +r i ‘| + sinh[4A(x — t)] + sinh[2\(a - t)] by) dt = fi (a). 


; [cosh(Ax) — cosh(At)]" y(t) dt = f(x), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f(a) =---= 
fP@ = 0. 


Solution: y(#) = 


sinh(Ax) | 1 d 


n+l 
en! | sinh(x) =| P@). 


© 1998 by CRC Press LLC 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


/ vV cosh x — cosh t y(t) dt = f(x). 


Solution: 
@ 2 ‘ah ( 1 =) f sinh t f(t) dt 
x) = —sinhz| — : 
y 7 sinha dx a Vcoshz—cosht 
ac y(t) dt 
= f(x). 
a Vcosh x —cosht 
Solution: 
(2) ld i sinh t f(t) dt 
e)= os 
Be ae die, (eget = COST 


/ (cosh x — cosh t)* y(t) dt = f(x), 0<A<1. 


Solution: 


1 d y “sinh t f(t) dt a= sin(7 A) 


= ksinh ( Seceen s 
y(@) sine a (cosh x —cosht) Tr 


sinha dx 


| (cosh” x — cosh” t)y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = cosh” x. 
ld | fi) 


pdx | sinh x cosh"! x 


Solution: y(#) = 


| (A cosh” « + B cosh" t) y(t) dt = f(x). 


For B =—A, see equation 1.3.24. This is a special case of equation 1.9.4 with g(x) = cosh" x. 


Solution: 


Ap 


1 d he a ~~ ‘ 
y(x) = A+B = [cosh(Az)] h [cosh(At)] f,® ah, 


x y(t) dt 


= z 0<A<1. 
a (cosh x — cosh t)* f(a) 


Solution: 
sin(tA) d [* sinht f(t) dt 


dx (cosh x — cosh t)!- ° 


y(@) = 


a 


| (x - t) cosh[ A(x - t)]y() dt = f(x), f(a) = fi (a) =0. 


Differentiating the equation twice yields 


y(x) + 20 / : sinh[\(x — t)]y(t) dt + / ve — t)cosh[A(a — t)]y(t) dt = f(a). 


Eliminating the third term on the right-hand side with the aid of the original equation, we 


arrive at an equation of the form 2.3.16: 


x 


y(x) + 2a | sinh[A(a — t)]y() dt = rd) - » f(x). 
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28. 


29. 


30. 


31. 


32. 


33. 


[ * cosh AVE =*) yey at = few. 


Jest 


Solution: 


ee 1 s i cos(Av/x —t) fi dt. 
T av 


Vai-t 
® cosh(A V2? - t? ) 
0 Va — t 


Solution: 


y(t) dt = f(x). 


2d fe F cos (AV'x? — t? ) fle) dt 
0 


A eer: IB 


© cosh(AVE — a? 
/ cosh SNe GaGa 


V t2 — 2 


Solution: 


y(x) = f@dt. 


2d i ar cos Av = x? ) 
mw da Jt — 22 
| : [Ax® + B cosh? (At) + Cly(t) dt = f(x). 

me is a special case of equation 1.9.6 with g(x) = Ax® and h(t) = B cosh? (At) + C. 
/ i [A cosh” (Ax) + Bt? + Cly(t) dt = f(x). 

the is a special case of equation 1.9.6 with g(x) = Acosh?(A) and h(t) = Bt? + C. 
ie (Aa cosh” t + Bt? cosh’ x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(x) = Ax’, hi (t) = cosh" t, g2(x) = B cosh’ zx, 
and ha(t) = t?. 


1.3-2. Kernels Containing Hyperbolic Sine 


34. 


/ sinh[A(a -‘)]y(t) dt = f(x), fla) = fi(a) =0 


Solution: y(x#) = — fil) - Af (2). 


| ” fsinh[A Ce —t)] + b} y(t) dt = f(x). 
Differentiating the equation with respect to x, we arrive at an equation of the form 2.3.3: 
ya) + 4 ' “cosh Na — lyf) at = + FL). 
Solution: : 


1 zx 
yoo)=The)+ [Reo foat, 


AV 14 462 


» Ax rN, 
R(x) = m2 exo( D ) EF sinh(k2) — cosh) ~ the 5 
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36. 


37. 


38. 


39. 


40. 


| sinh(Ax + Bt)y(t) dt = f(x). 
For @ =—A, see equation 1.3.34. Assume that 3 # —X. 


Differentiating the equation with respect to x twice yields 


sinh[(\ + B)ar]y(x) + > / cosh(Ax + Bt)y(t) dt = f(x), (1) 


{sinh[(A + B)xly(a)}", + Acosh[(A + B)ax]y(x) + / . sinh(Az + Bt)y(t) dt = f(z). (2) 


a 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at the 
first-order linear ordinary differential equation 


wl, + Acoth[(A + Balw = f¥(2)-M f(a), w= sinh[(A+ A)aly(x). 3) 
Setting x = a in (1) yields the initial condition w(a) = f/ (a). On solving equation (3) with this 


condition, after some manipulations we obtain the solution of the original integral equation 
in the form 


- ; Acosh[(A + B)x] 
y(@) = sinh[(A + 3)z] Jo(@) sinh’[(A + 3)z] oe 
vB k-2 ae: 
sinh**'[(\ + B)a] ff f@) sinh” “[(A + ft] dt, cs A+B 


Jf bsintircy -sinnrtiy(t) dt = fle), fla) = f(a) = 
This is a special case of equation 1.9.2 with g(x) = sinh(\2). 


1 =| fr (@) 


lution: = ; 
Solution: y(x) X dx | cosh(\z) 


/ “TA sinh(Ax) + B sinh(At)]y() dt = f(a). 


For B =—A, see equation 1.3.37. This is a special case of equation 1.9.4 with g(x) = sinh(Az). 


A © B 
Solution: y(x) = dg {lian f sinncan] 4 frat, 


A+B dz 


fu sinh(Az) + B sinh(ut)]y(¢) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A sinh(Az), and A(t) = B sinh(yt). 


ie {p sinh[A(a — t)] — A sinh[u(a - t)] y(t) dt = f(a). 


It is assumed that f(a) = fi.(a) = fi. (@) = fil (@ = 
Solution: 


my -O72 4) f+ Vf 


BELL m5 — xe f = f(a). 


y(@) = 
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41. 


J (Arsinntai(e — 01+ Aasinblda(e - D1} y(t) dt = fe), fla) = fZ(a) =O. 
1°. Introduce the notation 


I= [ sinh[Ai(a—-t)]Jy()dt, h= i sinh[A2(a — t)] y(t) dt, 


J, = / ‘ cosh[A;(x—t)]y(t)dt, Jo = : : cosh[ x(x — t)]y(t) dt. 


Let us successively differentiate the integral equation four times. As a result, we have (the 
first line is the original equation): 


Ail, + Aol = f, f = f@), (1) 
Aj Ji + A2A2J2 = fi, (2) 
(AA, + ApAg)y + A 7T + AAD = fil, (3) 
(Aj; + Apdz)yl, + AtAp 1 + Ar\Z Io = fers (4) 
(AA, + AnAz) yy, + (AAR + AoA) + AIALL + Adz = fern. (5) 


Eliminating J; and J, from (1), (3), and (5), we arrive at the following second-order linear 
ordinary differential equation with constant coefficients: 


(AiAL + ArAz)Yte — ALA2(AtA2 + ADADY = fitter “ATA AD Ate HAPS. ©) 
The initial conditions can be obtained by substituting x = a into (3) and (4): 
(A1A1 + AoA2)y(a) = fr(a), (Arar + A2Az2)y/.(@) = free (@): (7) 
Solving the differential equation (6) under conditions (7) allows us to find the solution of the 
integral equation. 


2°. Denote 
AjA2 + AoA, 


Ae ie ee 
AT + Apdo 


2.1. Solution for A > 0: 


(AjA1 + AzAz)y(2) = fy, (a) + Bf (a) + C / : sinh[ k(x — t)] f(¢) dt, 
k=VA, B=A-XN-N, C= xls OF + ADA + aA] 


2.2. Solution for A < 0: 
(Aj A, + A2A2)y(@) = fo (a) + BS (x) + cf sin[k(x — t)] f(t) dt, 
1 
k=V-A, B=A-N-N, C= Jou A Olt ADA + AD. 
2.3. Solution for A = 0: 


(Adi + Aada)y(a) = flle(a) — 03 + 3) fla) + 23 / (w—t) f(t) dt. 


2.4. Solution for A = oo: 
yf) = Len + NB fie + DBS 
Ay ae + Aor} : 


In the last case, the relation A;A, + A2A2 = 0 is valid, and the right-hand side of the 
integral equation is assumed to satisfy the conditions f(a) = fi.(a) = fi, (@) = fi"_.(a@) = 0. 


f= f@). 
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42. 


43. 


44. 


45. 


46. 


47. 


/ { A sinh[\(a — t)] + B sinh[(a - t)] + C sinh[G(a — t)]} y(t) dt = f(a). 
It assumed that f(a) = f/(a) = 0. Differentiating the integral equation twice yields 


(A\ + But CB)y(a) + / “fan sinh[\(x — t)] + By? sinh[y(x — t)]} y(t) dt 


4087 / , sinh[G(x — t)]y(t) dt = f(x). 


Eliminating the last integral with the aid of the original equation, we arrive at an equation of 
the form 2.3.18: 


(A\+ But CA)y(a) 
+ 7 : { AQ? - 8?) sinh[A(a - t)] + BG? - 8?) sinh[ p(w - t)] } y(t) dt = f7,.(@) - 8° f(a). 
In the ar case AA + Bu+ CG = 0, this is an equation of the form 1.3.41. 
| " sinh?[Ae - Hly(t) dt = f(a), fla) = f¥(a) = f%,(a) = 0. 
Differentiating yields an equation of the form 1.3.34: 
a sinh[2\(a — t)]y(@) dt = + Fi. 


Solution: y(x) = ee Co) —2f) (a). 


| ° [sinh?(Azx) — sinh?(At)] y(t) dt = f(x), f(a) = fi(a) = 0. 


: ld if 
Solution: w= 5 | ee. 


| : [A sinh?(Ax) + B sinh?(At)] y(t) dt = f(a). 


For B =—A, see equation 1.3.44. This is a special case of equation 1.9.4 with g(x) = sinh?(A2). 
Solution: 


We) = oy ge imho) J [sion funatl. 


/ : [A sinh?(Ax) + B sinh?(yt)| y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A sinh?(Ax) and A(t) = B sinh? (jit). 


| sinh[A(a — t)] sinh[A(a + t)]y(@) dt = f(x). 
Using the formula 
sinh(a — 3) sinh(a + 3) = 3[cosh(2a) —cosh(23)], @=Az, G=At, 


we reduce the original equation to an equation of the form 1.3.5: 
/ [cosh(2A2) — cosh(2At) ]y(t) dt = 2 f(x). 


ld : 
Solution: y(x) = Aaa Feoot 
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48. 


49. 


50. 


51. 


52. 


53. 


54. 


| . [A sinh(Ax) sinh(ut) + B sinh(Gx) sinh(yt)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = Asinh(Azx), h(t) = sinh(yt), go(x) = 
Bsinh(Gx), and ho(t) = sinh(y7t#). 


| sinh?[A(a - t)ly(t) dt = f(x), fla) = f(a) = f",(a) = f",(a) = 0. 


Using the formula sinh? 3 = t sinh 36 — 3 sinh 3, we arrive at an equation of the form 1.3.41: 


/ ‘| ! sinh[3\(a — 1) — 3 sinh[A@ - 8] }y(O) dt = f(a). 


/ i [sinh*(Ax) - sinh*(At)] y(t) dt = f(x), f(a) = fi(a) =0. 


This is a special case of equation 1.9.2 with g(x) = sinh? (Az). 


| ° [A sinh*(Ax) + B sinh*(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = sinh? (Az). 
Solution: 


i. <a. specie ee g SB 
Wo) = ay Fe { [sinh A28 ‘| [sinh(At)] 4+8 fnat}. 


| : [A sinh?(A) sinh(yut) + B sinh(Gx) sinh*(yt)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(a) = A sinh?(Ax), h(t) = sinh(wt), go(x) = 
B sinh(Gx), and ho(t) = sinh?(yt). 
/ sinh*[A(a — t)]y(t) dt = f(a). 


It is assumed that f(a) = fi(a)=--- = fi" (a) = 0. 


LLLXL 
Let us transform the kernel of the integral equation using the formula 


sinh* 6 = ; cosh 4G — s cosh23+3, where 6=Xa«-0d), 


and differentiate the resulting equation with respect to x. Then we arrive at an equation of 
the form 1.3.41: 


r if at sinh[4A(a — t)] — sinh[2\(2 — t)] } y(t) dt = f(a). 


a sinh” [A(x — t)] y(t) dt = f(x), n= 2,3,... 


It is assumed that f(a) = f/(a) =--» = f(a) =0. 

Let us differentiate the equation with respect to x twice and transform the kernel of the 
resulting integral equation using the formula cosh? 3 = 1 + sinh? 3, where 3 = \(x —t). Then 
we have 


rn? y : sinh” [A(x — t)]y(t) dt + 7n(n — 1) / , sinh” [A(x — t)] y(t) dt = f(a). 
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55. 


56. 


57. 


58. 


59. 


60. 


Eliminating the first term on the left-hand side with the aid of the original equation, we obtain 


i : sinh”? [A(x — t)]y(t) dt = M (®) — ?n? f(a)). 


d2n(n - 1) | 


This equation has the same form as the original equation, but the exponent of the kernel has 
been reduced by two. 

By applying this technique sufficiently many times, we finally arrive at simple integral 
equations of the form 1.1.1 (for even n) or 1.3.34 (for odd 7n). 


i sinh(AV ax - t )y(t) dt = f(x). 


Solution: 


y(@) = ) f(t dt. 


2 @ * cos(Av/x -t 
tr dx? / Vat 


/ v sinh x — sinh t y(t) dt = f(a). 


Solution: 

2 1 dy? f[* cosht f(t) dt 
y(x2) = — cosh ix( ) : 
T coshx dx a Vsinh x —sinht 
ee y(t) dt 
—_*—__ = f(z). 
a Vsinh x - sinht 
Solution: 


(«) 1d f[* cosht f() dt 
L)= ; 
y a dx Ja sinha —sinht 


j (sinh x — sinh t)* y(t) dt = f(x), 0<A<1. 


Solution: 


= kcosh ( pee NEE 
ue) neon (sinh x — sinh > 7A 


cosha dx = 


d y a cosht f(t) dt sin(7 A) 


i} ” (sinh x — sinh” t)y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(x) = sinh” a. 
ld f(@) | 


Solution: L)= 
ya) p dx Leoshz sinh“! x 


/ [A sinh“(Ax) + B sinh“ (At)| y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = sinh“(Az). 
Solution with B #—A: 


Ap 


1 d{,. on FP See ty 
Woe) = sy Fe { [sinh] A+B : [sinh(At)] 4+8 funatl. 
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bie fo ee fi), O<rA.<1 
é = f(x), <A<1. 
a (sinh x — sinh t)* 


Solution: 


sin(rA) d [” — cosht f(t) dt 
dx J, (sinhx—sinht)!° 


y(@) = 


62. ' (x — t) sinh[A(a — t)] y(t) dt = f(x), f(a) = f(@ = fy, (a) = 0 
Double differentiation yields 
2a f° cosh[A(x — t)] y(t) dt + xf (x —t) sinh[ AC — t)] y(t) dt = f(a). 


Eliminating the second term on the left-hand side with the aid of the original equation, we 
arrive at an equation of the form 1.3.1: 


[ costtnce— oun at = 5 [fe(0) PF). 
Solution: 
yD) = 5 ie @) — AF @) + 2” i ftydt. 
63. / : [Av? + B sinh” (At) + Cly(t) dt = f(a). 
ae is a special case of equation 1.9.6 with g(x) = Ax® and h(t) = B sinh7(At) + C. 
64. h : [A sinh’ (Ax) + Bt? + Cly(t) dt = f(a). 
ah is a special case of equation 1.9.6 with g(x) = Asinh7(Ax) and h(t) = Bt? +C. 
65. | : (Az sinh“ t + Bt? sinh” x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(a) = Ax», h(t) = sinh“ t, go(x) = B sinh? x 
and h(t) = t?. 


1.3-3. Kernels Containing Hyperbolic Tangent 


66. | . [tanh(Ax) - tanh(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(x) = tanh(Az). 
1 
Solution: y(x) = — x Leosh*(Aar) fi(a)|\.. 


67. i} : [A tanh(Ax) + B tanh(At)] y(t) dt = f(a). 


For B =—A, see equation 1.3.66. This is a special case of equation 1.9.4 with g(x) = tanh(Az). 


d _A_ rt 215B-* 
{[tantcro) A+B : [tanh(At)] 4*8 fi (t) ah. 


1 
Solution: y(#) = A+Bd 
v 
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68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


| [A tanh(Ax) + B tanh(yt) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A tanh(\z) and A(t) = B tanh(ut) + C. 


/ *[tanh?(Ac) - tanh?(At)] y(t) dt = fe). 


This is a special case of equation 1.9.2 with g(x) = tanh?(Az). 
d [see Le) 


Solution: y(a) = = 2) sinh(Ar) 


| [A tanh?(Ax) + B tanh?(At)| y(t) dt = f(z). 
For B =—A, see equation 1.3.69. This is a special case of equation 1.9.4 with g(x) = tanh?(A2r). 


1 d 2A ft _2B_ 
Solution: y(2) = AaB ge { tenho) A+B i [tanh(At)] A+B fi(t) a}. 


im [A tanh?(Ax) + B tanh?(pt) + Cl y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A tanh’(Ax) and A(t) = B tanh? (jit) +C. 


/ : [tanh(Ax) — tanh(At)|" y(t) dt = f(x),  n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f(a) =---= 
A{P@) = 0. 


1 
Solution: y(#) = 


d ntl 
—____, — h? — : 
An! cosh?(Ax) cos on) | a 


ih = 4/ tanh = tanh yd 


Solution: 


2 d\2 f* f(t) dt 
x) = ——~—( cosh? x —) / : 
y) a cosh? x ( dx a cosh’ t tanh x —tanht 


= y(t) dt 
a vtanh zx —tanht 


Solution: 


= f(x). 


ld i f@) dt 


y(x) = ; 
y x dz J, cosh?¢V/tanhz —tanht 


/ (tanh x - tanh t)*y(t) dt = f(a), 0<A<1. 


Solution: 


Y(@) = SRG (cosh? a2)" i f(@) dt 


~ ad cosh? x dx cosh’ t (tanh x — tanh t)> | 
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76. | (tanh” x — tanh” t)y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = tanh” x. 
1 d [cosh*! «fi (x) 
pe dx . 


Solution: x)= 
ya) sinh! x 


77, i (A tanh’ « + B tanh” t) y(t) dt = f(a). 


For B =—A, see equation 1.3.76. This is a special case of equation 1.9.4 with g(x) = tanh” x. 


Solution: 
1 d An fe Bu 
y(x) = reared [tanh(Ax)) 4+8 | [tanh(At)]) 4+? f;(t) a. 
78. y(t) de =f(z), O<pe<l. 


qa [tanh(Az) — tanh(At)]+ 


This is a special case of equation 1.9.42 with g(x) = tanh(Ax) and A(x) = 1. 
Solution: 


Asin(rp) d f* f@dt 
y(x) = i) 


dx cosh?(At)[tanh(\x) — tanh(At)]!-# 
79. f “ [Av? + B tanh (At) + Cly(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(a) = Av? and h(t) = B tanh” (At) + C. 
80. | ° [A tanh”(Ax) + Bt? + Cly(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(a) = Atanh7(Azx) and A(t) = Bt? +C. 


81. i (Ax tanh” t + Bt® tanh” x) y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g,(x) = Ax, h,(t) = tanh" t, go(2) = B tanh’ x, 
and ho(t) = t?. 


1.3-4. Kernels Containing Hyperbolic Cotangent 


82. | [coth(Ax) — coth(At)] y(t) dt = f(x). 
This is a special case of equation 1.9.2 with g(x) = coth(Az). 


Solution: y(z) = -> “ [sinh*(Ax) f.(x)]. 


83. / . [A coth(Ax) + B coth(At)] y(t) dt = f(a). 


For B =—A, see equation 1.3.82. This is a special case of equation 1.9.4 with g(x) = coth(Az). 


d _A_ ft _B_ 
{[tantcro) A+B i [tanh(At)] 4*+8 fi (t) ah, 


1 
Solution: y(#) = a anae 
xv 
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85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


| ° [A coth(Ax) + B coth(ut) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A coth(Az) and A(t) = Bcoth(ut)+C. 


j ; [coth?(Ax) — coth?(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(x) = coth?(Az). 
d | sinh?(Ax) Ee) 


Solution: y(#) = dx | 2Xcosh(Az) 


/ : [A coth?(Ax) + B coth’(At)] y(t) dt = f(a). 


For B =—A, see equation 1.3.85. This is a special case of equation 1.9.4 with g(x) =coth?(\z). 


d 2A re 2B_ 
{(tanncrc) A+B / [tanh(At)] 4+? f{(d) a. 


1 
Solution: y(a) = Ar ae 


f [A coth?(Ax) + B coth? (ut) + Cl y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A coth?(Ax) and A(t) = B coth? (jit) +C. 


| ; [coth(Ax) — coth(At)|" y(t) dt = f(z),  n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f/(a) =---= 


f{@ =0. 
bat ttn’, . LNCINE ee a ae 
Solution: y(#) = Se aio) sinh2(\2) sinh (Ax) =| f(a). 


f * (coth! x —coth" t)y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = coth” x. 
1 d [sinh“*! x fi (x) 
pe dx , 


Solution: L)= 
y@) cosh“! 


| (A coth” x + B coth“ t) y(t) dt = f(a). 


For B =—A, see equation 1.3.89. This is a special case of equation 1.9.4 with g(x) = coth” x. 
Solution: 


d 


WO) = ay ge tamha| + [fans of fenatl. 


| [Ax? + Bcoth (At) + Cly(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(a) = Ax? and h(t) = Bcoth(At) + C. 


/ : [A coth(Ax) + Bt? + Cly(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(a) = Acoth7(Az) and A(t) = Bt? +C. 
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93. / (Ax coth“ t + Bt® coth” x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g,(x) = Ax, h,(t) = coth" t, go(a) = B coth’ x, 
and ho(t) = t?. 


1.3-5. Kernels Containing Combinations of Hyperbolic Functions 


94, / ‘ {cosh[A(x — t)] + A sinh[pu(x — t)]} y(t) dt = f(a). 


Let us differentiate the equation with respect to x and then eliminate the integral with the 
hyperbolic cosine. As a result, we arrive at an equation of the form 2.3.16: 


y(x) +(A- A? ps) / sinh[j(a — t)]y() dt = f(a) - Ap f(a). 


95. / [A cosh(Ax) + B sinh(yt) + C] y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = A cosh(Az) and A(t) = B sinh(yt) + C. 
96. | [A cosh*(Ax) + B sinh*(t) + C] y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = cosh?(\x) and A(t) = B sinh? (yt) +C. 
97. i sinh[A(a — t)] cosh[A(a + t)]y(t) dt = f(a). 
Using the formula 
sinh(a — 2) cosh(a + (3) = ; [sinh(2a) - sinh(2(3)] », a@=Axr, B=AOAt, 


we reduce the original equation to an equation of the form 1.3.37: 


/ : [sinh(2\x) — sinh(2At)] y(t) dt = 2 f(a). 


ld ; 
Solution: y(x) = a ioe Fess 


98. | cosh[A(a — t)] sinh[A(a + t)]y(t) dt = f(x). 
Using the formula 
cosh(a — 3) sinh(a + 3) = 5 [sinh(2a) + sinh(28)], a=Az, B=), 


we reduce the original equation to an equation of the form 1.3.38 with A = B = 1: 


: [sinh(2\x) + sinh(2At)] y(t) dt = 2f (2). 
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99. / [A cosh(Ax) sinh(ut) + B cosh(Gx) sinh(yt)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = Acosh(Az), h(t) = sinh(yt), go(a) = 
Bcosh(@a), and ho(t) = sinh(yt). 


100. | . [sinh(Ax) cosh(it) + sinh(Gx) cosh(+t)] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g)(x) = sinh(Az), h\(t) = cosh(ut), g2(x) = 
sinh(@x), and h2(t) = cosh(yt). 


101. | ° [cosh(Ax) cosh(jt) + sinh(Ga) sinh(7t)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(x) = cosh(Az), h(t) = cosh(ut), g2(x) = 
sinh(Gx), and h(t) = sinh(yt). 


102. | : [A cosh? (Ax) + B sinh” (ut)] y(t) dt = f(x). 


a 


This is a special case of equation 1.9.6 with g(x) = A cosh? (Aa) and A(t) = B sinh” (ut). 
103. i [A sinh? (Ax) + B cosh” (ut) y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = A sinh® (Az) and h(t) = B cosh” (pt). 


104. i, (Ax cosh“ t + Bt? sinh” x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = Aa», h(t) = cosh“ t, g2(x) = B sinh’ 2, 
and ha(t) = t?. 


105. if {(a — t) sinh[A(x — t)] - A(x - t)” cosh[A(x - t)]} y(t) dt = f(a). 


Solution: 


ee / g(t) dt, 


1 (@& a 5 
00= ae (e-*) [e-nt igpe-nis@ar 


® ( sinh[A(a — t)] 
106. | { — Acosh[A(a - oi} y(t) dt = f(a). 


a-t 


where 


Solution: 
|e er a 
y(a) = aoe (= a =, ) / sinh[A(x — t)] f@® dt. 


107. ye [sinh(AVa -t) -AVa -tcosh(AV ax -t)] y(t) dt = f(x), f(a) = fi(a) = 


Solution: 


y(x) = f@dt. 


4 @& cos (Av/x = t) 
mr dax3 a Vaz—t 
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108. / (Az sinh“ t + Bt? cosh” x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = Aa, h,(t) = sinh” t, go(a) = B cosh’ x, 
and h(t) = t?. 


109. / [A tanh(Ax) + B coth(ut) + C] y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(x) = A tanh(\z) and A(t) = Bcoth(ut) + C. 
110. | [A tanh?(Ax) + B coth?(yt)] y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(x) = tanh?(Ax) and h(t) = B coth? (jt). 


111. / ° [tanh(A2) coth(it) + tanh(Ga) coth(yt)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g,(a) = tanh(Ax), h(t) = coth(ut), go(x) = 
tanh(@x), and h2(t) = coth(yt). 


112. | [coth(Ax) tanh(s:t) + coth(Gx) tanh(yt)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g,(a) = coth(Az), h(t) = tanh(ut), go(x) = 
coth(x), and h2(t) = tanh(yt). 


113. | [tanh(A2) tanh(sit) + coth(Gax) coth(yt)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g,(a) = tanh(Az), h(t) = tanh(ut), go(x) = 
coth(Gx), and h(t) = coth(yt). 


114. | “ [A tanh?(Ax) + B coth” (y:t)] y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(x) = A tanh? (Ax) and h(t) = B coth” (ut). 
115. 7 . [A coth®(Ax) + B tanh” (y:t)] y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(x) = A coth? (Ax) and h(t) = B tanh” (ut). 


116. f (Ax tanh“ t + Bt® coth” x) y(t) dt = f(z). 


This is a special case of equation 1.9.15 with g;(x) = Ax”, hy(t) = tanh" t, go(x) = B coth’ x, 
and h(t) = t?. 


117. / (Ax coth” t + Bt® tanh” x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g,(x) = Ax, h,(t) = coth" t, go(a) = B tanh’ 2, 
and ho(t) = t?. 
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1.4. Equations Whose Kernels Contain Logarithmic 
Functions 


1.4-1. Kernels Containing Logarithmic Functions 


1. fou xz —Int)y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = Inz. 
Solution: y(a) = x fi". (x) + fi(@). 


2. [ In(ax — t)y(t) dt = f(x). 
0 


Solution: 


x t . apie oF oe suse na e& 
y= [soar [& - 60) | Ed 


—In k) = 0.5772... is the Euler constant and ['(z) is 


1 1 
here C= li (1 eee 
where im Rag Raa 


— CO 


the gamma function. 


@) References: M. L. Krasnovy, A. I. Kisilev, and G. I. Makarenko (1971), A. G. Butkovskii (1979). 


3. [tame —t) + Aly(t) dt = f(x). 
Solution: 


d Oe 2 e(A- ee 
dx Jo reap. a 


y(2) --— | va(a—-t) f( dt, VA(xr) = 
Xv a 


where C = 0.5772... is the Euler constant and I(z) is the gamma function. 
For a = 0, the solution can be written in the form 


7 L i foe) (a —t)*e4©)2 r ase 
yooy=— f° suenar f° SOP ae fey [Ta 


@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


4. [a Inz + Bint)y() dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = Inx. For B = —A, see equation 1.4.1. 
Solution: 


A x B 
y(x) = sen) “ {linel 8 ff ne] A fra, 


5. [ao nz + BiInt+C)y(t) dt = f(a). 


This is a special case of equation 1.9.5 with g(x) = x. 
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10. 


11. 


12. 


13. 


J tae —mav]}y at = Fe) fla) = fi(a) =0. 


d / 
Solution: y(2) = rf Foote 


i 7 [Aln?(Az) + Bln’ (At)] y(t) dt = f(x). 


For B =—A, see equation 1.4.7. This is a special case of equation 1.9.4 with g(x) = In’(A2). 


Solution: 


_2A_ fe wee 
y(2) [In(Ax)| A+B : |In(At)| +8 funat}. 


an, he 2 3a 
~ A+Bdzx 
/ ‘ [A In?(Az) + B In’(ut) + Cl y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = In?(Az) and h(t) = In? (ut) +C. 


/ ‘ [In(ax/t)|" y(t) dt = f(x), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = fi.(a) =-- 


f(P@ = 0. 


1 d n+l 
Solution: y(a#) = —— | «— f(x). 
niz\ dx 


/ (In? a - In? t)" y(t) dt = f(x), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f/.(a) =-- 


{@ =0. 
. Ing ( xc d i 
Solution: y(#) = ——— | —— — f(a). 


2°-n'a \ Ina dx 


“tal 2” \y@ae= 
ra n( $2? uw =F); 


This is a special case of equation 1.9.2 with g(x) = In(z + b). 
Solution: y(a) = (a + b) fl) (x) + fi (a). 


J vine 70) yo at = fla. 


Solution: ‘ 
wo-2 (ot) f° foe 
me \ da} Ja ty/In(x/t) 
7 y(t)dt _ 
a \/In(x/t) = F@): 
Solution: 


age) d i f(t) dt 
Be dx Ja ty/In(x/t) 


© 1998 by CRC Press LLC 


15. 


16. 


17. 


/ ° [In“ (Ax) - In“ (At)] y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = In“(A2). 


Solution: y(a) = a) [zIn' (Aa) fi, (a)]. 
pe dx 


| ° [Aln?(Ax) + Bin? (ut) + Cl y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A In°(\zx) and h(t) = B In? (pt) + C. 


/ “Tn(e /t) y(t) dt = f(x), 0<A<1. 


Solution: 


) a f() dt 1, — sine) 


k 
aa € da tfin(a/O)P’ ~ EX 
= f(x), 0<A<1. 


°" y(t) dt 
a [In(a/t)]* 
This is a special case of equation 1.9.42 with g(x) = Inz and h(x) = 1. 


Solution: 
sin(7A) d ’ 7 f@ dt 


We de Hine OP 


1.4-2. Kernels Containing Power-Law and Logarithmic Functions 


18. 


19. 


/ ep — t)|In(a - t) + A] y(t) dt = f(x). 


Solution: 


2 


i “ d love) pz el(A©C)z 
yee) = | va(a —t) f(t) dt, va(&) = =f T(z+1) te 


where C = 0.5772... is the Euler constant and I'(z) is the gamma function. 


@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


= In(x-t)+A 
/ ——..— yt) dt = f(x), 0<A<1. 


(x -t)» 


Solution: 


sin(tA) d [* F(t)dt 
y(@) = | 


F(e) = i “eo fod: 


nm dz (a —t)!’ 
@=o [ee a h=A+u(-d) 
Owe ge Raye aie 


where I'(z) is the gamma function and ~(z) = [re], is the logarithmic derivative of the 
gamma function. 


@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 
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20. | (t? In* x — x In* ty(t) dt = f(z). 
This is a special case of equation 1.9.11 with g(x) = In’ x and h(t) = t?. 
21. | (At? In x + Bx" In’ t)y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = Aln* x, h(t) = t®, g2(x) = Bat, and 
ho(t) = Int. 


2 a’ +b 
22. ) in( ) y(t) dt = f(a). 
a ct> +5 


This is a special case of equation 1.9.6 with g(a) = In(a"” + b) and h(t) = —In(ct* +s). 


1.5. Equations Whose Kernels Contain Trigonometric 
Functions 


1.5-1. Kernels Containing Cosine 


1. / : cos[\(x — t)]y(t) dt = f(a). 


Solution: y(x) = fi(x) +’ / ‘ f(x) dz. 


2. / {cos[A(a - t)] - 1} y(t) dt = f(x), f(a) = f.(@) = fz,(a) = 0. 


1 


Solution: y(x) = = Wen oa en Cas 


3. ij "east Aa —t)] + b} y(t) dt = f(x). 


For b = 0, see equation 1.5.1. For b = —1, see equation 1.5.2. For \ = 0, see equation 1.1.1. 
Differentiating the equation with respect to x, we arrive at an equation of the form 2.5.16: 


fi (2) 
b+1° 


x xz 
y(x) - aa i sin[A(a« — t)]y(t) dt = 


1°. Solution with b(6 + 1) > 0: 


f,(@) ” ser ; b 
et, * a: SE PGs SUNS SEN a 


2°. Solution with b(6 + 1) < 0: 


f(z) , i 
b+1 k(b+1) 


/ : sinh[k(x — t)] f/(d dt, where k=. ae 


y(a) = b+1 
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7: cos(Ax + Bt)y(t) dt = f(a). 


Differentiating the equation with respect to x twice yields 
cos[(A + B)x]y(x) - af sin(Ar + Bt)y(t) dt = fix), (1) 


{cos[(A + Baly(a)} —Asin[(A + Ba]y(x) - x _ cos(Ax + Bt)y(t) dt = fi (x). (2) 


a 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the first-order linear ordinary differential equation 


wi, —Atan[(A + Balw = f(x) + f(x), w = cos[(A + B)x]y(x). (3) 


Setting x =a in (1) yields the initial condition w(a) = f/,(a). On solving equation (3) under this 
condition, after some transformations we obtain the solution of the original integral equation 


in the form 
7 1 , Asin[(A + B)z] 
y(x) = eaten + oo 
r 
k-2 7 
ment + B)a] if f@) cos’ [(A + Bt] d k= ee é 


/ ° [cos(Ax) - cos(At)] y(t) dt = f(a). 


This is a special case of aay 1.9.2 with g(x) = cos(Az). 


Solution: y(#) = -> = (|Z 


f [A cos(Ax) + B cos(At)| y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = cos(Ax). For B = —A, see equation 1.5.5. 
Solution with B # —A: 


signcos(Ax) d 


Wey A+B 


A re B 
{rosa ae), Jeostanl HF srenatl. 


f [A cos(Ax) + B cos(yt) + Cl y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = Acos(Ax) and h(t) = B cos(pt) + C. 


| {Ay cos[A1 (a — t)] + Az cos[A2(a - t)]} y(t) dt = f(a). 


The equation is equivalent to the equation 


/ : { By sin[A,(@ - t)] + By sin[Ag(w - t)] }y dt = F(a), 


A A a 
1 ps a 


which has the form 1.5.41. (Differentiation of this equation yields the original integral 
equation.) 
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10. 


11. 


12. 


13. 


14. 


| ° cos*[A(a — t)]y(t) dt = f(a). 


Differentiating yields an equation of the form 2.5.16: 
y(a)— A / sin[2\(a — t)] y(t) dt = fi.(2). 


Solution: 
x 


2. 
ya) = f(a) + x / sinfk(a —t)] f(t) dt, where k= AV2. 


a 


i} : [cos*(Ax) — cos(At)] y(t) dt = f(x), f(a) = fi(a) =0. 


1d/ fi) 
d dz | sin(2A2z) | 


Solution: y(x) =—- 


/ [A cos’(Ax) + B cos*(At)] y(t) dt = f(x). 


For B =—A, see equation 1.5.10. This is a special case of equation 1.9.4 with g(a) = cos?(\2). 
Solution: 


eee vee 
y(x) = AEB ge 4 0800) ‘| [cos(At)] AO ar}. 


/ “ [A cos*(Ax) + B cos*(yut) + Cl y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(a) = Acos*(A2) and h(t) = B cos*(it) + C. 
| : cos[A(a — t)] cos[A(a + t)]y(t) dt = f(a). 
Using the trigonometric formula 
cos(a@ — 3) cos(a + 3) = s [cos(2a) + cos(2/3)] », a@=Axr, B=At, 
we reduce the original equation to an equation of the form 1.5.6 with A = B = 1: 


t [cos(2Az) + cos(2At)] y(t) dt = 2f(x). 


Solution with cos(2Ax) > 0: 


ie d | 1 " fict)adt | 
sae JVeos(2Ax) Ja V/cos(2Xt) | 
i) . [A cos(Ax) cos(ut) + B cos(3x) cos(yt)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = Acos(Ax), hy(t) = cos(ut), g2(x) = 
Bcos(Zx), and ha(t) = cos(yt). 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


/ E cos*[A(a — t)]y(t) dt = f(a). 


Using the formula cos? 3 = t cos 33 + 3 cos (3, we arrive at an equation of the form 1.5.8: 


/ s z cos[3A(a —t)] + 4 cos[A(x — t)] by) dt = f(a). 


/ : [cos*(Ax) — cos*(At)] y(t) dt = f(x), f(a) = fi(a) =0. 


1 d f(z) 
3X dx | sin(\x) cos?(Az) |” 


Solution: y(x) = 


| *[A.cos*(Aa) + B cos'(Ab)] y(t) de = f(a). 


For B =—A, see equation 1.3.16. This is a special case of equation 1.9.4 with g(a) = cos*(Az). 
Solution: 


1 d ey ASB". 
Wo) = ay | [eosr0)] A+B i [cos(At)] 4+8 funat}, 


i ° [cos*(Ax) cos(sut) + cos(Bx) cos*(yt)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g(x) =cos?(Ax), hi (t)=cos(sit), 92(x) =cos(Bx), 
and h(t) = cos?(7#). 


| cos*[A(a — t)]y(t) dt = f(a). 
Let us transform the kernel of the integral equation using the trigonometric formula cos* 3 = 


x COS 4B + 3 cos 23+ 2, where 6 = (x — 1), and differentiate the resulting equation with 
respect to x. Then we arrive at an equation of the form 2.5.18: 


y(x) — i) : {1 sin[4A(w - t)] + sin[2\(a—O] }y() dt = fi (a). 


/ a [cos(Ax) — cos(At)]"y(t) dt = f(z), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = fi(a) =---= 
fP@ = 0. 


Solution: = 
olution: y(x) x 


n 


1 d 
sin(Ax) dx 


n+l 
sin(Az)| f(a). 


rn! 


/ vVcost —cos x y(t) dt = f(x). 


This is a special case of equation 1.9.38 with g(x) = 1-cosz. 


Solution: 
a 1 dy)? f* sint f@®adt 
y(x) = — sin w( - ) . 
7 sing dx/ J, /cost—cosx 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


* y(t) dt 
a vVcost—cosz 


Solution: 


= f(a). 


_ild [* sint f@dt 
“ada J, Vecost—cosx. 


| (cos t - cos x) y(t) dt = f(x), 0<A<1. 


Solution: 


d y ”  sint f(t) dt ‘ct sin(7 A) 


1 
ee ae pea SOS 5, 
y() a a i (cost —cos x)*’ TA 


sina dx ¥ 


[ost x — cos" t)y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = cos’ x. 
ld | f,(@) 


Solution: = 
olunen: we) p dx | sinx cos’! x 


; (A cos" x + Bcos" t) y(t) dt = f(x). 


For B =—A, see equation 1.5.24. This is a special case of equation 1.9.4 with g(x) = cos" x. 
Solution: 
1 d _Avu fe _ Be 
y(a) = FEE {los a| A+B / |cos z| A+B fit) a, 
z t) dt 
a UOOe = eRe 
a (cost —cos x)» 
Solution: 
sin(wA) d f* — sint f(t) dt 
dx J, (cost—cosx)!*" 


Y(@) = 


[ e-veostre- ly dt = fm, fla) = fifa) = 0. 
Differentiating the equation twice yields 
y(x) - 22 is sin[A(x — t)]y(t) dt - x? fe —t)cos[\(a —t)] y(t) dt = fi".(a). 


Eliminating the third term on the left-hand side with the aid of the original equation, we arrive 
at an equation of the form 2.5.16: 


y(x) — 2A A sin[A(w - t)]y(t) dt = f(a) + ” f(a). 


) 
co Nee ae dt = : 
Tpae Ub at= fa) 


Solution: 


i cos(AVa -t 
a -t 


1d if cosh(AV‘x -t) 


a f(t) dt. 
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® cos(AV a? - t? ) 
29. —_—_—.—_ y(t) dt = : 
i ut) dt = fla) 
Solution: ) 
2d [* cosh(A\V 22 -t? 
y(2) = rah t roma f@) dt. 
© cos(AV t? -— x? ) 


Solution: 


f(t) dt. 


2d eee 


y(@) = = 


nw dx 


31. / . [Ax? + Bcos*(At) + Cly(t) dt = f(x). 

fe is a special case of equation 1.9.6 with g(x) = Ax® and h(t) = Bcos?(At) + C. 
32. / i [A cos*(Ax) + Bt? + Cly(t) dt = f(x). 

a is a special case of equation 1.9.6 with g(x) = Acos?(Ax) and h(t) = Bt? +C. 
33. f (Ax cos“ t + Bt® cos? x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(x) = Ax*, hy(t) = cos" t, g(x) = Boos’ x, 
and ho(t) = t?. 


1.5-2. Kernels Containing Sine 


a4. sinfA(e—tlylt)dt = fle), fla) = fila) =0. 
Solution: y(x) = : WL) FAL (2). 


35. i ” fsin[ACew —t)] + b} y(t) dt = f(x). 


Differentiating the equation with respect to x yields an equation of the form 2.5.3: 


A 1 
yoo) +> | costNar—olylt) dt = 5 fila. 


36. i. sin(Ax + Bt)y(t) dt = f(a). 


For 3 = —A, see equation 1.5.34. Assume that 3 # —A. 
Differentiating the equation with respect to x twice yields 


sin[(A + B)a]y(x) + rf cos(\x + Gt)y(t) dt = fi(x), (1) 


{sin[(A + B)x]y(a) + Acos[(A + B)x]y(x) — 7 / ‘ sin(Ax + Bt)y(t) dt = fr".(x). (2) 


a 
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Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the first-order linear ordinary differential equation 


Ww, + Acot[(A + B)x]w = sa Gt + d f(x), w = sin((A + P)ax]y(2). (3) 


Setting x =a in (1) yields the initial condition w(a) = f/,(a). On solving equation (3) under this 
condition, after some transformation we obtain the solution of the original integral equation 


in the form 
- 1 ' Acos[(A + B)x] 
y(x) = Gs Pr f(x) m+ Dal f(a) 
Xr 
k-2y - 
ar [ f@ sin” [(A + At] d k= cee 


37. / [sin(Ax) — sin(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = sin(Az). 
f,(@) 


Solution: y(x) = Dd dx [e. 


38. | [A sin(Az) + B sin(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = sin(Ax). For B =—A, see equation 1.5.37. 
Solution with B # —A: 
sign sin(Ar) d 


y(@) = A+B 


+ { [sincxwy[ me |sin(At)| HE jae). 


39. / “ [A sin(Aw) + B sin(ut) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A sin(Az) and A(t) = B sin(ut) + C. 


40. ip {pe sin[A(x - t)] - A sin[pe(x - t)]}y(d) dt = f(x). 


It is assumed that f(a) = fi.(a) = fi. (@) = fil.(@ = 
Solution: 
ttt OP + pO) file + Ef 
Awe — By : 


yx) = f= f@). 


a1. | {Aj sin[A,(a - #)] + A2 sin[A2(a - t)]} y(t) dt = fw), f(a) = fi(a) = 0 


This equation can be solved in the same manner as equation 1.3.41, i.e., by reducing it to a 
second-order linear ordinary differential equation with constant coefficients. 


Let 
AjA2 + AoA, 


Ar, + Axr2 , 


A=-),A2 
1°. Solution for A > 0: 
(Aj A, + AnA2)y(x) = fy (x) + Bf(x)+C ii sinh[k(x — t)] f(t) dt, 


k=VA, B=A+N4+N, CH= 74 (AT +A3)A + AAJ]. 


1 
= 


© 1998 by CRC Press LLC 


2°. Solution for A < 0: 


(A) Ay + AnAn)y(x) = fi. (2) + B(x) + C / sin[k(x — t)] fd dt, 
k=V-A, B=A+N4N, C= aq le tat + Aba +ap. 


3°. Solution for A = 0: 
(Aj A + Anda) y(@) = fu.(x) + AT + AD) F(@) + ATA} / (x -t)f(d dt. 


4°. Solution for A = oo: 


tA EMD) AG t MASS 


LLLXL Lx 


AA} 7h AoX3 : 


y(2) = f= f(a). 


In the last case, the relation A; A; + A2A2 = 0 holds and the right-hand side of the integral 


equation is assumed to satisfy the conditions f(a) = fi(a) = fi,.(@ = fi"_.(a) = 0. 


Remark. The solution can be obtained from the solution of equation 1.3.41 in which the 
change of variables \; — ix, Ay — -iAx, 7 =-1 (k = 1,2), should be made. 


42. | { A sin[A(a - t)] + B sin[u(x — t)] + C sin[ (a - t)]} y(t) dt = f(a). 
It is assumed that f(a) = f/.(a) = 0. Differentiating the integral equation twice yields 
(A\ + But CBA)y(2) - if { Ad sin[A(a - t)] + Bu’ sin[p(a — t)] }y(d) dt 
Ce? if sin[ B(x — y(t) dt = f'",(@). 


Eliminating the last integral with the aid of the original equation, we arrive at an equation of 
the form 2.5.18: 


(A\ + But CB)y(a) + . “Ae? — \*) sin[A(a - 2)] 
+ BOB? — p) sin[ua—d)] }y dt = fyp(x) +B’ f(a). 
In the special case AA + Bu + CG = 0, this is an equation of the form 1.5.41. 
43. i * sin?[A(a -t)ly(t) dt = f(a), fla) = fila) = f",(a) = 0. 
Differentiation yields an equation of the form 1.5.34: 
i “sin2Xe = Hly(O dt = + fL. 


Solution: y(x) = aX Pee) +2 fi (x). 


44, | ‘ [sin?(Aax) — sin?(At)] y(t) dt = f(x), f(a) = fi(a) =0. 


ld ! 
Solution: y(x) = or | ae 
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46. 


47. 


48. 


49. 


50. 


51. 


f) ° [A sin*(Ax) + B sin?(At)] y(t) dt = f(x). 


For B =—A, see equation 1.5.44. This is a special case of equation 1.9.4 with g(x) = sin?(\z). 
Solution: 


! ¢ i Ae ae -425 ' 
WO) = ay ge { nw) Ss i. |sin(At)| 4+ fuenael. 


| [A sin’(Ax) + B sin’(yet) + C] y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(a) = Asin?(A\x) and h(t) = B sin*(ut) + C. 
J sintxce- sind + Dlyt) at = F@), fla) = Fila) =O. 
Using the trigonometric formula 
sin(a — 3) sin(a + 3) = 5[cos(23)—cos(2a)], a=Ar, B=At, 


we reduce the original equation to an equation of the form 1.5.5 with A = B = 1: 


if , [cos(2Ax) — cos(2At)] y(t) dt = 2 f(z). 


Solution: y(#) = 


1d/ f,(@) 
d dx ||: 
i . [sin(Ax) sin(wt) + sin(Gx) sin(-yt)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = sin(Az), h(t) = sin(t), go(x) = sin(Gx), 
and h(t) = sin(yt). 


| : sin*[A(x - t)]y(t) dt = f(x). 
It is assumed that f(a) = fi(a) = fi. (a) = fi" _.(a) = 0. 


Using the formula sin? 3 = -i sin 3+ 7 sin (3, we arrive at an equation of the form 1.5.41: 


i, ee sin[3\(x — t)] +  sin[A(x - t)] by) dt = f(a). 


| ‘ [sin?(Ax) - sin*(At)] y(t) dt = f(x), f(a) = fi(a) =0. 


This is a special case of equation 1.9.2 with g(x) = sin?(Az). 


i; : [A sin*(Ax) + B sin*(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = sin?(Az). 
Solution: 


signsin(Ar) d 


y(@) = A+B dz 


3A x 3B 
{ [sinc] / |sin(t)| 4+ fanatl, 


© 1998 by CRC Press LLC 


52. 


53. 


54. 


55. 


56. 


57. 


| i [sin?(Azx) sin(yut) + sin(Gx) sin*(-yt)] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g)() = sin?(Ax), hy (t) = sin(pt), go(x) = sin(32), 
and h(t) = sin?(yt). 


/ : sin*[A(x — t)]y(t) dt = f(x). 


It is assumed that f(a) = f(a) =--+- = fi" (a) = 0. 
Let us transform the kernel of the integral equation using the trigonometric formula 
sin* 6 = z cos 43 — $ cos 23 + 3, where 3 = (x -t), and differentiate the resulting equation 


with respect to x. Then we obtain an equation of the form 1.5.41: 


d / om sin[4\(a —t)] + sin[2\(w —t)] }y( dt = f(a). 


ie. sin” [A(x — t)] y(t) dt = f(x), = 2, 33s ai 


It is assumed that f(a) = f/(a) =--- = f(a) =0. 
Let us differentiate the equation with respect to x twice and transform the kernel of the 
resulting integral equation using the formula cos” 3 = 1—sin? 3, where 3 = (a —t). We have 


SV ae / : sin” [A(x — t)]y(t) dt + ?n(n — 1) i , sin” [A(x — t)] y(t) dt = fi", (a). 


Eliminating the first term on the left-hand side with the aid of the original equation, we obtain 


i * sin” 2[A(a - t)ly(t) dt = fi (@) +n? f(a). 


A2n(n - 1) | 


This equation has the same form as the original equation, but the degree characterizing the 
kernel has been reduced by two. 

By applying this technique sufficiently many times, we finally arrive at simple integral 
equations of the form 1.1.1 (for even n) or 1.5.34 (for odd n). 


re sin(AVa —t) y(t) dt = f(x). 


Solution: 


2 & f® cosh(AVz-t) 
Tr dx? J, Va—t 


y(x) = f(@ dt. 


a Vsin x —sint y(t) dt = f(a). 


Solution: 
(x) Bc ( =) f cost f(t) dt 
L)= x ; 
: T cosx dx a vVsinx—sint 
~ y(t) dt 
—>——_ = f (a). 
a vsinz —sint 
Solution: 


(x) 1d f[* cost f@dt 
z)= . 
e adxz Jj, /sinx—sint 
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58. 


59. 


60. 


61. 


62. 


63. 


| (sin x — sin t) y(t) dt = f(x), 0<A<1. 
Solution: 


d y “cost f(t) dt k= sin(7 A) 


= ( 
yl) eee (sin x — sint)* TA 


cosx dx 


[sin x —sin" t)y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(x) = sin’ zx. 
Id | f2(@) 


pu dx | cosx sin#! x 


Solution: y(#) = 


fia sin(Ax)|" + Bl sin(At)|* }y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = | sin(Az)|". 
Solution: 


We) = gr ae { hind ASB a |sin(At)| aeB ® pena, 


2 y(t) dt 
a [sin(Aax) — sin(At)]# 
This is a special case of equation 1.9.42 with g(x) = sin(\x) and h(x) = 1. 


Solution: 
Asin(ru) df” cos(At) f(t) dt 
i [sin(Ax) — sin(At)]!- ° 


= f(x), O<p<1. 


YX) = 


w dx 


/ (x —t)sin[X(a - tly) dt = f(x), fa@=fil@=fz,(@ =0 


Double differentiation yields 


2X / : cos[\(x — t)] y(t) dt — ‘i “G — t)sin[\(x — t)]y(t) dt = (2). 


Eliminating the second integral on the left-hand side of this equation with the aid of the 


original equation, we arrive at an equation of the form 1.5.1: 


/ ‘ cos[A(x — t)]y(t) dt = x [fie(a) + 7 f(x). 


Solution: 


1 
Y@) = > fie) + AF, (@) + 5 [ f(t) dt. 


/ : [Aw? + Bsin7 (At) + Cly(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = Ax? and h(t) = B sin?(At) + C. 
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64. 


65. 


| [A sin?(Ax) + Bt? + Cly(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(a) = Asin?(Ax) and h(t) = Bt? +C. 
/ (Aa sin’ ¢ + Bt? sin? x) y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g)(x) = Ax’, h,(t) = sin“ t, g(x) = Bsin’ a, 
and ho(t) = t?. 


1.5-3. Kernels Containing Tangent 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


| [tan(A) - tan(At)] y(é) dt = f(a). 
This is a special case of equation 1.9.2 with g(x) = tan(Az). 


d 
oe [cos*(Ax) fi (x)}. 


Solution: y(#) = : 
| [A tan(Ax) + B tan(At)| y(t) dt = f(x). 


For B =—A, see equation 1.5.66. This is a special case of equation 1.9.4 with g(x) = tan(Az). 


Solution: y(a) = ee [tan(\x)] “ASB / : [tan( xt) AB fib) dt 
, A+B dz - : , 
ie [A tan(Ax) + B tan(ut) + Cl y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A tan(Ax) and A(t) = B tan(ut) + C. 


f [tan?(Ax) — tan?(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(x) = tan?(Ax). 
d | cos*(\x) f(a) 


Solution: y(#) = oF 2X sin(\cr) 


i : [A tan?(Ax) + B tan’(At)| y(t) dt = f(a). 


For B =—A, see equation 1.5.69. This is a special case of equation 1.9.4 with g(x) = tan?(\z). 


1 d _2A_ ft oe: 
Solution: y(a) = peer ao) A+B | |tan(At)| 4+ fuenatl. 
| ; [A tan?(Ax) + B tan?(yt) + Cl y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = Atan?(Ax) and h(t) = B tan*(ut) + C. 


| ‘ [tan(Ax) - tan(At)]"y(t) dt = f(z),  n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f(a) =---= 
f{P@ = 0. 


d ntl 
- é BoM See 2 pata 2, 
Solution: y(x) = \PaleastOe) cos (Ax) zl f(z). 
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74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


a v tan x — tant y(t) dt = f(x). 


Solution: 
(0) = > (cose 4)’ [ f(t) dt 
x) = -_— x s: 

a T Cos? & dx a cos? ty/tan x — tant 
ce y(t) dt 
= f(a). 
a Vtanaz -—-tant 
Solution: 


14 i. fat 
x)= : 
7 a dx J, cos? t/tanx — tant 


| (tan x — tan t) y(t) dt = f(x), 0<A<1. 


Solution: 


y(@) = 


TA Cos? x 


sin(7 A) ( > d we f(t) dt 
cos* 7 — 
dx 


cos? t(tan x — tant) 


[can x — tan" t)y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = tan” x. 


1d a ee 


Solution: y(a) = is dt sin’! x 


ik (A tan” x + B tan’ t)y(t) dt = f(x). 


For B = —A, see equation 1.5.76. This is a special case of equation 1.9.4 with g(x) = tan” x. 
Solution: 
14 {ranean AE [* pancvo| 22 
y(x) = AaB = [tan(Ax)] 4+ y [tan(At)] 4+2 f{(d) ar\, 


2 y(t) dt 
a [tan(Ax) — tan(At)]4# 
This is a special case of equation 1.9.42 with g(x) = tan(Ax) and A(x) = 1. 


Solution: 
_ Xsin(mp) df” f@ dt 
a a i; cos?(Af)[tan(Ar) — tan(At)]-# * 


= f(x), O0<p<1. 


i : [Av® + B tan7(At) + Cly(t) dt = f(x). 

aie is a special case of equation 1.9.6 with g(x) = Ax® and h(t) = B tan? (At) + C. 
| ° [A tan7(Ax) + Bt? + Cly(t) dt = f(z). 

ae is a special case of equation 1.9.6 with g(x) = A tan?(\x) and h(t) = Bt? +C. 
ye (Ax tan” t+ Bt? tan” x) y(t) dt = f(z). 


This is a special case of equation 1.9.15 with gi(x) = Ax’, h,(t) = tan” t, g(x) = Btan’ x, 
and ha(t) = t?. 
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1.5-4. Kernels Containing Cotangent 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


/ [cot(Ax) — cot(At)] y(t) dt = f(x). 
This is a special case of equation 1.9.2 with g(x) = cot(Az). 


Solution: y(a) = -+ “ [sin*(Az) f',(a)]. 


| : [A cot(Ax) + B cot(At)] y(t) dt = f(x). 


For B =—A, see equation 1.5.82. This is a special case of equation 1.9.4 with g(x) = cot(Az). 
B 


ae _ ld cae i AsB fl 
Solution: y(2) = EE [tan(Az)] A+B if [tan(At)] AtB fi(t) ar\, 
| [A cot(Ax) + B cot(yt) + Cl y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = Acot(Ax) and A(t) = Bcot(ut)+C. 


| ° [cot?(Ax) - cot?(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(x) = cot?(Ax). 
d | sin’ (Ax) f(x) 


Solution: y(x) = -—— 2X cos(\x) 


| " [A cot2(Ax) + B cot?(At)] y(t) dt = f(a). 


For B =—A, see equation 1.5.85. This is a special case of equation 1.9.4 with g(x) = cot?(\z). 


2A pe 2B_ 
Solution: y(a) = |tan(Ax)| 4+2 ‘) |tan(At)| 4*B funatl. 


1 d 
A+B dx 
fe [A cot?(Ax) + B cot?(ut) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = Acot?(Az) and h(t) = Bcot?(pt) + C. 


| : [cot(Ax) - cot(At)]"y(t) dt = f(z),  n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = fi(a) =---= 


f@ =0. 
See ein, EU 
olution: y(x) = 


An! sin2(Ar) 


d n+l 
iron f(a). 
dx 


[soe xz — cot” t)y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = cot’ x. 
ld ae 2] 


Solution: = 
ya) p dx cost! x 


© 1998 by CRC Press LLC 


90. 


91. 


92. 


93. 


y (A cot” x + B cot” t)y(t) dt = f(x). 


For B = —A, see equation 1.5.89. This is a special case of equation 1.9.4 with g(x) = cot" x. 
Solution: 


1 d Abe & Bue 
y(2) = aah A+B ‘! |tan ¢| A+B fi(t) ih, 
ie [Ax + B cot” (At) + Cly(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(x) = Av? and h(t) = Bcot?(At) + C. 
| “ [A cot? (Ax) + Bt? + Cly(t) dt = f(z). 

This is a special case of equation 1.9.6 with g(a) = Acot?(Ax) and h(t) = Bt? + C. 
ie (Ax cot“ t + Bt? cot? x) y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(x) = Aa, hi(t) = cot” t, go(x) = Bcot? x, 
and h(t) = t?. 


1.5-5. Kernels Containing Combinations of Trigonometric Functions 


94. 


95. 


96. 


97. 


| " {ease — t)] + Asin[u(a - t)]} y(t) dt = f(a). 


Differentiating the equation with respect to x followed by eliminating the integral with the 
cosine yields an equation of the form 2.3.16: 


y(a)— (+ Ap) i: sinlua DlYOuEs LG) Auta. 


f [A cos(Ax) + B sin(yst) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A cos(A2) and A(t) = B sin(ut) + C. 


a [A sin(Ax) + B cos(it) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A sin(Ax) and A(t) = Bcos(ut) +C. 


| [A cos*(Ax) + B sin?(ut)] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A cos?(Ax) and h(t) = B sin?(yit). 
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98. / sin[A(x — t)] cos[A(a + t)]y(t) dt = f(a), f(a) = fi(a) = 0. 
Using the trigonometric formula 
sin(@ — 3) cos(a + 3) = ; [sin(2a) - sin(23)| », a=rAr, BP=XM, 


we reduce the original equation to an equation of the form 1.5.37: 


i , [sin(2Ax) — sin(2At)] y(t) dt = 2f (2). 


ld I 
Solution: (x) = soe Foot 


99, / i cos[A(a — t)] sin[A(a + t)]y(t) dt = f(a). 
tune the trigonometric formula 
cos(a — 3) sin(a + 8) = 4|sin(2a)+sin(2B)], a=Azrz, B=At, 
we reduce the original equation to an equation of the form 1.5.38 with A = B = 1: 


| : [sin(2Ax) + sin(2At)| y(t) dt = 2f(2). 


Solution with sin(2Ax) > 0: 


tiie | 1 si eee 
= “de | Jamra) J, Vsin@Xb | 


100. i : [A cos(Ax) sin(yit) + B cos(Bx) sin(yt)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(%) = Acos(Ax), h,(t) = sin(ut), g2(x) = 
Bcos(Zx), and ha(t) = sin(yt). 


101. | ° [A sin(Az) cos(yt) + B sin(Bx) cos(yt)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(#) = Asin(Ax), hi (t) = cos(ut), g2(x) = 
Bsin(Gx), and h2(t) = cos(yt). 


102. | ° [A cos(Ax) cos(ut) + B sin(Bx) sin(yt)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = Acos(Ax), hy(t) = cos(put), g2(x) = 
Bsin(Gx), and h2(t) = sin(yt). 


103. | [A cos®(Ax) + B sin (yut)] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A cos*(Ax) and A(t) = B sin? (ut). 
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104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


/ [A sin?(Ax) + B cos” (yt)| y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = Asin®(Ax) and A(t) = B cos? (ut). 
') (Ax cos’ t + Bt? sin? x) y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(x) = Ax, hy(t) = cost t, g(x) = Bsin’ zx, 
and ho(t) = t?. 


| (Aa sin’ t + Bt® cos? x) y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(x) = Ax, hi(t) = sin“ t, g2(x) = Boos’ x, 
and h(t) = t?. 


ie {(x — t) sin[A(a — t)] — X(a - t)* cos[A(a — t)]} y(t) dt = f(x). 


Solution: 


roe / g(t) dt, 


nr 1 & > a 3 5/2 
00= aoe (et) [ e-nPaspre-n1s@ar. 


2 / sin[\(x -8)] 
/ jae = Rea ACS oi} y(t) dt = f(a). 


a-t 


where 


Solution: 


1/@& a 
y(x) = oa (= + *) ’) sin[\(x — t)] f(t) dt. 


f [sin(AVa —t) -AVx—-teos(AVax-t)|y(t)dt = f(x), f(a) = fi(a) =0. 


Solution: 
ae 4 @& f* cosh(AVz-t) 
We ONS da a Vat 


f(t) dt. 


/ [A tan(Ax) + B cot(yt) + Cl y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(x) = A tan(Ax) and A(t) = Bcot(ut)+C. 
| [A tan?(Ax) + B cot?(yut)| y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(x) = A tan?(Ax) and h(t) = B cot?(pt). 


y [tan(Ax) cot(ut) + tan(Bx) cot(yt)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = tan(A2z), h(t) =cot(ut), go(x) = tan(Gx), 
and ho(t) = cot(yt). 
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113. 


114. 


115. 


116. 


117. 


118. 


/ : [cot(Ax) tan(yt) + cot(Bx) tan(yt)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) =cot(Az), h(t) = tan(ut), go(x) = cot(Gx), 
and h(t) = tan(yt). 


i : [tan(Ax) tan(yt) + cot(Bx) cot(yt)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = tan(A2z), h(t) = tan(ut), go(x) =cot(Gx), 
and ho(t) = cot(yt). 


fe [A tan?(Ax) +B cot” (ut)] y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = A tan?(Ax) and A(t) = B cot? (ut). 
i ‘ [A cot?(Ax) + B tan7(yt)] y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = Acot®(Az) and h(t) = B tan? (yt). 
ie (Ax tan” t + Bt® cot? x) y(t) dt = f(a). 


This is a special case of equation 1.9.15 with gi(~) = Ax’, h,(t) = tan” t, g(x) = Bcot? a, 
and ho(t) = t?. 


/ (Ax cot“ t+ Bt? tan” x) y(t) dt = f(a). 


This is a special case of equation 1.9.15 with gi(x) = Ax’, h,(t) = cot" t, g(x) = Btan’ x, 
and ho(t) = t?. 


1.6. Equations Whose Kernels Contain Inverse 


Trigonometric Functions 


1.6-1. Kernels Containing Arccosine 


; [arccos(Ax) — arccos(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = arccos(Az). 


Solution: y(z) = + “ [v1 =e A) 


/ ‘ [A arccos(Ax) + B arccos(At)| y(t) dt = f(x). 


For B =—A, see equation 1.6.1. This is a special case of equation 1.9.4 with g(x) = arccos(Az). 
Solution: 


A_ pe B 
y(x) = AaB mat [arccos(Ax)] A+B | [arccos(At)] 4*2 f;(t) a. 
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10. 


| [A arccos(Ax) + B arccos(ut) + C] y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(x) = arccos(Ax) and h(t) = B arccos(pt) + C. 
/ [arecos(Ax) — arccos(At)|" y(t) dt = f(x), n=1,2,... 

The right-hand side of the equation is assumed to satisfy the conditions f(a) = f(a) =---= 


ie) = 0. 
Solution: 


7 (-1)” _ d n+l 
US ae Soe (vi Ma =) f(x). 


/ : /arccos(At) - arccos(Ax) y(t) dt = f(x). 


This is a special case of equation 1.9.38 with g(x) = 1 — arccos(Az). 


Solution: 
(ay =2 = ty 7 pW fwat ee: 
mee eo ss p(x) dx a Varccos(At) — arccos(Ax)’ eT V1—222- 
2 t) dt 
y(t) = Fle) 
a vVarecos(At) — arccos(Ax) 
Solution: 
er ae v(t) f(t) dt | 


y(@) = 


a dx J, »/arccos(At) — arccos(Ax)’ els V1— X22 


| ° [arccos(At) - arccos(Ax)| y(t) dt = f(x), O0<p<1. 


Solution: 
se ay? 7? p(t) f(t) dt 
y(x) = ky(2) ya) da a [arecos(At) — arccos(Ax)]#"’ 
es 1 sin(7j) 
Lv = * — . 
eT ae. 7H 


/ [arccos“(Ax) — arecos“(At)| y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = arccos"(Az). 


1d font Xe) 


Solution: y(#) = 


Ap dx | arccos#!(Axr) 
7 y(t) dt 
= F(a) - 0 L 
[ [arccos(At) — arccos(Ax)] p= F(@) a cee 
Solution: 
(a) = sin df w(t) f(t) dt atic i 
a dx J, [arecos(At) — arccos(Ax)]!-#’ mee V1 —d272- 


/ [A arccos®(Ax) + B arccos (ut) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = A arccos?(A) and h(t) = B arccos? (ut)+C. 
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1.6-2. Kernels Containing Arcsine 


11. / ° [arcsin(Ax) — arcsin(At)| y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = arcsin(Az). 


Solution: y(x) = — [v 1-22 fia)) 


12. | [A arcsin(Ax) + B aresin(At)] y(t) dt = f(a). 
For B =—A, see equation 1.6.11. This is a special case of equation 1.9.4 with g(x) =arcsin(Az). 
Solution: 


signz d 
A+B dz 


A pe B 
y(x) = {[aresincvx)| #2 / |arcsin(At)| 4+B L@® ar}. 


13. | [A arcsin(Ax) + B arcsin(ut) + C] y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(x) = A arcsin(Az) and A(t) = B arcsin(yit) + C. 
14. / [arcsin(Azx) — arcsin(At)|" y(t) dt = f(x), n=1,2,... 

The right-hand side of the equation is assumed to satisfy the conditions f(a) = fi(a) =---= 


f(a) = 0. 
Solution: 


1 d ntl 
UG) = = (vi 2x2 =) fe). 


15. / ° J arcsin(Ax) — arcsin(At) y(t) dt = f(x). 


Solution: 
_2 ( d ): v(t) f(t) dt foal 
y(@) = nee p(x) dx a Varesin(Ax) — arcsin(Af) ’ wae V1—d222- 
ie of aa. 
a Varesin(Ax) — arcsin(At) 
Solution: 
@adf f? __veofoae ii al 
we a dx J, »/arcsin(Ax) — arcsin(At) a pees 
17. / a‘ [aresin(Ax) - arcsin(At)|“y(t) dt = f(x), O<p<l. 
Solution: 
ee d\’ f* OOK 
YOPE PON Ca) de) J, [arcsin(x) —arcsin(at)|"’ 
pe 1 _ sin(7p) 
a, a 7 
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18. | [aresin“ (Ax) — arcsin“(At)| y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = arcsin“ (Az). 


1d aS a 


Solution: y(#) = 


Ap dx | arcsin’!(\x) 
” y(t) dt 
19. = ; 0 1. 
[ [aresin(Ax) — aresin(At)]“ F(@) eo 
Solution: 
(oy = dsinern) df w(t) f(t) dt bed = S 
pee dx i [arcsin(Ax) — arcsin(At)]!-#’ sia oe V1—- 272 


20. f [A arcsin® (Ax) + Barcsin™ (ut) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A arcsin® (Ax) and h(t) = B arcsin? (it) +C. 


1.6-3. Kernels Containing Arctangent 


21. ' 7 [arctan(Aa) — arctan(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(a) = arctan(A2). 


Solution: y(a) = [1 +727) fi(a)). 


22. | : [A arctan(Ax) + B arctan(At)| y(t) dt = f(a). 


For B=—A, see equation 1.6.21. This is a special case of equation 1.9.4 with g(x) =arctan(Az). 
Solution: 


signz d 
A+B dz 


A x B 
y(@) = {farctancacy|” 38 i. |arctan(At)| 4+ f(t) ar\, 


23. i : [A arctan(Ax) + B arctan(ut) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A arctan(A) and A(t) = B arctan(pt)+C. 


24. | “ [arctan(Azx) — arctan(At)| y(t) dt = f(x), (21,2502. 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = fi(a) =---= 
fa) = 0. 
Solution: 
1 


_ ag d ntl 
WO = sD (4) 2) f (2). 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


| . Varctan(Ax) - arctan(At) y(t) dt = f(a). 


Solution: 
ape o( 4) el) f(b dt ties ll i 
RSet ge Se p(x) dx) J, arctan(Ax) — arctan(At) aaah ie Cre 
% t) dt 
/ y(t) = FG). 
a vVarcetan(Ax) - arctan(At) 
Solution: 
je Ad [* p(t) f(t) dt @e 
ee a Varetan(Ax) — arctan(At)’ aa eS Ore 


a vt arctan( ae )ue dt = f(x). 


The equation can be rewritten in terms of the Gaussian hypergeometric function in the form 


* x 
/ (2-1) F(a, 8,75 1- “yo dt= f(a), where a=1, B=1, y=3. 
See 1.8.86 for the solution of this equation. 


| [arctan(Ax) — arctan(At)] “y(t) dt = f(x), O<p<l. 


Solution: 
ie ee elt) FO) at 
enews y(x) dx) J, [arctan(Ax) — arctan(At)]’ 
sot _ sin(mp) 
p(x) = feta” k= ae é 


/ 7 [arctan (Aa) - arctan“(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(x) = arctan“(Az). 


1 d [« ra sear) 


Solution: y(#) = 


Ap dx | arctan! !(\2) 
* t) dt 
/ y(t) zw = f(x), O0<p<1. 
a [arctan(Aa) — arctan(At)| 
Solution: 
Gre Asin(ap) d / +s p(t) f(t) dt eye 
Aas T dx J, [arctan(Ax) —arctan(At)]!-#’ ocean a 


7 . [A arctan? (Ax) + B arctan” (yt) + Cl y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = A arctan? (Ax) and h(t) = B arctan? (pt) +C. 
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1.6-4. Kernels Containing Arccotangent 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


/ ; [arccot(Ax) — arccot(At)]| y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(x) = arccot(AZz). 


Solution: y(a) = + “ [+ \227) fh(a)). 


7 ‘ [A arccot(Ax) + B arccot(At)| y(t) dt = f(a). 


For B=—A, see equation 1.6.32. This is a special case of equation 1.9.4 with g(x) =arccot(Az). 
Solution: 


1 d hls fh Be 
y(@) = aE [arccot(Ax)] A+B i [arccot(At)] A+B fi (t) ar}. 


/ ° [A arccot(Ax) + B arccot(ut) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A arccot(Ax) and A(t) = B arccot(ut)+C. 


| ° [arecot(Ax) — arccot(At)|" y(t) dt = f(x), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f/(a) =---= 
f{@ =0. 
Solution: 


a (-1)” os d ntl 
y(x) = es (U4 x =) f(@). 


| ° Varcecot(At) - arccot(Ax) y(t) dt = f(x). 


Solution: 
ee i d : ‘ v(t) f(t) dt oe 
Eni aan v(x) dx a Varecot(At) — arccot(Ax)’ er eae aee. 
* t) dt 
y(t) Ere) 
a vVarecot(At) — arccot(Ar) 
Solution: 
Coe Ad [* p(t) f(t) dt oe 
Tr da a Varecot(At) — arccot(Ax)’ CM.” fee 


/ [arccot(At) — arccot(Ax)|“y(t) dt = f(x), O<p<l. 


Solution: 


2 px 
uo) = bela) ( I =) | p(t) f(t) dt 


v(x) dx arccot(At) — arccot(Ax)]#’ 
we 1 _ sin(rp) 
SE ae ye? ee 
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39. | [arccot“ (Ax) — arecot"(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = arccot“(Az). 
1 d [s + et) 


Solution: y(#) = Ap dar arccot#!(\x) 


40. / : aoe = f(x), O<p<i. 
a [arecot(At) - arccot(Ax)| e 


Solution: 


Asin(rp) d , p(t) f(t) dt 
a | 


dx arccot(At) — arccot(Ax)]!-#’ p(x) = 


UG ieee: 


41. i [A arecot?(Ax) + B arccot (ut) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(a) = A arccot? (Ax) and h(t) = B arccot? (it) +C. 


1.7. Equations Whose Kernels Contain Combinations of 
Elementary Functions 


1.7-1. Kernels Containing Exponential and Hyperbolic Functions 


1. | e®) £ Ay cosh[Ai(a — t)] + Az cosh[A2(a - t)]} y(t) dt = f(a). 


The substitution w(x) = e"” y(x) leads to an equation of the form 1.3.8: 
/ { A; cosh[A; (x — t)] + Az cosh[A2(ax — t)] } w(t) dt = e"* f(z). 


2. | * e#@® cosh[ (aw - t)]y(t) dt = fle). 


Solution: 


2 Hi 
yx) = p(x) - ow i eM sinh[k(a - t) ipa) dt, k=dV2, g(x) = f(a) - ufo). 


3. | ” eH cosh'[A(a - t)ly(t) dt = fla). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.3.15: 


, : cosh? [A(x — t)]w(t) dt = e* f(a). 


4. y * e@® cgsh'[ A(x - t)]y(t) dt = fla). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.3.19: 


He cosh*[\(a — t)]w(t) dt = e* f(a). 
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10. 


11. 


12. 


/ e#(@) | cosh(Ax) — cosh( At)] "y(t dt = f(x), n=1,2,... 
Solution: 


1 
An! 


d ntl 
F(x), F(x) =e" f(a). 


e’* sinh(Ax) [saan ae 


y(@) = 


| ” etl). /egsh a -eosht y(t) dt = f(a),  f(a)=0. 


Solution: 


1 -); * et sinht f(t) dt 
a Vcoshx—cosht- 


2 
= 260 sinh. 
y(2) e se sinh x dx 


2 et@ y(t) dt 


a Vcosh x —cosht 


Solution: 


= f(a). 


(x) l yo @ f* e sinht f@)dt 
v)= e . 
y nx da J, Jcoshx—cosht 


| e@-) (cosh x — cosh t) y(t) dt = f(x), 0<A<1. 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.3.23: 


[cost x —cosht)*w(t) dt = eH” f(a). 


f [Act + B cosh* x] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g(x) = Ae“, h(t) = e“*, g(x) = B cosh’ x, 
and hy(t) = 1. 


| [Ae4@~) + B cosh’ t] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g\(a) = Ae“*, h)(t) = e“*, go(x) = B, and 
h(t) = cosh’ t. 


| e(@-) (cosh* x — cosh? t)y(t) dt = f(x). 


The substitution w(x) = e’”y(x) leads to an equation of the form 1.3.24: 


[cos x —cosh* t)w(t) dt = eH” f(x). 


| ete) ( A cosh* x + B cosh* t) y(t) dt = f(x). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.3.25: 


| (A cosh* x + B cosh? t) w(t) dt =e f(a). 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


2 eb@Hay(t) dt 
a (cosh x — cosh t)* 


= f(x), 0<A<1. 


Solution: 
sin(tA) 4, d [” e™ sinht f(t) dt 
e€ 


dx J, (coshx—cosht)!° 


y(@) = 


/ Z eM@) A, sinh[Ai(x — t)] + Az sinh[A2(x — t)]} y(t) dt = f(x). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.3.41: 


i “(A sinh[\\ (a — t)] + Az sinh[A2(a — t)]} w(t) dt = e* f(a). 


I eM) sinh”[A(a - t)ly(t) dt = f(a). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.3.43: 


/ : sinh” [\(a — t)]w(t) dt = e"” f(a). 


a * eM@9 sinh? [Ma — t)ly(t) dt = fle). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.3.49: 


[ sinh? [\(a — t)]}w(t) dt = e"” f(a). 


| eM@ sinh” [A(x - t)]y(t) dt = f(a), n = 2,3,... 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.3.54: 


He sinh” [A(x — t)]w(t) dt = e'* f(x). 


i elw-t) sinh(kV‘a - t ) y(t) dt = f(a). 


Solution: 
2 a fr ett cos(ky/x—t ) 
y(x) = —-el* 
tk = da? _ J, Va-t 


f(t) dt. 


| e4(@-)./sinh x — sinh t y(t) dt = f(x). 


Solution: 


2 
y(x) = —eh* cosh x( 
T 


d ) [ et cosht f(t) dt 
coshx dx a Vsinha—sinht — 
2 eb(@-ay(t) dt 


a Vsinh x - sinht 


Solution: 


= f(x). 


1, da [* e**cosht fd dt 
y(z) = —eM - see 
7 dz Ja vsinha-—sinht 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


/ e“(@- (sinh a — sinh t)* y(t) dt = f(x), 0<A<1. 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.3.58: 


/ tone — sinh t)*w(t) dt = e* f(x). 


| e’(@-) (sinh x — sinh? t)y(t) dt = f(a). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.3.59: 


i * (sinh? ax —sinh® t)w(t) dt = €" f(x). 


/ e4(@-) (A sinh® x + B sinh’ t) y(t) dt = f(x). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.3.60: 


/ (A sinh* a + B sinh’ t) w(t) dt =e f(z). 


[ [Act#® + Bsinh* x] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g(a) = Ae“, hi(t) = e*’, g(x) = B sinh? x, 
and ho(t) = 1. 


) [Ac#® + Bsinh* t] y(t) dt = f(x). 
This is a special case of equation 1.9.15 with g\(a) = Ae“*, hi (t) = e“*, go(x) = B, and 
ho(t) = sinh’ t. 


ec eb@Hy(t) dt 
a (sinh x — sinh t)* 


Solution: 


= f(x), 0<A<1. 


sin(tA) 4, d [” eM cosht f(t) dt 
e : 
dx J, (sinhx —sinht)! 


y(@) = 


| eA tanh’ x + B tanh’ t)y(t) dt = f(x). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.3.77: 


| (A tanh’ x + B tanh* t) w(t) dt =e" f(x). 


| e“(@-) (A tanh x + B tanh® t + C) y(t) dt = f(x). 


The substitution w(x) =e” y(«) leads to an equation of the form 1.9.6 with g(a) = A tanh? x, 
g(t) = Btanh’ t+ C: 


/ (Atanh* x + B tanh’ t + C)w(t) dt =e" f(z). 


© 1998 by CRC Press LLC 


30. 


31. 


32. 


33. 


34. 


ie [Act + B tanh* x] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g(x) = Ae%”, hi(t) = e#*, g(x) = B tanh? x, 
and hy(t) = 1. 


i ; [Ae“*~ + B tanh* t] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g\(a) = Ae“*, hi (t) = e“*, go(x) = B, and 
ho(t) = tanh? t. 


| e4(@-) (A coth* x + B coth* t) y(t) dt = f(x). 
The substitution w(x) = e”y(x) leads to an equation of the form 1.3.90: 


/ (A coth* x + Bcoth* t) w(t) dt =e" f(x). 


| eA coth* x + B coth® t + C) y(t) dt = f(z). 


The substitution w(x) =e” y(«) leads to an equation of the form 1.9.6 with g(a) = A coth’ x, 
A(t) = Bcoth’ t+C: 


/ (Acoth* x + Bcoth’ t+ C) w(t) dt = e™* f(a). 


| [Act + Beoth? a] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g(x) = Ae“, hi(t) = e#*, g(x) = B coth* x, 
and hy(t) = 1. 


[ (Act? + Bott t] yo dt = flo) 


This is a special case of equation 1.9.15 with g\(z) = Ae“*, h)(t) = e“*, go(x) = B, and 
h(t) = coth? t. 


1.7-2. Kernels Containing Exponential and Logarithmic Functions 


35. 


36. 


/ ein x - In t)y(t) dt = f(a). 
Solution: 


y(t) =e [zp (2) +y(z)],  v(x)=e* f(a). 


Wy er@) n(x — t)y(t) dt = f(x). 
0 


—AL 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.4.2: 


| ‘ In(a — t)w(t) dt = e* f(z). 
0 


© 1998 by CRC Press LLC 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


ie e?o(AlIna + BiInt)y(t) dt = f(x). 


—AL 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.4.4: 


i (A Inv + Bint)w(t) dt =e" f(a). 


|  eila-t) [Aln’(Ax) + Bln’(At)| y(t) dt = f(a). 


—AL 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.4.7: 


| . [Aln’(Az) + Bln?(At)] w(t) dt = &* f(a). 


a er@-t) [In(ax /t)] y(t) dt = f(a), n=1,2,... 


Solution: 


n+l 
way= se (aE) Fy), Fy(a) = e* f(a). 
nia dx 


‘i eX), /In(a/t) y(t) dt = f(a). 


Solution: 
(a) = 20" (« d ) / “e™ FO dt 
nn eee dx} Ja ty/In(x/t) 
x er(a-t) 
nae” dt = f(x). 
Solution: 
@etees if * eM fO dt 
ee da da t/t] 


/ . [Act#® + Bin’ (Ax)| y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(x) = Ae“, h(t) = e*®, g(x) = Bln’ (Az), 
and hy(t) = 1. 


/ ; [Ae“* + Bin’ (At)| y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(a) = Ae“*, h,(t) = e“*, go(x) = B, and 
ho(t) = In’ (At). 


i “et©-Ofin(a/)Pylt) dt = fl), 0<A<1. 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.4.16: 


/ “ne /t) w(t) dt = eH” f(a). 
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ec  eb(e-t) 
45. Tn@/pp 2 dt = f(x), 0<A<1. 


Solution: 


Y(@) = 


sin(7r) jin [ f(b) dt 
7 da J, te*[In@/p) >" 


1.7-3. Kernels Containing Exponential and Trigonometric Functions 


46. [etl costN-tlylt) dt = fo) 


Solution: y(x) = fi (x) — f(a) + , : eM Ft) dt. 


a 


47. | eM@ £ Ay cos[Ay(x — t)] + Az cos[A2(a - t)] } y(t) dt = f(a). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.5.8: 


ieee cos[A\ (x — t)] + Ao cos[A2(x — t)] } w(t) dt =e" f(a). 


48. [etl cost A(e- Dy(W dt = fle) 


The substitution w(x) = e’”y(x) leads to an equation of the form 1.5.9. 
Solution: 


2: Hi 
yox) = ex) + fet sinthe De dt, k= AW2, lw) = Fa) fla). 


a 


49. [etl cos'tX(w- dlyld dt = fle) 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.5.15: 


/ : cos*[A(x — t)] w(t) dt = eH” f(x). 


50, fet cost[Nr - Oly dt = fee). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.5.19: 


/ cos*[A(a — t)]}w(t) dt = eh f(x). 


51. ip ° eM) (eos(Ax) — cos(At)|" y(t) dt = f(x), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f(a) =--- 


ie ay 
Solution: 

(2) = CO" eH sin(da) 7S mF (x) F(a) =e" f(a) 

Sts = eal sin(ax) dx BN Pare ee 
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52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


/ eM(@-t)./cos t — cos a y(t) dt = f(x). 


Solution: 


d aN et sint f(t) dt 
sna dx/ J, ./cost—cosz 


2: 
y(a) = —e"” sin o( 
T 


2 eb(@a(t) dt 


> _ = Ff (). 
a Vcost-—cosz 
Solution: 
1 i d 4 et sint f(t) dt 
y(x) = —e" : 
7 dx J, Wcost—cosx 


7 eH) (cos t — cos x)* y(t) dt = f(x), 0<A<1. 


Solution: 


= kel" si (—— se ae = 
US hese sinx dx (cost —cos x)* TA 


d y i et sint f(t) dt pi sin(7A) 


/ e4(2-) (egs* x — cos* t)y(t) dt = f(x). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.5.24: 


ic x —cos* t)w(t) dt = e" f(a). 


| e4(@) (A cos* x + B cos* t) y(t) dt = f(x). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.5.25: 
/ (A cos* x + Bcos* t) w(t) dt = e* f(x). 


2 ete) (t) dt 


a (cost—cosz)> — f@), 0<A<1. 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.5.26: 


fs w(t) dt 
a (cost—cosx) 


=e" f(x). 


| : [Ae“*™ + B cos” (Ax)| y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g,(x) = Ae“, h(t) = e*, go(x) = B cos” (Az), 


and hy(t) = 1. 


i ° [Ae4@~) + B cos” (At) | y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g\(a) = Ae“*, h,(t) = e“*, go(x) = B, and 


ho(t) = cos” (Ab). 
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60. f eM sin Aw t)lyb dt = fla, fla) = fila) = 0. 


Solution: y(x) = + [fi/,(x) —2u fh (a) +O? + 1) f(@)]. 


61. i eM@)f Ay sin[Ay (x — t)] + Az sin[Az(a — t)]}y(t) dt = f(a). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.5.41: 


/ “fA sin[A,(a — t)] + Ao sin[Ax(a — O)] }w() dt = e"* f(a). 


62. / ° e@) sin?[\(a — t)] y(t) dt = f(a). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.5.43: 


if : sin? [\(a — t)]w(t) dt = ec“ f(a). 


63. ip * M@ sin [Na — t)ly(t) dt = f(a). 
The substitution w(xz) = e’* y(x) leads to an equation of the form 1.5.49: 
/ : sin? [\(a — t)]w(t) dt = e“ f(a). 
64. / if eX@) sin” [N(x — t)]y(t) dt = f(a), n =2,3,... 
ae substitution w(x) = e’* y(x) leads to an equation of the form 1.5.54: 
i sin” [A(a — t)]w(t) dt = e ¥* f(x). 


65. | * eulat sin(kVax —t ) y(t) dt = f(x). 


Solution: 


2 
y(@) = ae eh f(t) dt. 


pid ‘a e Ht cosh (kx —t 
dae a Va-t 


6. / e(@-t)/sin x — sint y(t) dt = f(a). 


Solution: 


d es e* cost f(t) dt 
cosxdz/ J, J/sinz—sint — 


2 
y(x) = —e"* cos w( 
T 


& ebl@Ha(t) dt 


67. ———— _ = f(z). 
a vVsinz —sint 
Solution: 
1.8. {7 €@ cost f@dt 
y(v) = —eM ae 
T dx Ja Vsinx—sint 
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68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


/ e“@- (sin x — sin t)*y(t) dt = f(x), 0<A<1. 


Solution: 


(sina —sint) ’ TA 


2 £® ert : 
y(a) = ke?” cos.ir( d ) ‘i e* cost f(t) dt k= sin(7A) 


cosx dx 


| e420 (sin? a — sin? t)y(t) dt = f(a). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.5.59: 


i “(sin x —sin> t)w(t) dt = e* f(a). 


/ e4(@) (A sin’ x + B sin’ t)y(t) dt = f(x). 


The substitution w(x) = e”y(x) leads to an equation of the form 1.5.60: 
if (Asin* x + B sin t) w(t) dt = e™* f(a). 


& eb(@-ay(t) dt 


a (sina —sint)* = f(x), 0<A<1. 


The substitution w(x) = e*’”y(x) leads to an equation of the form 1.5.61: 


e w(t) dt 
(sin x — sint)* 


=e" f(x). 


a 


f [Ae** + Bsin’(Ax)| y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g,(x) = Ae“, hi(t) = e“*, go(x) = B sin” (Az), 
and hy(t) = 1. 


| i [Aet#? + B sin’ (At)] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g\(z) = Ae“*, h,(t) = e“*, go(x) = B, and 
ho(t) = sin’ (At). 


| e“@) (A tan* x + B tan’ t) y(t) dt = f(x). 
The substitution w(x) = e*”y(x) leads to an equation of the form 1.5.77: 


i (A tan* « + Btan* t) w(t) dt =e" f(x). 


/ e“(@) (A tan’ x + B tan’ t + C)y(t) dt = f(x). 


The substitution w(x) = e“”y(x) leads to an equation of the form 1.9.6: 


| (A tan® 2+ Btan? t+ C) w(t) dt = e* f(x). 
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76. 


77. 


78. 


79. 


80. 


81. 


/ ° [Ae“*™ + B tan’ (Ax)| y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g,(x) = Ae“”, h,(t) = ec", go(x) = B tan” (Az), 
and hy(t) = 1. 


| : [Ae“*™ + B tan’ (At)| y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g\(a) = Ae“*, hi (t) = e“*, go(x) = B, and 
ho(t) = tan’ (At). 


/ eX) (A cot’ x + Bcot* t) y(t) dt = f(x). 
The substitution w(x) = e*”y(x) leads to an equation of the form 1.5.90: 


. (A cot® « + Bcot* t)w(t) dt =e" f(x). 


| eX@) (A cot x + Bcot? t + C) y(t) dt = f(x). 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.9.6: 


i (A cot* z+ Bcot? t+ C) w(t) dt =e" f(x). 


| ; [Ae“*™ + B cot” (Ax)| y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g;(x) = Ae“, hi (t) =e“, go(x) = Bot” (Az), 
and hy(t) = 1. 


/ : [Ac*@) + B cot” (At) y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g\(x) = Ae“*, h)(t) = e“*, go(x) = B, and 
ho(t) = cot’ (At). 


1.7-4. Kernels Containing Hyperbolic and Logarithmic Functions 


82. 


83. 


84. 


/ ‘ [A cosh?(Ax) + Bn (yut) + Cl y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = A cosh? (\x) and h(t) = Bin (yt) + C. 
| : [A cosh (At) + Bn” (yux) + Cl y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = Bln’ (yx) + C and h(t) = A cosh? (At). 
/ i [A sinh? (Ax) + B In? (yt) + Cl y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A sinh?(\zx) and h(t) = B In* (put) + C. 
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85. 


86. 


87. 


88. 


89. 


/ . [A sinh9(At) + B In (ua) + C] y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = Bln7 (yx) and h(t) = A sinh?(At) + C. 
/ : [A tanh? (Ax) + BIn7(ut) + C] y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = A tanh?(Ax) and h(t) = B In” (ut) + C. 
i @ [A tanh? (At) + BIn™(px) + Cl y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = B In? (x) and h(t) = A tanh? (At) + C. 
/ . [A coth®(Ax) + B In (yt) + Cl y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = A coth?(Ax) and h(t) = B In” (ut) + C. 
| ; [A coth?(At) + B In? (ux) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = Bln? (ux) and h(t) = A coth?(At) + C. 


1.7-5. Kernels Containing Hyperbolic and Trigonometric Functions 


90. 


91. 


92. 


93. 


94. 


95. 


/ ° [A cosh?(Ax) + B cos? (ut) + Cl y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = A cosh?(Ax) and h(t) = B cos? (pt) + C. 
| ° [A cosh®(At) + B sin? (ux) + Cl y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = B sinY(jux) + C and h(t) = Acosh*(At). 
/ : [A cosh? (Ax) + B tan7 (pst) + C] y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = A cosh? (\x) and A(t) = B tan? (ut) +C. 
| ‘ [A sinh®(Ax) + B cos (ut) + Cl y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = A sinh? (Ax) and h(t) = B cos? (pt) + C. 
i) ‘ [A sinh? (At) + B sinY(ux) + Cl y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = B sin7(yx) and h(t) = A sinh? (At) + C. 
| i [A sinh? (Ax) + B tan” (ut) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A sinh?(\x) and h(t) = B tan? (yt) + C. 
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96. | [A tanh?(Ax) + B cos? (put) + C] y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = A tanh?(Ax) and h(t) = B cos? (yt) + C. 
97. 7 [A tanh? (Ax) + B sin? (ut) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A tanh?(Ax) and h(t) = B sin? (ut) + C. 


1.7-6. Kernels Containing Logarithmic and Trigonometric Functions 


98. / [A cos?(Ax) + BIn7 (ut) + Cl y(t) dt = f(a). 

This is a special case of equation 1.9.6 with g(a) = Acos?(\x) and h(t) = Bln? (yt) + C. 
99. | [A cos?(At) + B In (ux) + Cl y(t) dt = f(a). 

This is a special case of equation 1.9.6 with g(a) = Bln? (a) + C and h(t) = Acos*(At). 
100. / [A sin?(Ax) + BIn7 (ut) + C] y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(a) = Asin®(Az) and A(t) = Bln7 (pt) + C. 


101. / ; [A sin? (At) + B In? (ux) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(z) = B In? (ya) and h(t) = Asin? (At) + C. 


1.8. Equations Whose Kernels Contain Special 
Functions 


1.8-1. Kernels Containing Bessel Functions 


1. | Jo[X(a - ty) dt = f(x). 


Solution: 
1 a 2 x 
y(2) = . (= + x) i (x —t) i[A(a -8)] f dt. 


dx? 


Example. In the special case \ = | and f(x) = Asin, the solution has the form y(x) = AJo(z). 


2. | [Jo(Ax) — Jo(At)y(t) dt = f(a). 


d / 
Solution: y(x) = ae el . 


© 1998 by CRC Press LLC 


/ [AJp(Ax) + BJo(At)]y(t) dt = f(a). 


For B = —A, see equation 1.8.2. We consider the interval [a,x] in which Jo(Ax) does not 
change its sign. 
Solution with B # —A: 


1 
"A+B dx 


ya) =+ {any weR [ | Jo(At)| *F juenat}. 


Here the sign of Jo(Ax) should be taken. 


| (a - t) JplMa - t)ly(t) dt = fla). 


Solution: 


= if g(t) dt, 


where 


1/d 
w= t (Sax) i (¢-7) ALAGE-7)1 f(r) dr. 


| (a — tH) Ji [A(x — ty) dt = f(x). 
Solution: 


1 / # 
yoo= aaa aa x) Is (a —t)? Jo[A(a —t)] f(t) dt. 


J (@-0? AI@- oly at = Fo. 


Oe / g(t) dt, 
a 


5 pt 
1 
gt) = 55 (= + x) i (t—1)? JIA —7)] f(r) dr. 


Solution: 


where 


/ : (a -t)” Jn[A(@ -t)ly(t) dt = f(x), n=0,1,2,... 


Solution: 


dx 


72) nl(n+ 1)! 
4=(5) (2n)!(2n +2)! 


# 2n+2 
y(a) = A (= + x) / (e-t)""! Inui [A@e-O)] FO at, 


If the right-hand side of the equation is differentiable sufficiently many times and the 
conditions f(a) = fi(a) =--. = f2"*)(a) = 0 are satisfied, then the solution of the integral 
equation can be written in the form 


2 


2n+2 
road *) f(t) dt. 


yx) = af (@-tP" Joni A@-OIF@dt, FO) = (= g 
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8. 


10. 


11. 


12. 


| (xt) Ine -t)ly@) dt = f(x), n=0,1,2,... 


Solution: 


ee : g(t) dt, 


where 


ay 2n4+3 
Pore (a+*) [e-n Inai t= FO dr, 


_72\241 al(n +1)! 
4=(5) Qn+1)!(2n +2)!’ 


If the right-hand side of the equation is differentiable sufficiently many times and the 
conditions f(a) = fi(a)=---= f2r*) (a) = (are satisfied, then the function g(t) defining the 
solution can be written in the form 


@ 2n+2 
g(t) = A le Tt) Inv 2A -DIF (dr, =F(r)= (=+*) f(7). 


i (a —t)"/2J, a1 Ma — t)ly(t) dt = f(a). 
Solution: 


d 
y(a) = (Sex) Ie (x- 1)? JsplMw— 1] FO at. 


/ (w - 1)? Jy pla - t)]y(t) dt = fl). 


Solution: 


y(x) = jh g(t) dt, 
where 


i 
gt) = a (+x) ie (1)? Jyyal Nt = 2)] fer) dr. 


| (@ - °? Jya[A(w - y(t) dt = f(a). 
Solution: 


a 3 x 
y(x) = elo + x) / sin[\(x — t)] f() dt. 


dx? 


| (w - 1)5/? Iya Ma — t)]y(t) dt = fle). 


Solution: 


y(x) = if g(t) dt, 
where 


a 
g(t) = ex (= ox) [ (t-r)/? Js/2[ACé-7)] f(r) dr. 
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13. 


14. 


15. 


16. 


17. 


if (a - {) 2 TATA — t)ly(t) dt = f(x), n =2,3,... 
a 2 


Solution: 


a n x 
y(a) = a = ue ( at x) / sin[\(a —t)] f(D) dt. 
2-2 (2n-2)! a 


| [JL(Aa) - J, (At)]y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(x) = J, (Az). 
xfi(a) 
VIAL) — ATT ye (AZ) |” 


Solution: y(#) = i | 
dx 


/ [AJL (Ax) + BIL(At)]y(t) dt = f(x). 


For B = —A, see equation 1.8.14. We consider the interval [a, 2] in which J,(Aa) does not 
change its sign. 
Solution with B #—A: 


ae ee 
~A+B dx 


aA f® Bo 
yo) =: {200 8 [sol a? gnarl, 


Here the sign of J,(Ax) should be taken. 


i [AJ, (Az) + BJ, ((3t)ly(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = AJ, (Ax) and h(t) = BJ,,((t). 


| (aw -t)” J, [Ala - tly(t) dt = f(w). 


Solution: 


e4 


y(a) = A (= + ) fo — ty" Inv aa - Of O dt, 


dx? 
Se Tw+)Pn-v) 
“AD T(2v + 1)TQn-2y-1)’ 


where —+ <Vv< nt and n=1,2,... 

If the right-hand side of the equation is differentiable sufficiently many times and the 
conditions f(a) = f/(a) =--- = f(a) = 0 are satisfied, then the solution of the integral 
equation can be written in the form 


2 


x d n 
y(x) = a| (@-1)" "4 Invil@-OIF@ dt, FO = (3 + x) f(). 


@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 
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18. 


19. 


20. 


21. 


22. 


| (w-t)"""J,[A(w - t)ly(t) dt = f(a). 


Solution: 


ie ‘; g(t) dt, 


where 


C : 
git)=A ( + x)" / —7)"? Inv ol At -7)] f(r) dr, 


_72\n2 Pw DE (n-v-1) 
4=(5) T(2v + 2) P(2n—2v —3)’ 


where -1 << 5 —landn= Ds Disicies 

If the right-hand side of the equation is differentiable sufficiently many times and the 
conditions f(a) = f/(a) =--- = f(a) = O are satisfied, then the function g(t) defining the 
solution can be written in the form 


t 2, 
g(t) =A i. t—7)?"? Inv 2lAt-r)IF(r) dr, -F(r) = (+ + x)" IO: 


@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


f Jy (AVa -t)y(t) dt = f(a). 


Solution: 


a 
y(a) = af In(AV'x —t) f(b) dt. 


/ “[Ad, (AV@) + BJ, (AVE) y(t) at = F(a). 


We consider the interval [a, x] in which J, Ave ) does not change its sign. 
Solution with B # —A: 


y(@) = 


aeerreatte Avz)| “a | (AveE)| I genatl, 


Here the sign J, Avr ) should be taken. 


/ : [AJL (AVz ) + BI, (BVt)] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = AJ, Vz) and A(t) = BJ, (Bvt iy 


/ * feat Ty (AVe=t)ylt) dt = fle). 


Solution: 
2a 
\ dx3 


y(@) = i In(AVx -t) f(t) dt. 
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24. 


25. 


26. 


27. 


28. 


29. 


| (a —t)'/4 J, (AV ax —t y(t) dt = f(a). 


Solution: 
h oe 
yo) == Xa =f = =i f@ dt. 


if (x - t)°/4 J .(AV x — t )y(t) dt = f(a). 


Solution: 


27/2 B® cosh(AVa-t) 


WO= Tapas | pa Se. 


/ (a -t)”/? In (AV ax —t )y(t) dt = f(a), n=0,1,2,... 
Solution: 


2\n qr2 
ya) = (=) af Ih(Avz- t)f (t) dt. 


dant 


x 2n-3 
fe-o® Sana (AVe=t)yOdb= fl, m= 1,2... 


Solution: 


2n-3 ‘ 
=) 2 d cosh(AV/x — ) swat. 


1 
y(x) = Ti ( dan J. ae 
/ (a —t/4 4 2(AV x -t ) y(t) dt = f(a). 


Solution: 
h (ve 
ya) = > an _ =) pat 


p (a -t)”? JL (AV x —t) y(t) dt = f(a). 


Solution: 


r dx” 
where -1 <y <n-—1,n=1,2,... 


2\n2 qr £ n-v-2 
ula) = ( ) | (wt) 2 Invo(AVe—t) f(b dt, 


If the right-hand side of the equation is differentiable sufficiently many times and the 
conditions f(a) = fi(a) =--- = f(a) = 0 are satisfied, then the solution of the integral 


equation can be written in the form 


Q\n2 £®% n-v-2 
wed=(S) fh OF enalaveni) swe 


| * (a? -P) 454 p(AVa? EB) y(t) dt = fla). 


roe | = , cosh (Av 2? =) 5 se 


Vx2 #2 


Solution: 


@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


‘| “ua A EO Pas yde= £e): 


re /2r d Ae ps _ cosh ww 2) 508) ‘a, 


fe ?)°? 1, (AVa2-# )y(t)dt = f(x), = -1<v <0. 
0 


Solution: 


Solution: 


ay 
ya) = A= = f ele =P) OPP 1 (Va #2) fO dt. 
@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


[ @-2 2"? 7 (AVE a2 )y(t)dt = f(x), -1<v <0. 


Solution: 


y(a) = r= at fv yor (AVP 22) fd. 


@ Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


| [At J, (Ax) + Be J,,(At)ly(t) dt = f(a). 


This is a special case of equation 1.9.15 with g,(a) = AJ, (Az), hy(t) = t*, g(x) = Bx™, an 


ho(t) = J,(At). 


/ [AJ2 (Ax) + BIZ (At) y(t) dt = f(a). 


Solution with B #—A: 


1e= rao ie aE [ JZ,0)|7 er jenat}. 


1 
A+B dz 
} [AJPAx) + BIT? (Gt)| y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = AJ* (Ax) and h(t) = BUI (Gt). 


| [Yo(Aa) - ¥o(Atly(t) dt = fla). 


fi) 
AY (Az) J 


Solution: y(x) = _< | 
L 


| [Y, (Aa) - HAb y(t) dt = fle). 


Solution: y(2) = < | xf,(@) 


VY, (Ax) — ALY ya (AZ) | 
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d 


38. 


39. 


40. 


/ [AYL (Ax) + BYL(At)ly(@) dt = f(x). 


For B = —A, see equation 1.8.37. We consider the interval [a, x] in which Y,,(Aa) does not 
change its sign. 
Solution with B # —A: 


4 fy ea ee [pool ee y 
Eee ae [YOx)| [ 00 fi@ats. 


Here the sign of Y, (Ax) should be taken. 


y(@) =a 


| “TAtFY, (Aa) + Ba Y,,(Ab)ly(t) dt = f(a). 

This is a special case of equation 1.9.15 with g(a) = AY,(Az), hi(t) = t*, g(x) = Bx™, and 
ho(t) = YQ). 

| [AJL (Ax)Y, (Bt) + BIL(ADY, (Bx) ly) dt = f(x). 


This is a special case of equation 1.9.15 with gi(a) = AY,(Aa), hi(t) = Y,,(60), go(a) = 
BY (Gx), and ho(t) = JL(At). 


1.8-2. Kernels Containing Modified Bessel Functions 


41. 


42. 


43. 


44. 


| Iola - byt) dt = f(a). 
Solution: 


1 a ; 2 pa 
wn=5(-¥) [@-onDe-o1 fod 


i [o(Aa) - Ip(At)]y(t) dt = fw), fla) = fi(a) = 0. 


d / 
Solution: y(x) = dz Se | ; 


' [AIp(Ax) + BIo(At)]y(t) dt = f(x). 


For B = —A, see equation 1.8.42. Solution with B # —A: 


4 ign Xf Inonl* f 
ae | Zo(Az)| ; |Zo(A2)| fl@ats. 


Here the sign of J,,(Ax) should be taken. 


y(x) = 4 


i! e=HnieDwOas FO: 


Solution: , 
y(x) = / g(t) dt, 


where 


1 a ; 3 pt 
w= 5(qe-¥) [ e-nnne-nir@dr, 
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45. 


46. 


47. 


48. 


| (aw - bh {Aa - t)ly(t) dt = fla). 


Solution: 
Lt JRE. 2 ee : 
Wr) = 355 (= -d ) / (e-t? bIMw-1)] fat. 


/ (aw -t)? [Aw - Hly(t) dt = fla). 


yx) = / g(t) dt, 


le a are ae es 2 
g(t) = o(@ -») ‘i (t-7)° b[AG-7)] f(r) dr. 


Solution: 


where 


fo ~ t)” In[A(e ~ Hly@ dt = f(x), n= 0, 1, 2, es 
Solution: 
2nt+2 
y(x) = a(S -») ie (x-t)"*! Invi Ae -1)] FO dt, 


7 2n+1 ni(n+ 1)! 
As (5) (2n)!(2n +2)! 


If the right-hand side of the equation is differentiable sufficiently many times and the 
conditions f(a) = fi(a@) =--+-= FOV) = 0 are satisfied, then the solution of the integral 
equation can be written in the form 


x @ 2n+2 
y(@) = af (@-tY"" Ti A@-OIF Od, FO = es = x) f@. 


fe a tT, N(e a tly) dt = f(x), n= 0, 1, 2, pet 


Solution: 


roe / g(t) dt, 


where 


dt? 


_72\2r41 al(n +1)! 
A= (5) (2n+1)!(2n +2)!’ 


& 2n4+3 
gb) = a(S -») / (t—7)"*! Invi AE -7)] f(D) dr, 


If the right-hand side of the equation is differentiable sufficiently many times and the 
conditions f(a) = f/.(a) =--- = f2"*?)(a) = 0 are satisfied, then the function g(t) defining the 
solution can be written in the form 


t A 2n+2 
g(t) =A i (t= 7)" Inval b= TIF@) dr, F(7) = (= -») f(7). 
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50. 


51. 


52. 


53. 


54. 


55. 


| (@ - t)'/2Ty [Ma - t)ly(t) dt = flo). 
Solution: 
1 2 3 pe 
y@) = D5 (= - ) / (x -t)?? Ign[ Ma -t)] f@ dt. 
| (w - 15/71, a[A(w - t)ly(t) dt = Fla). 


Solution: 


y(x@) = : g(t) dt, 
where 
a 


4 at 
g(t) = a € 2 x) / (t= 7)9/? Ig pL At 7) f() dr. 


| (w - t)3/2Iya1A(w — t)ly(t) dt = fla). 
Solution: 


da? 


a 3 x 
y(a) = swe x) i sinh[\(x — t)] f(t) dt. 


i (w - 8/2 Ty [Ma - t)ly(t) dt = flo). 


Solution: 7 
ya) = if a(t) dt, 

where 

w a 2 ae 5/2 

at)= ara ( i (t- 7)? Iga[ METI] Far. 
x 2n-1 
| (a -t) 2 IanalA(e - ty) dt = f(x), n =2,3,... 
a 2 


Solution: 


y(@) = 


vr (<= 


= x) ‘ i] ” sinh[Aa— t)] f(t) dt. 
V2" 3 Qn—2)! dx? a 


i, [LL (Aa) - Lb |y(t) dt = f(@). 


This is a special case of equation 1.9.2 with g(x) = I, (Az). 
| [AL (Ax) + BIL(Ab) y(t) dt = f(x). 


Solution with B #—A: 


1 d _A_ ® at As 
WO = FB Oo) A+B ti Ou) 2x2 funatl, 
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56. 


57. 


58. 


59. 


| [AL,(Ax) + BI,(Gt)ly(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = AI, (Aa) and A(t) = BI,,(6t). 


| (w-t)” [Aw - Oly(t) dt = fl). 


Solution: 


a fe 
ya) =A (ss = x) ih Ga" Les p@sol fod 


2) Pw+DT-v) 
4=(5) TQv+1lTQn—2v—1)’ 


where -4 <v < %! andn=1,2,... 


2 2 
If the right-hand side of the equation is differentiable sufficiently many times and the 
conditions f(a) = f/(a) =--- = f{’-)(@) = 0 are satisfied, then the solution of the integral 


equation can be written in the form 


£ a n 
y(@) = af (@-t)"" Tale -OlFOdt, FO= (= 2 ) f@. 


@ Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


i (e-t)”"L[A@ - bly) dt = f(@). 


Solution: 


y(a) = | g(t) dt, 
where 


2 n t 
g(t)=A (= 7 x) ‘ (t= 7)" In aft -1)] f(r) dr, 


_72\" Tw+DP-v-1) 
4=(5) Tv +2)T(2n—2v —3)’ 


where -1 <v< 5 —landn= Lee Di atin 
If the right-hand side of the equation is differentiable sufficiently many times and the 
conditions f(a) = f/.(a) =--- = f{"-)(a) = O are satisfied, then the function g(t) defining the 


solution can be written in the form 


t 2 n 
gt)=A / (t—7)""? Inv2[At-DIF) dr, Fir) = & a x) f(r). 


‘O) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


f Ip(AV'x -t )y(t) dt = f(a). 


Solution: ; ' 
y(x) = af Jo(AVa -t) ft dt. 


dx? 
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60. / ° [AL (AVz ) + BIL (AV) | y(t) dt = f(a). 


a 


Solution with B #—A: 


WO= zee (ave) #8 [ovary noah, 


61. | ° [Al (AVx ) + BI, (BVt)| yt) dt = f(x). 


a 


This is a special case of equation 1.9.6 with g(x) = AL, Vz) and A(t) = BI, (Bvt). 


62. ir Va-th(AVa-t)y(t) dt = f(x). 


Solution: : 


Oi Zine 
y(«) = caf Jo (AV x -t) f(t) dt. 


63. | ic -t)'/4I,2(AV a -t ) y(t) dt = f(a). 


[2 we 
y(x) = 7X a =f oo = f(t) dt. 


64. / “te -t°/4T,2(AV x —t ) y(t) dt = f(a). 


Solution: 


Solution: 


f(t) dt. 


7 23/2 B ag cos (AV/x = t) 

WO) = a ges | i 

65. / (a -t)"/7 In (AV a —t) y(t) dt = f(z),  n=0,1,2,... 
Solution: 


Q\n qr? x 
va) = ($) aa | Jo(AV'x -t) f(t) dt. 


dxn*2 


x 2n-3 
66. | (w-t) 4 Tans (AVax-t)y(t) dt = f(a), n=1,2,... 
a 2 
Solution: 


f(t) dt. 


re ee 


67. | “Ge ty /4T (AV x -t)y(t) dt = f(a). 


» (A 
yr) = oa an oe wet) f@ dt. 


Solution: 
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68. 


69. 


70. 


71. 


72. 


73. 


a (a -t)”/? 1, (AV ax —t) y(t) dt = f(a). 


Solution: 


A\n2 qr x n-v-2 
uta) = ( ) / (c-t) 2 Invea(AVz-t) fd, 


where -1 <y <n-—1,n=1,2,... 

If the right-hand side of the equation is differentiable sufficiently many times and the 
conditions f(a) = f(a) =--- = f(a) = 0 are satisfied, then the solution of the integral 
equation can be written in the form 


Q\n2 £% n-v-2 
u(x) = (5) / (v= t) 2 Ipya(AVent) fo) dt. 


@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


| * (0? = 8) M4 Ty p(AVa BP) yt) dt = f(a). 
0 


[2 we 
y(x) = ae Af cost 7 ae aa 


/ © (2-22) 41 p(AVE— a? y(t) dt = fle). 


ya) =~) aad aft oe a SAVE?) hat 


[ @- P)°? TL, (AVa?-# ) y(t) dt = f(z),  -1<v <0. 
0 


Solution: 


Solution: 


Solution: 


1 27 
y(a) = yf = fe ye? Lava) FO dt. 
@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


| ee - 27)? 1, (AV - a? )y(t)dt = f(a), -l<v<0. 


Solution: 


d co 
y(x) = A / t(—a? MOP 7 (AV 2?) FO dt. 
x zx 
@ Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


i [At* I, (Aa) + Be*L,(At)ly(t) dt = f(a). 


This is a special case of equation 1.9.15 with g\(x) = AI, (Az), h(t) = t*, go(x) = Ba*, and 
ho(t) = [,(At). 
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74. 


75. 


76. 


77. 


78. 


79. 


80. 


}) “[AP(Az) + BIZ (At)ly(t) dt = f(a). 


Solution with B #—A: 


w= aa Me (Ax) ae [LO] ab pen at}. 


| [AIF(Aa) + BI: (Bt)ly(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = AI (Az) and A(t) = BI}(St). 


| [Ky(Aa) — Ky(At)]y(t) dt = f(a). 


d / 
Solution: y(a) = -5- SES): 


| [K, (Aa) - K,(At)ly(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(x) = K (Az). 


| [AK (Ax) + BK, (At) y(t) dt = f(x). 
Solution with B #—A: 


1 d 
ua) = = 


A, fe _ BL 
A+B de { [Ke oe ‘) [Kd] a8 pena), 


/ "LAt® K, (Ax) + Bx*K,,(At)ly@ dt = f(x). 

This is a special case of equation 1.9.15 with g(x) = AK, (Az), hi(t) = t*, g(x) = Ba*, and 
ho(t) = K,(At). 

/ [AL(Az)K,(6t) + BLANK, (Bx)ly@ dt = f(x). 


This is a special case of equation 1.9.15 with g(x) = AIL(Ax), hi(t) = K,( 6b), 92(a@) = 
BK,,(8x), and ho(t) = I,(At). 


1.8-3. Kernels Containing Associated Legendre Functions 


a. fc ~ Py H/ py (— )y® dt = f(a), O<a<co. 


Here P(x) is the associated Legendre function (see Supplement 10). 


Solution: 
m x mei 
yooy= arnt at | (ge? =P) = a one “(< ) 10 a, 
xv a 


where js < 1, >-4, andn = 1,2,... 


@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 
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83. 


84. 


sf (a? ~ Py wpe (= )y@ dt = f(a),  O<a<co. 


Here P/'(x) is the associated Legendre function (see Supplement 10). 


Solution: e ; 
y(x) = — / @-P) 
dz” J, 


where pw < 1,v >-4, andn=1,2,... 


= pin (2) fat, 


@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


[ (? - a ale ) ye) dt= f(z), O<b<o. 


Here P(x) is the associated Legendre function (see Supplement 10). 
Solution: 


d” b ntp-2 t 
y(z) = (-1)"2?*# 1! — ee / C-g) 2. Poe (=) fit) at), 
dx” es x 
where ju < 1,v>-4,andn=1,2,... 


@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


a (2 - oye? py (= ) ye) dt = f(x), 0<b<a. 


Here P(x) is the associated Legendre function (see Supplement 10). 
Solution: 


gf” 
yoo) = Cy : (Par) Pree (2) pp at, 
where pu < 1, v>-t, and n = 1,2,. 


@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


1.8-4. Kernels Containing Hypergeometric Functions 


85. 


/ “(aw - 1°18 (a, bs Aw -1)) y(t) dt = f(a). 


Here ®(a, b; z) is the degenerate hypergeometric function (see Supplement 10). 
Solution: 


qd” (x- ty b-1 
7 ‘ b; » t)) f(t) dt, 
y(2) = + a TOEGoh 2% 2-8 Me-O)FO 
where 0< b<nandn=1,2,... 

If the right-hand side of the equation is differentiable sufficiently many times and the 
conditions f(s) = f/(s) =--- = f(s) = 0 are satisfied, then the solution of the integral 
equation can be written in the form 


7 PS a ta 
woe | TL —b) (-a, n-b; Mat) fi" dt. 


@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 
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86. 


fe -o'F(a, b,c; 1- =) ye dt = f(x). 


Here ®(a, b, c; z) is the Gaussian hypergeometric function (see Supplement 10). 
Solution: 


= dq” : x (e-toc! t 
y(@) = 2x aa {of rove a,n—b,n-c; 1 ~) f@at}, 


where O0<c<nandn=1,2,... 

If the right-hand side of the equation is differentiable sufficiently many times and the 
conditions f(s) = f(s) =--- = f&-)(s) = 0 are satisfied, then the solution of the integral 
equation can be written in the form 


_f @or 1b) em 
y(x) = | wareeae a, —b,n-c; 1 —) fi (t) dt. 


@ Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


1.9. Equations Whose Kernels Contain Arbitrary 


Functions 


1.9-1. Equations With Degenerate Kernel: K (a, t) = gi(x)h,(t) + g2(x)h2(t) 


| g(a)hi(t)y(t) dt = f(x). 


1 d | fa) 1 J, (@) 


hia) dex | g(x) | ~ Fe@)— Dayna) 


= G@h@) P@). 


Solution: y= 


iy [g(a) - g@ ly) dt = f(x). 


It is assumed that f(a) = f/ (a) = 0 and f!./g/, # const. 
d | fr(x) 
dx | g(x) | 


Solution: y(#) = 


| [g(w) - g(t) + bly(t) dt = f(a). 


Differentiation with respect to x yields an equation of the form 2.9.2: 


1 + 1 
uta) + cola) | ytydt = 5 fe 


Solution: 


ght) = 9(2)] oy 
ee | KO at. 


1 1 % 
y(x) = coe pe) ‘| exp| 
/ [Ag(a) + Bg(t)ly(t) dt = f(a). 


For B =—A, see equation 1.9.2. 
Solution with B # —A: 


d yest 90S SES 
yo) = Ff Ia6o) mC) a panar\, 
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10. 


11. 


/ [Ag(a) + Bg(t) + Cly(t) dt = f(a). 


For B =—A, see equation 1.9.3. Assume that B #—A and (A+ B)g(x)+C > 0. 
Solution: 


A x B 
yooy= 21 (A+ Bryn +cp ef (A+ Bn +cl HF genarh, 


| [g(x) + h(t)ly(t) dt = f(w). 


Solution: 


y(x) = : | ao) * £@O “|. @®(x) = exp if oral . 


dx | g(a) +h(x) Ja P&M) git) + ht) 


J (92) + @-oh@)] yh at = fla. 
This is a special case of equation 1.9.15 with g\(x) = g(x) + xh(a), hy) = 1, go(x) = h(a), 


and h2(t) = -t. 
Solution: 


eh h(x) [*[f@]" at z ” A(t) 
yoy= Ff 0) : ESkeai wo =exp|- [ sO at. 


| [a(t) +(e — tht] y(t) dt = fle). 


This is a special case of equation 1.9.15 with g)(x) = x, h(t) = h(t), go(x) = 1, and ho(t) = 
g(t) — tht). 


| i (g(a) + (Ax* + Bt“)h(x)] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(x) = g(a) + Ax*h(2), h(t) = 1, g2(x) = h(a), 
and hy(t) = Bt". 


/ “ [g(t) + (Aax* + Bt“)h(t)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g\(x) = Ax*, hi(t) = h(t), g2(x) = 1, and 
h(t) = g(t) + Bt A(t). 


| Lg(a)h(t) - h(x)g()ly(t) dt = f(x), f(a) = fi (a) = 0. 


For g = const or h = const, see equation 1.9.2. 
Solution: 


1 < | where f=f(x), g=g9(2), h=h(2). 


ye)= 7, (g/hyi, |” 


Here Af + Bg + Ch #0, with A, B, and C being some constants. 
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12. 


13. 


14. 


15. 


| [Ag(a)h(t) + Bg(t)h(a)]y(t) dt = fla). 


For B = —A, see equation 1.9.11. 
Solution with B # —A: 


A 


: 1 d ([a@)]F fae) al fe r 
UW) = Ly Byala) da Fal [el ale 


| {1 + [g(t) — g(a)\h(a)} y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g)(x) = 1- g(x)h(x), hy (t) = 1, go(x) = h(a), 
and ho(t) = g(t). 
Solution: 


_d 7T F(t) ]' dt : a 
y(x) = a {mee | Fa aie ®(x) = exp if g, (A(t) a, 


i. “ere 4 [eM g(t) — eM g(a)] h(a)} y(t) dt = F(a). 


This is a special case of equation 1.9.15 with g(a) = e** h(x), hi(t) = g(t), go(a) = er” - 
g(x)h(x), and ho(t) = ert, 


/ [gila)hi(t) + go(w)ho(t)ly(t) dt = f(a). 


For g2/gi = const or h2/h; = const, see equation 1.9.1. 


1°. Solution with g|(x)h1(x) + go(x)ho(x) # 0 and f(x) € const go(x): 


yea 24 { ga(ayhi (x) P(x) [22] a (1) 
4 hy(a) dx | gi(a)hi(a) + go(w)ho(x) Ja | got) }, ®@) J’ 
where 
*Tho(t)]’ —go(t)hi (t) dt 
® = Z 2: 
MO ae if Pol a@eo cent “ 


If f(x) = const g2(x), the solution is given by formulas (1) and (2) in which the subscript 1 
must be changed by 2 and vice versa. 


2°. Solution with gi (x)h1(x) + go(x)ho2(x) = 0: 


id [ ie | - ld aS 


WO= Ty de [G@ulant, | ta de [a/iaye |’ 


where f = f(x), g2 = go(2), hy = h(a), and ho = ho(x). 
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1.9-2. Equations With Difference Kernel: K(x, t) = K(a -t) 


16. 


17. 


/ K(w -ty(t) dt = f(a). 


1°. Let K(O) = 1 and f(a) =0. Differentiating the equation with respect to x yields a Volterra 
equation of the second kind: 


roe / K! (a —t)y(t) dt = fia). 


The solution of this equation can be represented in the form 


y(o) = f(a) + / Rw—t f(t) dt. (1) 


Here the resolvent R(x) is related to the kernel K(x) of the original equation by 


Ria) = £" | - | K(p) = £[K(a)], 


pK(p) 
where £ and £7! are the operators of the direct and inverse Laplace transforms, respectively. 


(onmtee) 


- Saad 2 1 i 
K(p) = £[K(a)] = | eP* K(x) da, R(a) = £"[RO)| = er i e?® R(p) dp. 
0 TM SJ c-ico 
2°. Let K(x) have an integrable power-law singularity at x = 0. Denote by w = w(x) the 
solution of the simpler auxiliary equation (compared with the original equation) with a = 0 
and constant right-hand side f = 1, 


af . K(a—t)w(t) dt = 1. (2) 
0 


Then the solution of the original integral equation with arbitrary right-hand side is expressed 
in terms of w as follows: 


d Hi zx 
ya) = f wat) f(t) dt = flayw(e—a) + i w(x -t) fi(t) dt. 


/ K(a —-t)y(t) dt = Ax”, n=0,1,2,... 


This is a special case of equation 1.9.19 with A = 0. 


1°. Solution with n = 0: 
A foe) 
y(“4) = —, B= | K(z) dz. 
B 0 


2°. Solution with n = 1: 
A A CO [oe) 
y(@) = Rett ae B= | K(z) dz, c= | zK(z) dz. 
3°. Solution with n = 2: 
AC AC? AD 


Rett? B Be 


B= pe K(z)dz, C= i zK(z)dz, D= a 2? K(z) dz. 
0 0 0 


A 
Yyo(x) = Be +2 


4°. Solution with n = 3,4,... is given by: 


7 fale ere 7 lee) ee 
Yn (x) = Af ae Ee jeg BIA) = i K(z)je dz. 
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18. 


19. 


20. 


21. 


22. 


/ K(a - t)y(t) dt = Ae**. 


Solution: A a 
y(x) = Be B= | K(2e* dz = £{ K(z), A}. 
0 


i; K(a - t)y(t) dt = Ax"e**, n=1,2,... 


1°. Solution with n = 1: 


A A 
yy (x) = a + ae, 


B= | K(ze** dz, C= | 2K(z)e* dz. 
0 0 


It is convenient to calculate the coefficients B and C using tables of Laplace transforms 
according to the formulas B = £{ K(z), A} and C = L£{zK(z), A}. 


2°. Solution with n = 2: 


2 
ple) = Date 42 AC a4 (048 AD om, 


Be e€ + 29 te B _ Be 
B= ip K(Zje* dz, C= | 2K(z)e* dz, D= | 2K (z)e* dz. 
0 0 0 


3°. Solution with n = 3,4,... is given by: 


(Hae eu ee Ba)= f° K@e*d 
Yn @) = ay Yn) = an | BO) |’ =u ze cae 


| K(a — t)y(t) dt = Acosh(Az). 


Solution: 


L)= — 
# Di ea 1 a\B. 


B_= | K(ze dz, B= i K(z)e™* dz. 
0 0 


A 1;A Ay. 
+ zn) cosh(Aa) + 5 (+ - x) sinh(A2x), 


i K(a — t)y(t) dt = Asinh(A2z). 
Solution: 


AS oii An tn PA = A tak. Ax; 
y@) = sR e 2B, ° =5(= g,) coshaa)+ 5(= +e) sinh(A2), 


B= / K(ze dz, B= if K(z)e* dz. 
0 0 


if K(a — t)y(t) dt = Acos(Ax). 
Solution: 


B. cos(Ax) — B, sin(Ax)] ; 


A 
ya) = B+ Be! 


Be |  EOSRODTR. BS i ~ RGD ae. 
0 0 
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23. 


24. 


25. 


26. 


[ K(a — t)y(t) dt = Asin(Ax). 


Solution: 


A 
y(2) = Ba |B. sin(Ax) + B; cos(Ax)], 


B= i K(z)cos(Az) dz, B,= a K(z) sin(\z) dz. 
0 0 


a K(a — t)y(t) dt = Ae”” cos(Ax). 


Solution: 


A n . 
y(x) = Bam [B. cos(Ax) — Bs sin(Az)], 


Be= | K(zje"* cos(Az) dz, B,= if K(z)e* sin(Xz) dz. 
0 0 


| K(a — t)y(t) dt = Ae”® sin(Ax). 


Solution: 


*|B, sin(Ax) + By cos(Az)], 


y(@) = Bam [ 


Bo= | K(zje"* cos(Az) dz, B= | K(z)e* sin(Xz) dz. 
0 0 


| K(w -ty(t) dt = f(a). 


1°. For a polynomial right-hand side of the equation, f(a) = S> A;*, the solution has the 
k=0 
form 


ya) = 5° Bea*, 
k=0 


where the constants 6;, are found by the method of undetermined coefficients. The solution 
can also be obtained by the formula given in 1.9.17 (item 4°). 


2°. For f(x) = er > A,x*, the solution has the form 
k=0 


ugae" SS Bea’ 
k=0 


where the constants 6;, are found by the method of undetermined coefficients. The solution 
can also be obtained by the formula given in 1.9.19 (item 3°). 
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3°. For f(x) = 55 Ax exp(Ax2), the solution has the form 
k=0 


n 


A co 
yz) => FE expiz), Ba = [KG )exp-rx2) de 
k=0 0 


4°. For f(x) = cos(Ax) >> A,x*, the solution has the form 
k=0 


y(x) = cos(Ax) es Byx* + sin(\x) S- Cy", 


k=0 k=0 
where the constants B; and C;, are found by the method of undetermined coefficients. 


5°. For f(a) = sin(Az) >> A,x*, the solution has the form 
k=0 


y(x) = cos(Ax) Se Byx* + sin(\x) ys Cy z*, 


k=0 k=0 
where the constants B; and C; are found by the method of undetermined coefficients. 
6°. For f(a) = $> Ax cos(Ax2), the solution has the form 
k=0 
y(x) = > ems [Ber cos(A,2) — Bex, Sin(Agz)), 
a B+ B, ; 


Ba= | K(z)cos(Apz) dz, Bu= | K(z)sin(\pz) dz. 
0 0 


7°. For f(x) = S> Ax sin(A;, x), the solution has the form 
k=0 


n Ar 
y(x) = | Bex sin(An x) + Bgz cos(An2)], 
» Bi, + By, ! 


Ba= | K(z)cos(Apz) dz, Bu | K(z)sin(\pz) dz. 
0 0 


27. / K(a —- t)y(t) dt = Ax”, n=0,1,2,... 


This is a special case of equation 1.9.29 with A = 0. 


1°. Solution with n = 0: 
A [oe) 
y(z) = =, B =f K(-z) dz. 
B 0 


2°. Solution with n = 1: 


AC 


A 
y(@) = Ee Bz’ 


B= [ Kcadx c= fo eked 
0 0 
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3°. Solution with n = 2: 


A, ,AC AC? _ «AD 
yo(x) = Be 2a t +2 B BR’ 


B= | is K(-z)dz, C= i i. zK(-z)dz, D= | : 2° K(-z) dz. 
0 0 0 


4°. Solution with n = 3,4,... is given by 


Oe cae a Bo=f{ KC2e%d 
Yn(x) = lor lsat w= | (-z)e™* dz. 


28. / K(a - t)y(t) dt = Ae**. 


Solution: a Be 
y(x) = —e*, B= | K(-z)e* dz. 
B 0 


The expression for B is the Laplace transform of the function K (—z) with parameter p=—) and 
can be calculated with the aid of tables of Laplace transforms given (e.g., see Supplement 4). 


29. / K(a -t)y(t) dt = Ar"e**, n=1,2,... 


1°. Solution with n = 1: 


B= i K(-z)e* dz, C= | 2K (-z)e* dz. 
0 0 


It is convenient to calculate the coefficients B and C' using tables of Laplace transforms with 
parameter p = —X. 


2°. Solution with n = 2: 
A», y, ,AC  , AC? AD\ ,, 
Yyo(2) = BRB e = 27 te 2a = 32. Coa 
B= is K(-z)e* dz, C= | 2K(-z)e* dz, D= i. 2K (-z)e* dz. 
0 0 0 


3°. Solution with n = 3,4,... is given by: 


pus ee Bay= [Ki ed 
YUnl& ~ By Yr L)= ayn BO) ; = , —z)e a. 


30. | 7 K(a — t)y(t) dt = Acosh(Az). 


Solution: 


A 1; A 
AL —Av\X = 
Y@) = sR" + 5B’ 2 (z. 


B= | K(--ze* dz, B= if K(-z)e* dz. 
0 0 


A 1;A Ay. 
+ =) cosh(Aa) + 5) Ge - =) sinh(Ax), 
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31. 


32. 


33. 


34. 


35. 


36. 


T- K(a — t)y(t) dt = Asinh(Az). 


Solution: 


ee one | 
2) = sR e coos (z 


A 1;A A\., 
BE 5 =) cosh(Aa) + oy (+ + =) sinh(A2), 


B, BL 


B= i K(--ze* dz, B= i K(-z)e* dz. 
0 0 


/ K(a — t)y(t) dt = Acos(Ax). 
Solution: 


A , 
y(x) = Bia Be [B. cos(Ax) + By sin(Ax)], 


B.= a K(-z)cos(\z) dz, B= a K(-z) sin(Az) dz. 
0 0 


| K(a — t)y(t) dt = Asin(Ax). 
Solution: 


y(2) = B, sin(Ax) — B, cos(Ax)| : 


A 
B+ Be 


Be= a K(-z)cos(\z) dz, Bs = i K(-z) sin(Az) dz. 
0 0 


| K(a — t)y(t) dt = Ae”® cos(Ax). 
Solution: 


A 2 
y(x) = Bam [B. cos(Ax) + By sin(Ax)], 


B= E K(-z)e’* cos(Az) dz, B= | K(-z)e sin(Az) dz. 
0 0 


a K(a —- t)y(t) dt = Ae”® sin(Az). 


Solution: 


y() = e!*| B, sin(Ax) — B, cos(Az)], 


B? + B2 


B= fl K(-z)e’* cos(Az) dz, B= | K(-z)e sin(Xz) dz. 
0 0 


/ K(a -ty(t) dt = f(a). 


1°. For a polynomial right-hand side of the equation, f(x) = )> Aza*, the solution has the 
k=0 
form 


y(x) =) Bye", 
k=0 
where the constants 6;, are found by the method of undetermined coefficients. The solution 
can also be obtained by the formula given in 1.9.27 (item 4°). 
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2°. For f(x) = er > A,;x*, the solution has the form 
k=0 


y(a) = e* S- B,x*, 
k=0 
where the constants B;, are found by the method of undetermined coefficients. The solution 
can also be obtained by the formula given in 1.9.29 (item 3°). 


3°. For f(a) = S> Ax exp(Ax2), the solution has the form 
k=0 


A CO 
yor) => F* expue), Be = ih K(-2)exp(\x2) de. 
k=0 0 


4°. For f(x) = cos(Ax) >> A, x*, the solution has the form 
k=0 


y(a) = cos(Ar) §~ Bua + sin(Ar) S> Cear*, 


k=0 k=0 


where the constants B; and Ci, are found by the method of undetermined coefficients. 
5°. For f(a) = sin(Az) S> A;,x*, the solution has the form 
k=0 


y(x) = cos(Ax) ¥~ Bya* + sin(Ax) S Cyac*, 


k=0 k=0 


where the constants B; and C;, are found by the method of undetermined coefficients. 


6°. For f(a) = 5> Ax cos(A;2), the solution has the form 
k=0 


n Ay 
y(x) = sar [Ber cos(Anr) + Bop sin(Agx)], 
d But By 


Ber = | K(-z)cos(Agz) dz, Bsr = i K(-z) sin(Agz) dz. 
0 0 


7°. For f(a) = S> Ax sin(A;, x), the solution has the form 
k=0 


y(x) = S = [Ber sin(An) — Bex Cos(AR®)], 
k=0 Ba, + Bi, | 


Ber = i K(-z)cos(Agz) dz, Ber = if K(-z) sin(Agz) dz. 
0 0 


8°. For arbitrary right-hand side f = f(x), the solution of the integral equation can be 


calculated by the formula 
1 ctico F- 
YC) = / JP) op dp, 
2nt C-100 k(-p) 


f(p) = ‘ 7 fixe? dr,  k(-p)= if : K(-z)e”* dz. 
0 0 


To calculate f(p) and &(—p), it is convenient to use tables of Laplace transforms, and to 
determine y(x), tables of inverse Laplace transforms. 
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1.9-3. Other Equations 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


| (g(x) — g(t)|" y(t) dt = fix), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = fi(a) =---= 


fP-@ = 0. 


1 ; 1 d ntl 
Solution: y(#) = 30000) 5 (x) =) f(@). 


i gle) -9( ylt) dt = fiw), f(a) = 0. 


Solution: 
y(x) = A o/ 1d yf fg) dt 
me g(x) dx) Ja Vg@y—-g®’ 
7 y(t) dt 
TJateVeAY, © ’ ’>0. 
.. a@yeae, ee eer 
Solution: 


Id [ fOg at 


A mdx J, Vg@)-9® 


x er@Hay(t) dt 
a Vg(«x)- g(t) 


Solution: 


=f(x), gf, >0. 


oe Rcd per LIB G A(t) 
aed ian 


| g(x) -gbP yt) dt =f), fla=0, O<AK<L 


Solution: 


d ii © g(t) f(t) dt 1 = Sin) 


g(a) dx 7 


=k 5 
" she) g(x) —9)P 7 


© h(t)y(t) dt 
a [g(x)-g(t))* 


Solution: 


= f(x), g,>0, O<A<1. 


_ sin(rA) d is fg) (t) dt 
~ mh(z) dz Ja [9(x)-g@!>" 


= t 
| K(=)uo dt = Ax* + Ba". 
0 x 


Solution: 
A B 1 1 
y(v) = a! 4 Sat, Ih= K(z)z*! dz, I, = | K(z)z"! dz. 
Ih Ly, 0 0 
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45. 


46. 


47. 


48. 


49. 


x t = — rr “ ™m 
| K( =) ue dt = P,,(a), P, (a) =x S- Ain: 


m=0 


Solution: 


n As 1 
y(z) = x” SS es Ven = | K(z)2*"| dz. 
map 77% 0 


The integral [p is supposed to converge. 


/ { gi(x)[hi(t) — hy(x)| + g2(x)[h2(t) — ho(x)| }y(t) dt = f(a). 


This is a special case of equation 1.9.50 with g3(x) =—g(x)h1(x) — g2(x)h2(ax) and ha(t) = 1. 
The substitution Y (x) = | y(t) dt followed by integration by parts leads to an integral 
equation of the form 1.9.15: 


i {n(c) [hi(t)]), + g2(x) [ha(d)] YO dt =—f(c). 


/ {gi(w)[ha(t) — 2X hy (ae)] + g(x) [ha(t) -— X*h2(a)] y(t) dt = fle). 


This is a special case of equation 1.9.50 with g3(x) = —e? [i (xyhy (x) + gr(x)ho(x)), and 
h3(t) =e, 


The substitution Y (7) = | e* y(t) dt followed by integration by parts leads to an integral 
equation of the form 1.9.15: 7 


/ {n(e)[eMmO], + g2(a)[eM hat], }Y¥ © at = -fa). 


| [AgX(x)g"(t) + Bg*9(x)g"(t) - (A + B)g*"(x)g"7(t)] y(t) dt = f(a). 


This is a special case of equation 1.9.50 with g;(x) = Ag(«), h(t) = g(t), g2(x) = Bg (x), 
ho(t) = g(t), g3(a) = -(A + B)g**"(a), and ha(t) = g70). 


i : [Ag*(x)h(a)g"(t) + Bg**?(a)h(a)g" P(t) 
-(A + B)g™*"(w)g" "Hh(t)| yD dt = f(z). 


This is a special case of equation 1.9.50 with gi(x) = Ag (x)h(2), hy(t) = g*(O), g2(x) = 
Bg***(ayh(a), ha(t) = g(t), 93(@) = (A + B)g*7(a), and h3(t) = g 7()h@). 


is [Ag*(x)h(x)g"(t) + Bg**®(x)h(t)g" 8 (t) 
-(A + B)g*""(w)g* "Oh(t)| yD dt = f(z). 


This is a special case of equation 1.9.50 with gi(x) = Ag (x)h(2), hy(t) = g*(@O), go(x) = 
Bg? (a), ho(t) = g" °(OhO), g3(@) = -(A + B)g**7(a), and h3(t) = g 1 )h(E). 
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50. | [gi(x)hy(t) + g2(a)ho(t) + g3(x)h3(t)] y(t) dt = f(x), 
where gi(x)hi() + g2(x)h2(x) + g3(x)h3(x) = 0. 


The substitution Y (x) = i h3(t)y(t) dt followed by integration by parts leads to an integral 


equation of the form 1.9. 15: 


a ” ! h ! 
/ {ao a +t0)] — byw at=-few, 
a t t 


h3(t) h3(t) 


51. / Q(x - the“ y(€) dt = Ae?”, € = e? g(a - 1). 


Solution: 


| 


pro oo pra 
j§@e2eF, a [ Qe)g(2)l Be? dz. 


q 


1.10. Some Formulas and Transformations 


1. Let the solution of the integral equation 


/ K(w,t)y(t) dt = f(a) (1) 
have the form 
ye) = F[F@)), (2) 


where F is some linear integro-differential operator. Then the solution of the more complicated 
integral equation 


/ K(a, thg(a)h(y(t) dt = f(x) (3) 
has the form ; f(a) 
f(z 

yla) = ie? al (4) 


Below are formulas for the solutions of integral equations of the form (3) for some specific 
functions g(x) and h(t). In all cases, it is assumed that the solution of equation (1) is known and is 
determined by formula (2). 

(a) The solution of the equation 


| K(x, t(a/t) y(t) dt = f(x) 


has the form 
y(a) = 2 F [a f(@)]. 


(b) The solution of the equation 


/ : K(2, ter? yt) dt = f(x) 


has the form 
y(a) =e" Fle” f(a)]. 
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2. Let the solution of the integral equation (1) have the form 


y(a) = Li (xn, +) f(@)+La(2 “ff Ree, Hf at, (9) 


where L, and L are some linear differential operators. 
The solution of the more complicated integral equation 


/ K (g(a), o(t)) yt) dt = f(x), (6) 


where v(x) is an arbitrary monotone function (differentiable sufficiently many times, vy’, > 0), is 
determined by the formula 


1 
wie) = gute ba (ete), = a =) fv) 
1 d i 
+ yi,(a)L2 (vee ), EO =) i: R(v(z), oO) ei OFO dt. 


Below are formulas for the solutions of integral equations of the form (6) for some specific 
functions y(x). In all cases, it is assumed that the solution of equation (1) is known and is 
determined by formula (5). 


(a) For p(x) = x, 


yo) = 0" (2 =) f(x)+Na* Ma(0 ; =) | : Ree yf ode. 


"har! dx "dar! da 


(b) For y(@) = err 


1 1 d az 
y(a) = er Ly Ge —t) f(x) + Metis Ge 5) / Rex, ee Ft) dt. 


(c) For v(x) = In(Az), 


y(2) = ne (in022) oe) f(a)+ ae (in(a2) ot) / : * R(In(2), In(At)) f(t) dt. 
x dx x dz] J, t 
(d) For v(x) = cos(Az), 


—l 
y(x) =A sin(Ar) Ly (cost, Tan) SHOW) de =) f(@) 


-1 d 


+d sina) Ly (costa, Asin(vx) dx 


=) [R (cos(Ax), cos(At)) sin(At) f(t) dt. 
(e) For v(x) = sin(Ax), 


1 
yx) = Acos(Ax)L; (sincavy, Acos(Aa) da =) ee 


1 d 


2 i Xena vn) dae 
dX cos(Ax)L2 (sinc, Acos(Ax) dx 


) / : R(sin(Az), sin(At)) cos(At) ff) dt. 
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Chapter 2 


Linear Equations of the Second Kind 
With Variable Limit of Integration 


> Notation: f = f(x), g = g(a), h=h(a), K = K(x), and M = M(a) are arbitrary functions (these 
may be composite functions of the argument depending on two variables x and t); A, B, C, D, a, 
b, c a, 2, 7, A, and pare free parameters; and m and n are nonnegative integers. 


2.1. Equations Whose Kernels Contain Power-Law 
Functions 


2.1-1. Kernels Linear in the Arguments «x and t 


1. yie)-> f y(t) dt = f(z). 
Solution: 


y(x) = f(x) +d if * MOO Ft) dt. 


a 


2. y(az) + rx [ y(t) dt = f(x). 


Solution: 


y(a) = f(x)—r ‘i “exp [AC — 2*)] FO dt. 


3. y(x) +X ‘| i ty(t) dt = f(a). 


Solution: 


y(z) = f(x)-A if texp[4 A(t? — 2?)] f(t) dt. 


4. y(a) + af (x —t)y(t) dt = f(x). 
This is a special case of equation 2.1.34 with n = 1. 


1°. Solution with \ > 0: 


y(x) = f(x) —k / : sin{k(c | f()dt,  k=V). 
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2°. Solution with \ < 0: 


y(x) = f(x) +k / sinh[k(z—t)]f(t)dt,  k=V-X. 


y(x) + ,) [A + B(x - t)| y(t) dt = f(a). 
1°. Solution with A? > 4B: 


y(x) = fa) f Rw -t) f(b) dt, 


2 
R(a) = exp(-4 Ar) [4 cosh(3x) + ae sinh.) , B= V/ia-B. 


2°. Solution with A? < 4B: 
y(x) = f(x) -| R(x - t) f(@) dt, 


2 
R(a) = exp(-4 Ax) E cos(Bx) + SS sin(, B= /B-1A2 


3°. Solution with A? = 4B: 


y(a) = f(x) - / : R(a-t)f(@dt, R(x) = exp(-}Az)(A- 4 A’x). 


y(x) — . (Ax + Bt+ C) y(t) dt = f(x). 


For B =—A see equation 2.1.5. This is a special case of equation 2.9.6 with g(x) = —Az and 
h(t) =-Bt-C. 
By differentiation followed by the substitution Y (a) = / y(t) dt, the original equation 


x 


a 
can be reduced to the second-order linear ordinary differential equation 


Yy,— (A+ Bx +C]¥,- AY = f(a) (1) 

under the initial conditions 
Y(a)=0, Yy(a) = f(a). (2) 
A fundamental system of solutions of the homogeneous equation (1) with f = 0 has the 


form 


Yi(x)=@(a, $5 kz"), — ¥(x) = U(a, 4; kz’), 
A _ A+B C 


“JAS By 9 pe ee ae: 


a 


where ®(a, B; x) and V(a, B; i) are degenerate hypergeometric functions. 

Solving the homogeneous equation (1) under conditions (2) for an arbitrary function 
f = f(a) and taking into account the relation y(x) = Y/(x), we thus obtain the solution of the 
integral equation in the form 


Tee Oe i R(w, f(t) dt, 


[Yi (a)¥2(t)- aa 2V 1k | Oe \2 
, Wh= exp k(t+—) F 
T(a) A+B 


Oxot W(t) 


R(az, t) = 
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2.1-2. Kernels Quadratic in the Arguments x and t 


10. 


11. 


y(x) +A | : x” y(t) dt = f(a). 


This is a special case of equation 2.1.50 with A = 2 and yz = 0. 
Solution: 


y(a) = f(a)—A . “exp [SA -2°)] FO at. 


y(az) + af aty(t) dt = f(x). 


This is a special case of equation 2.1.50 with A = 1 and yw = 1. 
Solution: 


y(a) = f(x)-A i) : at exp[5A(t — 2°)] f® dt. 


yla) +A if ” 2y(t) dt = f@). 


This is a special case of equation 2.1.50 with A = 0 and yz = 2. 
Solution: 


y(z) = f(x)-A i, , t? exp[4+ A(t? — x°)] f(d) dt. 


yla) + / (a - t)?y(t) dt = f(a). 


This is a special case of equation 2.1.34 with n = 2. 
Solution: 


y(x) = fa) f R(x —t) f(t) dt, 


R(x) = Fhe*** — 3ke**[eos(V3 ke) - V3sin(V3ke)|, k= (42)', 


yla) +A | " (a? — y(t) dt = f(a). 


This is a special case of equation 2.9.5 with g(x) = Az’. 
Solution: 


1 x 
yo) = fa+ se f [ui cons —ubarnt 0] FO de 


where the primes denote differentiation with respect to the argument specified in the parenthe- 
ses; U;(X), U2(x) is a fundamental system of solutions of the second-order linear homogeneous 
ordinary differential equation u/,, + 2Axu = 0; and the functions uwi(x) and u2(x) are ex- 
pressed in terms of Bessel functions or modified Bessel functions, depending on the sign of 
the parameter A: 

For A> 0, 


W=3/m, wlx)=VEAp(\/$A0%"), wa) = VeVis(/$40°”). 
For A <0, 


W=-3, u(z)= VE lis (y/ $e”), u2(x) = VE Kiys(¥/ $1le*?), 
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12. 


13. 


14. 


15. 


16. 


y(xz) +A | et - t”)y(t) dt = f(a). 


This is a special case of equation 2.9.4 with g(t) = At. Solution: 


y(x) = f(a) + aft [yi @)y2t) — yo(a)yn (O)] FO dt, 


where y1(Z), y2(x) is a fundamental system of solutions of the second-order linear homo- 
geneous ordinary differential equation y/’,, + Axy = 0; the functions y;(x) and y2(a) are 
expressed in terms of Bessel functions or modified Bessel functions, depending on the sign 
of the parameter A: 

For A> 0, 


W=3/n, w(@)=VeAp(3vAr”), wle)=VeVip(3VAc”). 
For A <0, 
W=-3, w@=Vehp(2ViAle”), wo) = Ve Kip(ZVlAl2*”). 


y(az) + Af — «t)y(t) dt = f(x). 


This is a special case of equation 2.9.3 with g(x) = Az. Solution: 


ya) = f(@)+ = = [ aly (a)yo(t) — yo()yi@)] fO dt, 


where y(X), y2(x) is a fundamental system of solutions of the second-order linear homo- 
geneous ordinary differential equation y/’,, + Axy = 0; the functions y;(x) and y2(a) are 
expressed in terms of Bessel functions or modified Bessel functions, depending on the sign 
of the parameter A: 

For A> 0, 


W=3/t, w@aVtAp(GVAx”), wie) = VeVi 3(3VAr"”). 
For A <0, 
W=-3, yle)=Velp(ZViAle”), we) = Ve Kip(ZViAle*”). 


y(x) +A | (t? - 3x7) y(t) dt = f(a). 


This is a special case of equation 2.1.55 with A = 1 and yz = 2. 


y(x) + A | (2at —3a7)y(t) dt = f(x). 
This is a special case of equation 2.1.55 with A = 2 and yz = 1. 
y(x) - i; (ABat - ABa? + Ax + B)y(t) dt = f(x). 


This is a special case of equation 2.9.16 with g(x) = Ax and h(x) = B 
Solution: 


ye)= for | R(a, tf) dt, 


R(a,t) = (Az + B)exp[5 A(a’ -t?)] + B? [ exp[}A(s* -¢?) + B(x-s)] ds 
t 
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17. 


18. 


19. 


y(x) + [ (4 - At? + Ba-Ct+ D)y(t) dt = f(a). 


This is a special case of equation 2.9.6 with g(a) = Ax? + Bx + D and h(t) = —At? - Ct. 
Solution: 


= “ # [Vi @Ya(t)- Yo(a)Ni@) 
uta) = fa)+ f onl WO f@dt. 


Here Y;(x), Yo(x) is a fundamental system of solutions of the second-order homogeneous 
ordinary differential equation Y/" + [(B —C)x+ D| Y/+(2Axr+ B)Y =0 (see A. D. Polyanin 
and V. F. Zaitsev (1996) for details about this equation): 


Yi (a) = exp(-kx)®(a, 4; 3(C-B)z’), Y2(x) = exp(-kx)W(a, 5; 3(C- B)z’), 


__V2n(C-B) 5 +, ea 
W(x) = Tia) exp|5(C-B)z*-2ka], k= eer 
4A? 42AD(C-B)+B(C-BY 4A 4+(C-B)D 
7 2(C - B)3 es 2 (C_By 


where ®(a, B; x) and U(a, B; x) are degenerate hypergeometric functions and I(q) is the 
gamma function. 


y(az) - a [Aa +B+(Ca+D)\(a- t)] y(t) dt = f(a). 


This is a special case of equation 2.9.11 with g(a) = Ax + B and h(x) = Cx + D. 


Solution with A # 0: 
r (t) 
y(z) = f(x) + ‘| [Yr"(@yNi) - Yi"(@)¥20)] dt. 
Here Y,(x), Y2(x) is a fundamental system of solutions of the second-order homogeneous 
ordinary differential equation Y/’,- (Ax + B)Y/ —-(Ca + D)Y =0 (see A. D. Polyanin and 


V. F. Zaitsev (1996) for details about this equation): 


Yi (a) = exp(-kax)®(a, 5; Az"), Yo(x) = exp(-kx)U(a, 5; $Az’), 


W (a) =-V20A [P(a)] exp(hA2?-2ke), k= C/A, 
a=}(A°D-ABC-C°)A*, z=2+(ABt+2C)A”, 


where ® (a, 2B; x) and Y (a, B; x) are degenerate hypergeometric functions, I'\(q) is the gamma 
function. 


y(x) + i: [At +B+(Ct+D)(t- «)| y(t) dt = f(x). 


This is a special case of equation 2.9.12 with g(t) = —At — B and h(t) = -Ct— D. 
Solution with A # 0: 
2 f@ 
(a) = Fea)~ fF ors -Y/ Orso] Fe 
Here Y;(x), Yo(x) is a fundamental system of solutions of the second-order homogeneous 
ordinary differential equation Y/”,- (Ax + B)Y/ —-(Ca + D)Y =0 (see A. D. Polyanin and 


V. F. Zaitsev (1996) for details about this equation): 
Y\ (a) = exp(-kx)®(a, 5; 542’), Yo(x) = exp(-kx)U(a, 5; $Az’), 
W (a) =-V20A [P(o)]' exp(hA2?-2kx), k= C/A, 
a=}(A°D-ABC-C°)A*, z=2+(AB+2C)A”, 
where ®(a, B; az) and V(a, B; 2) are degenerate hypergeometric functions and I'(q) is the 
gamma function. 
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2.1-3. Kernels Cubic in the Arguments x and t 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


oan '| “ geyeaba FC): 


Solution: 


y(a) = f(x) A / ; a? exp[{ A(t’ — x*)] f® dt. 


y(az) + af x*ty(t) dt = f(a). 


Solution: 


y(x) = f(x)-A / : a’texp[zA(t* — x*)] f(t) dt. 


y(az) + af at” y(t) dt = f(a). 


Solution: 


y(z) = f(x)-A / ‘ at? exp[4 A(t* — x*)] f@ det. 


yla) +A i, ” By(t) dt = fla). 


Solution: 


y(z) = f(x)-A / : t? exp[4 A(t* — x*)] f(d det. 


ied : (a - t y(t) dt = f(a). 


This is a special case of equation 2.1.34 with n = 3. 
Solution: 


y(c) = fe) ss Rit f(t) dt, 
where 


Ria = J Blcoshbe) sin(hex) — sinh) coser)], k= (3a)'* for A>0, 
+s[sin(sx)—sinh(sx)], s = (-6A)!/4 for <0. 


yla) +A | "(a — B)y(t) dt = f(a). 


This is a special case of equation 2.1.52 with = 3. 


y(a) - af (42° - e) y(t) dt = f(x). 


This is a special case of equation 2.1.55 with A = 1 and yz = 3. 


y(x)+ A ‘| “(et? - t)y(t) dt = f(x). 


This is a special case of equation 2.1.49 with A = 2. 
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28. 


29. 


30. 


31. 


32. 


33. 


y(az) + af (xt - t°)y(t) dt = f(a). 
The transformation z = 2”, 7 = t?, y(x) = w(z) leads to an equation of the form 2.1.4: 


w(z) + tafe —T)w(T) dr = F(z), F(z) = f(a). 


y(x) + : (Aart + Bt*) y(t) dt = f(x). 


2 


The transformation z = 2”, 7 = t?, y(x) = w(z) leads to an equation of the form 2.1.6: 


w(z) + / nae + 5Br)w(r)dr = F(z), F(z) = f(a). 


y(az) + Bf (20° - xt?) y(t) dt = f(x). 


This is a special case of equation 2.1.55 with A = 2, = 2, and B =-2A. 


y(x) — af (4x3 - 3xt) y(t) dt = f(a). 
This is a special case of equation 2.1.55 with A = 3 and yu = 1. 
y(x) + / (ABa? - ABx’t - Aa* - B) y(t) dt = f(a). 


This is a special case of equation 2.9.7 with g(x) = Ax? and \ = B. 
Solution: 


ye)= for | Rw -t) f@ dt, 


R(a,t) = (Aa? + B)exp[4A(a? -#°)] + B? / : exp[4A(s° -¢°) + B(x —s)] ds. 
t 


y(x) + | (ABat? - ABt) + At? + B)y(t) dt = f(a). 


This is a special case of equation 2.9.8 with g(t) = At? and \ = B. 
Solution: 


ye)= feos | Rw -t) f@ dt, 


R(a, t) = (AV + B)exp[4 A -2°*)| + B? i ; exp[4A(s* — 2°) + B(t—s)] ds. 
t 


2.1-4. Kernels Containing Higher-Order Polynomials in x and t 


34. 


y(x) + af (a —t)” y(t) dt = f(x), n=1,2,... 
1°. Differentiating the equation n + | times with respect to x yields an (n + 1)st-order linear 
ordinary differential equation with constant coefficients for y = y(x): 

yer? + Anty = fe P(a). 


This equation under the initial conditions y(a) = f(a), y/,(a) = fila), ..., ya) = f{P@ 
determines the solution of the original integral equation. 
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35. 


2°. Solution: 
y(a) = f(a) + i R(w—t) f(t) dt, 


R(«) = — » exp(o,.2) [7% COS( 3px) — By Sin(Bpx)), 


where the coefficients 0; and (3; are given by 


1 2rk ape 21k 
on, =|An!| ni cos ( 7 a By = |An!| n+l sin( us ) for A<0O, 
n+l n+l 


ate) 


Ink is 
i *\, By = |Anilant sin( _— 


+1 


1 
on = |An!| nt cos( 


y(x) + afve — x)” y(t) dt = f(x), n=1,2,... 


The Picard—Goursat equation. This is a special case of equation 2.9.62 with K(z) = A(-z)”. 


1°. A solution of the homogeneous equation (f = 0) is 


1 
ye)=Ce™, = (Ant) 7, 


where C is an arbitrary constant and A < 0. This is a unique solution for n = 0, 1, 2,3. 
The general solution of the homogeneous equation for any sign of A has the form 


ya) = > Cy exp-Ax2). (1) 


k=1 


Here Cj, are arbitrary constants and , are the roots of the algebraic equation \"*! + An! =0 
that satisfy the condition Re A; >0. The number of terms in (1) is determined by the inequality 
s<2 [4] +1, where [a] stands for the integral part of a number a. For more details about the 
solution of the homogeneous Picard—Goursat equation, see Subsection 9.1 1-1 (Example 1). 


2°. For f(a) = > ay exp(—3;,.x), where (3; > 0, a solution of the equation has the form 


m ape! 
wa) =) | Gury Apt PPK). (2) 
k=l “k 
where 37"! + An! #0. For A > 0, this formula can also be used for arbitrary f(x) expandable 


into a convergent exponential series (which corresponds to m = oo). 


3°. For f(x) = eF* a a,«", where 3 > 0, a solution of the equation has the form 


y(a) =e? 5” Bia, (3) 
k=0 


where the constants 6;, are found by the method of undetermined coefficients. The solution 
can also be constructed using the formulas given in item 3°, equation 2.9.55. 
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36. 


37. 


38. 


39. 


4°. For f(x) = cos(3x) >> ax exp(—4z2), a solution of the equation has the form 
k=l 


y(x) = cos(Bx) ~ By exp(—p_x) + sin(Bx) S > Cy exp(-t1n2), (4) 


k=1 k=1 


where the constants B;, and C;, are found by the method of undetermined coefficients. The 
solution can also be constructed using the formulas given in 2.9.60. 


5°. For f(x) = sin(Gx) >> az exp(—z2), a solution of the equation has the form 
k=l 
y(a) = cos(3x) S > By exp(-pex) + sin(Bx) S > Cy exp(-pe2), (5) 


k=1 k=1 


where the constants B;, and C;, are found by the method of undetermined coefficients. The 
solution can also be constructed using the formulas given in 2.9.61. 


6°. To obtain the general solution in item 2°—5°, the solution (1) of the homogeneous equation 
must be added to each right-hand side of (2)-(5). 


y(x) + Af —t)t” y(t) dt = f(x), n=1,2,... 


This is a special case of equation 2.1.49 with A = n. 


y(x) + af (x” —t”)y(t) dt = f(x), We 1, 2o35 
This is a special case of equation 2.1.52 with A = n. 


y(x) + i (ABa”"*" - ABx"t - Ax” - B) y(t) dt = f(a), n=1,2,... 


This is a special case of equation 2.9.7 with g(x) = Ax” and X= B. 
Solution: 


y(o) = f(a) + / R(w—t) f(t) dt, 


oa n A ntl n+l 2 Fe A n+l n+l “ 2, 
R(a, t) =(Ax + Byexp| (a -t"*!) +B f exp aaa -t"*!) + B(a—s)| ds. 


y(x) + i (ABat” - ABt™'! + At” + B)y(t) dt = f(x), n=1,2,... 


This is a special case of equation 2.9.8 with g(t) = At” and A = B. 
Solution: 


ye)= for | Rw -t) f@ dt, 


A % A 
Ro, t)=-(At" +B) exp] = (01-2) +B | exp] 2 (o""! =a") 4-9 ds. 
1 
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2.1-5. Kernels Containing Rational Functions 


40. y(x)+a7 i t(2Ax + (1 A)t] y(t) dt = f(a). 
This equation can be obtained by differentiating the equation 
i: [Axt + (1 — A)at”] y(t) dt = F(a), F(x) = i t f(t) dt, 


which has the form 1.1.17: 
Solution: 


i@= tole / “goat, tae / “Bf@ dt. 
x dx : Lda 


® y(t) dt 
41. y(a)-A i Uae peas, 
0 att 


Dixon’s equation. This is a special case of equation 2.1.62 with a = b = | and pw = 0. 


1°. The solution of the homogeneous equation (f = 0) is 
ya)=Cx® = (8 >-1, A> 0). (1) 


Here C is an arbitrary constant, and 3 = (A) is determined by the transcendental equation 


1.6 d 
\I(B)=1, where I(@)= | a (2) 
0 l+z 
2°. For a polynomial right-hand side, 
N 
f@)= 0 Ana” 
n=0 
the solution bounded at zero is given by 
N 
An 
—___ x" for A < Ao, 
a L-OPa) pee 


y@)=4 4 


rerrmiinice for A> Xo and A # And 


n=0 


7 shake “ (-1)™ 
An = FG I(n) = (-1) [nz Sr F 


where C is an arbitrary constant, and 3 = (A) is determined by the transcendental equation (2). 
For special \ = A, (n = 1,2,...), the solution differs in one term and has the form 


n-l A N ‘A 5 
Ci en m gm An "Ine + Cx”, 
y(x) 2 1=-(n/Am) ps L203) i 
2: k7q-1 
eh ntl | 7 7 (-1) 
where X,, = (-1) E oe a | : 
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42. 


43. 


Remark. For arbitrary (2), expandable into power series, the formulas of item 2° can 
be used, in which one should set N = oo. In this case, the radius of convergence of the 
solution y(x) is equal to the radius of convergence of f(x). 


3°. For logarithmic-polynomial right-hand side, 


N 
f(x) =Inz ( S- Aya” : 


n=0 
the solution with logarithmic singularity at zero is given by 


N 


AnD 
Inz hoe ——__—__y? for A < Xo, 
eee ope » [1- QPP ‘ 
y(z) = % 
ne as 2 Tare oP for A> Ap andA#A 
man [1- OP : . 
— ae nm cs Ik n+l “ (-1)* 
An = Foy’ I(n) =(-l) nos |. 2 = (-1) ape rome 
4°. For arbitrary f(x), the transformation 
rahe, tate, y(a)=e*wle), fle)=e* (2) 


leads to an integral equation with difference kernel of the form 2.9.51: 


w(z) af le = g(z). 


oo cosh(z —T) 


a b 
eer / oo” y(t) dt = fla. 


This is a special case of equation 2.9.1 with g(x) =x +b. 
Solution: 


y(x) = f(a) +A if S49 F(H) dt. 


az 


2 t 
y(a) = aoe? [ Eee: y(t) dt. 


This equation is encountered in nuclear physics and describes deceleration of neutrons in 
matter. 


1°. Solution with A = 0: 
y(x) = d+’ 
where C is an arbitrary constant. 


2°. For  # 0, the solution can be found in the series form 


y(x) = S- Anz”. 
n=0 


@) Reference: I. Sneddon (1951). 
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2.1-6. Kernels Containing Square Roots and Fractional Powers 


44, y(x)+A | oe -t)Vt y(t) dt = f(a). 


This is a special case of equation 2.1.49 with A = = 


45. y(a)+A ‘| (Ja - Vt) y(t) dt = f(a). 
This is a special case of equation 2.1.52 with A = 5 


y(t) dt 


46. y(a)+ af 2s = f(x). 


Abel’s equation eae the second kind. This equation is encountered in problems of heat 
and mass transfer. 
Solution: - 
y(a) = F(a) +7 / exp[7\7(x — 1) F(t) dt, 


where 
F(a) = f(a)-r i JO ae 


‘O) References: H. Brakhage, K. Nickel, and P. Rieder (1965), Yu. I. Babenko (1986). 


7 y(t) dt 
0 Vax? + bt? 


1°. The solution of the homogeneous equation (f = 0) is 


47. y(a)-A = f(x), a>0, b>0. 
y(z)=C2r® = (8 >-1, A>0). (1) 


Here C is an arbitrary constant, and 3 = ((A) is determined by the transcendental equation 


\I(B)=1, where 1(3)= (2) 


i Vat bz 


2°. For a polynomial right-hand side, 


N 
f@)= 0 Ana” 


n=0 
the solution bounded at zero is given by 
N 
An 
—_—_ x" for A < Ao, 
a t0pe). meee 


y@)=4 4 


An 
» Tap” +Cx? for X>Xo and A¥ An, 


Vb n 1 I(n) I 2" dz 
= Soe n= a7 n= en 
Arsinh(/b/a ) I(n) 0 Vatbz? 


Here C is an arbitrary constant, and @ = G(A) is determined by the transcendental equation (2). 
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3°. For special A = A,,, (n = 1,2,...), the solution differs in one term and has the form 


oof = A 5 
= mm m m An nm ny] C ap 
WS eae 24a 
2 1 inedz]— 
where Ay, = —_ 
| 0 | 


4°. For arbitrary f(a), expandable into power series, the formulas of item 2° can be used, in 
which one should set NV = oo. In this case, the radius of convergence of the solution y(x) is 
equal to the radius of convergence of f(x). 


y(t) dt S 
48. y(a)+ afi te (e@-o3/4 = f(x). 


This equation admits solution by quadratures (see equation 2.1.60 and Section 9.4-2). 


2.1-7. Kernels Containing Arbitrary Powers 


49, y(x)+A | te —t)t*y(t) dt = f(a). 


This is a special case of equation 2.9.4 with g(t) = At». 
Solution: 


y(z) = f(x) + = af yi(x)ya(t) — yo(ax)yr (t)] tf dt, 
where (2X), yo(x) is a fundamental system of solutions of the second-order linear homo- 


geneous ordinary differential equation y’,, + Ax*y = 0; the functions y;(x) and y2(x) are 
expressed in terms of Bessel functions or modified Bessel functions, depending on the sign 


of A: 
For A > 0, 
2 A A A+2 
Wee: ya) = Va J. (<A2), wna) = Vv (Ao), q= ; 
a 2q q 2q qd 2 
For A <0, 
VJ|A VJ|A A+2 
W=-q, yw(z)= Vel. (es), ya) = Je Kk 1 (“Ees), Oe a 
2q 2q 


50. y(a)+ af xt" y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(a) =—Ax® and A(t) = t¥ (A and pare arbitrary 


numbers). 
Solution: 
y(x) = f(x) -| R(x, t) f(t) dt, 
Ax*t# exp| a Ca | for \+ +140 
Ra, t) = r + Lb +1 2 
Agra for A\+u+1=0. 
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51. 


52. 


53. 


54. 


55. 


y(x) +A | (a — that" y(t) dt = f(x). 
The substitution u(x) = 2 y(«) leads to an equation of the form 2.1.49: 


u(z) + A / 1G —t)t“u(t) dt = f(x)a. 


yio)+ A far —Pyyy at = fo. 


This is a special case of equation 2.9.5 with g(x) = Az». 
Solution: 


1 x 
yo) =F) + ef [uvanudn heute) fat 


where the primes denote differentiation with respect to the argument specified in the paren- 
theses, and w(x), w2(x) is a fundamental system of solutions of the second-order linear ho- 


mogeneous ordinary differential equation wu’, 


» + A\a*!u = 0; the functions u(x) and u2(x) 


are expressed in terms of Bessel functions or modified Bessel functions, depending on the 


sign of A: 
For A,X > 0, 

2 VA VA 
w=, us(2) = Vx J 1 ( An), u(x) = JxY 1 ( As), 
For AX < 0, 

VJ|A VJ|AX 
Weg w(o= very (Me), woiey= verry (“ee 
2q q 2q q 


y(x) - / : (Aa*t*! + BY") y(t) dt = f(x). 


The transformation 
Z= x, T= rae y(x) = Y(z) 


leads to an equation of the form 2.1.6: 


veo- [ (Se Fr)v@ar= Fe. F(z) = f(x), b=a. 
b 


y(x) -| (Agee + Bat?) y(t) dt = f(x). 
The substitution y(7) = x“w(z) leads to an equation of the form 2.1.53: 


w(x) — / “(Ate + Bt") w(t) dt = 2 f(a). 


y(x) + af [Aa* te -—(A+ per] y(t) dt = f(x). 


This equation can be obtained by differentiating equation 1.1.51: 


if ‘ [1+ A(o*t" — 2") ] y(t) dt = F(a), F(a) = / ; f(x) da. 


Solution: 


ed 
lee ak: 


d x e ¥ ! Ap ee 
y(x) = mate | [FO], OW a, ®(ax) = exp (Ae “) 
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56. 


57. 


58. 


59. 


60. 


y(x) + i (ABa™! — ABx*t - Ax* - B)y(t) dt = f(a). 


This is a special case of equation 2.9.7. 
Solution: 


y(o) = f(a) + ‘i R(t) f(t) dt, 


A = A 
R(az,t) =(Ax* +B) exp] 5 a (om -o)] +B f exp 5 i (s\#1_-¢*1) + B(x-s)|} ds. 


y(x) + i "(ABat® - ABt™' + At’ + B) y(t) dt = f(a). 


This is a special case of equation 2.9.8. 
Solution: 


y(o) = f(a) + / Ret f(t)dt, 
R(x t)=-(At*+B) ex A Atl] _ Atl B * A Atl Atl Bct—s)| ds 
,D= p a atl) ly exp rat a**') + B(t-s)| ds. 


Treotbyvru 
yie)-> f (2) "ym at = fee. 


This is a special case of equation 2.9.1 with g(x) = (a +b)". 


Solution: 
c+b\r 


yla) = f(a) +d if (FP) "exo fem at, 


iGo peubase. 
a t#+b 


This is a special case of equation 2.9.1 with g(x) = x" + b. 
Solution: 


y(x) = f(x) +A [ OOF dt. 


* y(t) dt 
yie)-> f ——— = f(x), 0<a<1. 
0 (a-t)* 
Generalized Abel equation of the second kind. 


1°. Assume that the number a can be represented in the form 


esi, where 1,22) NED Gi Sn). 
n 


In this case, the solution of the generalized Abel equation of the second kind can be written 
in closed form (in quadratures): 


y(o) = f(a) + Hi R(w—t) f(t) dt, 
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where 


nl m-1 
MYT’ (m/n) (mija)=l b 


i MYT’ (m/n) = b ‘ (um/nj-1 Bed. 
ae xz Tum/n) Dd Ey, exp(e,,bx) , t exp(-e,,bt) dt}, 
b=AM/MLNIM Mn), ey = exp(—“*), 2 =-1, p=0,1,...,m-1. 
m 


2°. Solution with any a from0<a< I: 


7 oo Pd -a)alh*] “ 
ye= fay | Re@-pfdt, where Rix) = > 


n=l 


@) References: H. Brakhage, K. Nickel, and P. Rieder (1965), V. I. Smirnov (1974). 


A [” yt)dt 
61. y(a)- = Gupte = f(x), 0<a<l. 
xv 0 = 


1°. The solution of the homogeneous equation (f = 0) is 


y(a)=Cx® = (8 >-1, A> 0). (1) 
Here C is an arbitrary constant, and 3 = ((A) is determined by the transcendental equation 
AB(a, 3 +1) = 1, (2) 


where B(p, q) = i zP-\(1 — z)@! dz is the beta function. 


2°. For a polynomial right-hand side, 


N 
f@)= 0 Ana” 


n=0 
the solution bounded at zero is given by 


N 


An a 
2 fa Os)" for A\<a, 
YQ)=s , 
Dao for \>aandA¥ An, 
n= ast ; (nei = a(at+1)...(a+n). 


Here C is an arbitrary constant, and @ = G(A) is determined by the transcendental equation (2). 
For special \ = Ay, (n = 1,2,...), the solution differs in one term and has the form 


ji 3 Am v”—A Dt ie hoat Cia 
4 . 1 = (An/Am) 1 "Ey (An/Am) . Xn : 


m=0 m=n+l 


1 -1 
where \,, = ff Q=a2% 2" Ing as . 
0 
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62. 


3°. For arbitrary f(a), expandable into power series, the formulas of item 2° can be used, in 
which one should set N = oo. In this case, the radius of convergence of the solution y(x) is 
equal to the radius of convergence of f(x). 


4°. For Fe 
f(x) =In(kx) S> Ana”, 


n=0 


a solution has the form 


N N 
y(x) = In(kx) S- B,x” + ss Dpx”, 
n=0 n=0 
where the constants B,, and D,, are found by the method of undetermined coefficients. To 
obtain the general solution we must add the solution (1) of the homogeneous equation. 
In Mikhailov (1966), solvability conditions for the integral equation in question were 
investigated for various classes of f(x). 


A x t) dt 
ie | HE = a8: 
0 


(az + bt)!-+ 
Here a > 0, b > 0, and p is an arbitrary number. 


1°. The solution of the homogeneous equation (f = 0) is 
y(z)=Car® = (B >-1, A> 0). (1) 


Here C is an arbitrary constant, and 3 = (A) is determined by the transcendental equation 
1 
AI(B) = 1, where J(@)= | 2P(at bz)! dz. (2) 
0 
2°. For a polynomial right-hand side, 
N 
fw) =S0 Anx” 
n=0 


the solution bounded at zero is given by 
N 


An nm 
SB = OP" for \ < Xo, 
y= 4 ‘A 
d, Lo +Cx? for X>Xo and A¥ An, 


1 1 
A= I(n - | 2"(at bz! dz. 
Tin (n) f ( ) 


Here C is an arbitrary constant, and @ = G(A) is determined by the transcendental equation (2). 


3°. For special A = A, (n = 1,2,...), the solution differs in one term and has the form 


2) oe om se Am eA At Mina? Oot 
eee, reer) Oe TOR eA) us ’ 


m=0 m=n+l 


-l 


1 
where A, = / zat bz! inzd-| 
0 


4°. For arbitrary f(x) expandable into power series, the formulas of item 2° can be used, in 
which one should set N = oo. In this case, the radius of convergence of the solution y(x) is 
equal to the radius of convergence of f(x). 
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2.2. Equations Whose Kernels Contain Exponential 
Functions 


2.2-1. Kernels Containing Exponential Functions 


1 = =oy(a@)+ A | : er? y(t) dt = f(a). 


Solution: 


y(x) = f(2)— A i * eOANED FN) at, 


2. y(a)+A ‘| : ere+Bta(t) dt = f(x). 


For 3 =—A, see equation 2.2.1. This is a special case of equation 2.9.2 with g(a) = —Ae*” 
and h(t) = e”*. 
Solution: 


A 
A+ 8 


y(x) = f(x) - i : R(x, t)f(t)dt, R(x, t) = Aer***F# exp [eer aerrs| \ 


3. y(a)+A | z [er — 1] y(t) dt = f(a). 


1°. Solution with D = \(\ —4A) > 0: 
2Ar [* 1 . 1 
y(a) = f(a) - ay i] R(a -t) f(t) dt, R(x) = exp(4Aa) sinh(4VD 2). 


2°. Solution with D = \(A—4A) <0: 


y(a) = f(x) - aa i. : R(a -t) f(t) dt, R(x) = exp(5Azx) sin(5 V|D| x). 


3°. Solution with \ = 4A: 


y(a) = f(x) -4.A7 / ve — t)exp[2A(x - t)] fd det. 


a 


4. y(x) + ‘a [Acre + B] y(t) dt = f(x). 


This is a special case of equation 2.2.10 with A; = A, Az = B, Ay = A, and A2 = 0. 


1°. The structure of the solution depends on the sign of the discriminant 
D=(A-B-))+4AB (1) 


of the square equation 
w+(A+B-A)jw-Br=0. (2) 


2°. If D > 0, then equation (2) has the real different roots 


w= 4(\-A-B)+iVD, po = 4(\-A-B)-4 VD. 
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In this case, the original integral equation has the solution 


x 


ye) = fia)+ fF [Eye + Eye!) fp 


a 


where 


aK = 
|, ee ge cag 2 eae eg 
M2- M1 M2 fA Mi — M2 Mi — b2 


3°. If D <0, then equation (2) has the complex conjugate roots 


f1=o+i8, fo=0-i8, 0 =35(\-A-B), B= ZVv-D. 


In this case, the original integral equation has the solution 


yto)= fa) + ff Bre" costae] + Bre? sin( aro) } (0 at, 


where 


1 
E,=-A-B, E,= gAo - Bo + BD). 


y(x)+A / “( —e*)y(t) dt = f(x). 


This is a special case of equation 2.9.5 with g(x) = Ae**. 
Solution: 


1 x 
yr) = f@) + Te / [ui (a)uz(t) — ui(a)ui(t)] f@ dt, 


where the primes denote differentiation with respect to the argument specified in the paren- 
theses, and u;(x), u2(x) is a fundamental system of solutions of the second-order linear 
homogeneous ordinary differential equation wu’), + Anre**u = 0; the functions u4(x) and u2(x) 


are expressed in terms of Bessel functions or modified Bessel functions, depending on the 


sign of A: 
For AA > 0, 
W= a w(0)= o( o?), wio=%o( Se”), 
Tv r dr 
For AA < 0, 


We 4. u(x) = Ip (7 a a), ua(x) = Ko (7 a on), 


y(x) +f (Ae** + Be) y(t) dt = f(a). 
For B =—A, see equation 2.2.5. This is a special case of equation 2.9.6 with g(x) = Ae*” and 
h(t) = Be. 

Differentiating the original integral equation followed by substituting Y (x) = i: y(t) dt 


a 


x 


yields the second-order linear ordinary differential equation 


Yi + (A+ Bye?! + Ade**Y = fi(x) (1) 
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under the initial conditions 
Y(a)=0, Yi(a) = f(a). (2) 
A fundamental system of solutions of the homogeneous equation (1) with f = 0 has the 


form 


Mm dx 


vio) =0(4, 14-Fe ) vo) =0(4, 1,-Te™*), m=A+B, 


where ®(a, B; x) and W(a, B; x) are degenerate hypergeometric functions. 

Solving the homogeneous equation (1) under conditions (2) for an arbitrary function 
f = f(a) and taking into account the relation y(x) = Y/(x), we thus obtain the solution of the 
integral equation in the form 


y(o) = f(@)— if R(w, df dt, 


T(A/m) & 
Xr OxOt 


R(@, t) = {exo( Ze") M@no-nwrie] \ 


y(x) + af fen - et] y(t) dt = f(x). 


The transformation z = e*”, r = e* leads to an equation of the form 2.1.4. 


1°. Solution with AA > 0: 


x 


y(z) = f(x)-Ak if e™ sin[k(e** —e*)| fdt, = k= / A/D. 


2°. Solution with AA < 0: 
y(a) = f(a) + Ak ‘| e™ sinh[k(e** — e™)] f® dt, k= v/|A/\. 
y(x) + af [ee - eorny| y(t) dt = f(x). 
The transformation z = e“”, tT = e#', Y(z) = y(z) leads to an equation of the form 2.1.52: 
ce on ee 
Y(z)+— | (2°-7°)Y(7) dr = F(), F(z) = f(a), 
LK Jo 
where k = A/, b = e#*, 


y(a@) + af [Aerotet -—(A+ wee] y(t) dt = f(x). 


This equation can be obtained by differentiating an equation of the form 1.2.22: 


ie [1 Ae (eh = aD || y(t) dt = F(x), F(a) = is f@) dt. 


Solution: 


no I Se "TF ()]! dt 7 Ail Sick 
wo= fe we) | [ar wf wa) =exp| Oe Hu E 
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10. 


y(x) + i [Are™@ + Aze(e) y(t) dt = f(x). 


1°. Introduce the notation 
zx x 
i= / e@D u(t) dt, h= / e@Dau(t) dt. 
a a 


Differentiating the integral equation twice yields (the first line is the original equation) 


yt Al + Arl = f, f = f(x), (1) 
y!, + (Ay + Ao)y + AA + Arh = fi, (2) 
Yn + (Ay + Andy, + (AIAL + Arda)y + ALA + AAR = filo. (3) 


Eliminating J; and Jp, we arrive at the second-order linear ordinary differential equation with 
constant coefficients 


Yrw + (Ay + Az — Ar — Az)yl, + AtA2 — Adz — Ardy = fle — Or + Aad fe + AALS. (4) 
Substituting 2 = a into (1) and (2) yields the initial conditions 


y(a)=f(@, yi, (a) = f(a) - (Ar + Ar) f@. (5) 


Solving the differential equation (4) under conditions (5), we can find the solution of the 
integral equation. 


2°. Consider the characteristic equation 
ye? + (Ay + Ay — Ay = Az) e+ ALAQ— Ay Az — AdA = 0 (6) 


which corresponds to the homogeneous differential equation (4) (with f(«)=0). The structure 
of the solution of the integral equation depends on the sign of the discriminant 


D= (A, — A» —r; + do)? +4A,A> 


of the quadratic equation (6). 
If D > 0, the quadratic equation (6) has the real different roots 


i = 401+ 22-A1— 42) + $VD, pn = 401 +2 - Ar - An) - $V. 


In this case, the solution of the original integral equation has the form 


x 


y(x) = f(x) + i) [Bye + Boe] Ft) dt, 


a 


where " 
2 ie ok M2-A1 


— = = 
Besta cana ph un Bea . 
M2 — [1 2-1 Li — pl2 [1 — p2 
If D <0, the quadratic equation (6) has the complex conjugate roots 

=o+iB, po=o-i8, o=4F(+%A-Al- Ad), B= 5V-D. 


In this case, the solution of the original integral equation has the form 


y(x) = f(x) + / “{ Byer cos[B(a — t)] + Bre? sin[ B(x — t)]} f(® dt. 


where 


B, =—A, - Ao, By = = [AiQ2- 0) + Axi -0)]. 


Ble 
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11. 


12. 


13. 


14. 


y(x) +f [Aero Ae 4 Be™*| y(t) dt = f(x). 


The transformation z = e*”, r = e**, Y(z) = y(a) leads to an equation of the form 2.1.5: 
Y(z)+ / [Bi(z—7)+ Al] Y(r) dr = F(a), F(z) = f(2), 
b 
where A; = B/), By = A/X, b= €**. 


y(ax) + | [Aero + Be** + Ce] y(t) dt = f(x). 


The transformation z = e*”, 7 = e**, Y(z) = y(a) leads to an equation of the form 2.1.6: 
y@- | (Ajz + Bir +Ci)Y (7) dr = F(z), F(z) = f(2), 
b 
where A; =—A/A, By =-B/A, Cy =-C/X, b= €**. 


y(a) + a [Aero + A(pet@t* - Aer7*Ht) | y(t) dt = f(x). 


This is a special case of equation 2.9.23 with h(t) = A. 


Solution: 
1d ®T F(t) |’ et 
wo- eae | [Be Sm} 


O(a) = exp ead , F@)= / "f(b dt. 
A+ pe . 


y(x) — a [AerAP + A(per®*Ht — Net?**) | y(t) dt = f(x). 


This is a special case of equation 2.9.24 with h(x) = A. 
Assume that f(a) = 0. Solution: 


x ee d e2rx x fa / 
yr) = | w(t)dt, —w(a)= =i ; AP] coat. 


®(x) = exp [at cH ene . 


y(x) + i [Aer + Ae (wetetrt - AerwtHt) | y(t) dt = f(x). 


This is a special case of equation 2.9.23 with h(t) = Ae®*. 


Solution: 
7 d @T F(t) ] e2rtyt 
ae Or __ 2 ® dt 
y(a) =e = « | eal aa tt 


(x) = exp [aE eon, F(x) = y , f(t) dt. 


A+ +B 
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16. 


17. 


18. 


19. 


y(a) - y [ner + Ae?® (per*tHt - Ach#tA#)| y(t) dt = f(x). 


This is a special case of equation 2.9.24 with h(x) = Ae®*. 
Assume that f(a) = 0. Solution: 


- gods | ere rT Fey | 
yte)= f w(t) dt, w(x) =e = d(x) J, ada | ood, 


v= [I 
®(x) = exp | AM 9? | 
mie | A+ ut : 


y(x) + a [ABeO*D*** _ A Ber?" _ Acr*** _ Be*| y(t) dt = f(a). 

The ae oer z=e*,7T =e!, Y(z) = y(2) leads to an equation of the form 2.1.56: 
Y(z)+ | : (ABz**! — AB2*7r - Az - B)Y(r) dr = F(2), 

where F(z) = f(x) and b= e*. 


y(x) + [ABe*™ -ABe™Dt + Ae*t + Be'| y(t) dt = f(x). 


The transformation z = e”, tT = e', Y(z) = y(2) leads to an equation of the form 2.1.57 (in 
which \ is substituted by A — 1): 


Y(z)+ i, (ABzr™'! — ABr* + Ar! + B)Y(r) dr = F(2), 
b 


where F(z) = f(x) and b= e*. 


y(a) + i ibs Aye) y(t) dt = f(a). 


k=1 
1°. This integral equation can be reduced to an nth-order linear nonhomogeneous ordinary 
differential equation with constant coefficients. Set 


Iy(a) = a erk@Da(t) dt. (1) 


Differentiating (1) with respect to x yields 
T= yeaa re f year Q) 


where the prime stands for differentiation with respect to x. From the comparison of (1) 
with (2) we see that 
I, = y(a) + Akl, Ty, = I(x). (3) 


The integral equation can be written in terms of J;,(x) as follows: 


ya) + > Agly = f(@). (4) 


k=1 
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Differentiating (4) with respect to x and taking account of (3), we obtain 
y, (2) + ony(x) + S- ApAgly = fi.(2), C= » Ak. (5) 
k=1 k=l 
Eliminating the integral J,, from (4) and (5), we find that 


n-l 


yh(2) + (on -An)y(@) +S) Ang — Ane = f,(@) — An f(a). (6) 


k=1 


Differentiating (6) with respect to x and eliminating J,,_; from the resulting equation with 
the aid of (6), we obtain a similar equation whose left-hand side is a second-order linear 


n-2 

differential operator (acting on y) with constant coefficients plus the sum )> A; J;,. If we 
k=l 

proceed with successively eliminating J,_2, In_3, ..., J; with the aid of differentiation and 


formula (3), then we will finally arrive at an nth-order linear nonhomogeneous ordinary 
differential equation with constant coefficients. 

The initial conditions for y(x) can be obtained by setting x = a in the integral equation 
and all its derivative equations. 


2°. The solution of the equation can be represented in the form 


y(a) = f(x) + i: bs Byers) f(b dt. (7) 


k=1 


The unknown constants jz, are the roots of the algebraic equation 


ys: oe =), (8) 


kel al Xk 
which is reduced (by separating the numerator) to the problem of finding the roots of an 
nth-order characteristic polynomial. 
After the js, have been calculated, the coefficients B, can be found from the following 
linear system of algebraic equations: 


yt +1 =0, m=l,...,n. (9) 


Another way of determining the B;, is presented in item 3° below. 

If all the roots 4, of equation (8) are real and different, then the solution of the original 
integral equation can be calculated by formula (7). 

To a pair of complex conjugate roots [4%,441 = @ £76 of the characteristic polynomial (8) 
there corresponds a pair of complex conjugate coefficients B;,;,41 in equation (9). In this case, 
the corresponding terms B,e"* + B,,,e"*+! in solution (7) can be written in the form 
Bye? [cos B(x -t)] + Burie* [sin B(x -t)], where B;, and B,,; are real coefficients. 


3°. For a = 0, the solution of the original integral equation is given by 


y(x) = f(x) -f Ra@-)f®dt, R@)=L" [RO], (10) 
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where 2! [R(p)| is the inverse Laplace transform of the function 


ma K _ n A 
Ro=—2,  Km=So**. (1) 


The transform R(p) of the resolvent R(x) can be represented as a regular fractional 
function: 
Q() 


R@ = Do’ P(p) = (p= [4)(p— 2)... (P= btn), 


where ()(p) is a polynomial in p of degree <n. The roots ju; of the polynomial P(p) coincide 
with the roots of equation (8). If all ju; are real and different, then the resolvent can be 
determined by the formula 


Q(ur) 
P'(jig)? 


Ray= yet B= 
k=1 


where the prime stands for differentiation. 


2.2-2. Kernels Containing Power-Law and Exponential Functions 


20. 


21. 


22. 


y(a)+A | * eX y(t) dt = f(a). 


Solution: 


y(z) = f(x)-A / : az exp|5 A(t? — 27) + Mw -2)] f@ dt. 


y(a) +A / ” teX@Yy(t) dt = f(a). 


Solution: ‘ 
y(z) = f(x)-A ‘ texp[5 A(t? — 27) + Aw -t)] f(O dt. 


yla) +A | "(w- te y(t) dt = f(a). 


This is a special case of equation 2.9.4 with g(t) = Ae’. 
Solution: 


A x 
ya) = f(a) + W i: [wi (w)ur(t) - ur(aur(t)] ef dt, 


where wu 1(2), u2(x) is a fundamental system of solutions of the second-order linear homo- 
geneous ordinary differential equation u/,,, + Ae**u = 0; the functions u;(x) and u(x) are 
expressed in terms of Bessel functions or modified Bessel functions, depending on sign A: 


We . w(a) = Jo( Ae ue), vaca) = ¥o (04 oe) for A>0, 


VA 2/4 
We= a u(x) = Io (AA) 3 u2(x) = Ko (AA) for A <0. 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


y(a)+A | “@ — the*? y(t) dt = f(x). 


1°. Solution with A > 0: 
y(x) = f(a)-k / : eX) sinik(a —t)] f(b dt, k=VA. 


2°. Solution with A < 0: 


y(x) = f(a) +k / 3 eX® sinh[k(a — t)] f(t) dt, k=V-A. 


a 


y(x) + Af — ther**#t y(t) dt = f(x). 


The substitution u(x) = erty (x) leads to an equation of the form 2.2.22: 


u(x) + A / “G —teMtu(t) dt = fixe. 


y(x) - | es + Bt+ C)e** y(t) dt = f(x). 


The substitution u(x) = er? y (x) leads to an equation of the form 2.1.6: 


u(x) - A / ee + Bt+C)u(t) dt = f(a)e”. 


y(a)+A | ge y(t) dt = f(x). 


Solution: 


y(x) = f(a)-A i, , x’ exp[+ A(t — 2°) + A(x —t)] FO dt. 


y(x) + af ate*? y(t) dt = f(x). 


Solution: 


y(a) = f(x)-A / : at exp[5A(@ — 2°) + Ma —-1)] f@ dt. 


y(a) +A i} " Pe y(t) dt = flo). 


Solution: 


y(z) = f(a)-A i. : t? exp[ 5 A(t - 2°) + Aw -2t)] f(O dt. 


y(xz) + A | ee - te" ay(t) dt = f(x). 
Solution: 
y(a) = f(a)- / R(x —t)f(t) dt, 


R(x) = 3 ke hie = 2 keOthie [cos(V3 kx) _V3 sin(V3 kx) | : k= ( 


© 1998 by CRC Press LLC 


30. 


31. 


32. 


33. 


34. 


35. 


y(a)+A | “@ - Pye y(t) dt = f(z). 
0 


—Ax 


The substitution u(x) = e*”y(x) leads to an equation of the form 2.1.11: 


u(x) + A | (Ose dt = f(xje”. 
0 


y(x) +A | “ee —t)"er*@ y(t) dt = f(x), n=1,2,... 


Solution: 
y(a) = f(a)+ / R(x —t)f(t) dt, 
1 = 5 
R(x) = — Se" D explant) [ox Cos(Busr) — Bx sin(Bxan)], 
k=0 
where 
1 1 
Gn = Avil pat cos( a) By = Anta sin( =" ) for A<O, 
n n 


Qnk+7 


for A>0O. 
+1 


ork +7) 


1 on 
on, = |An!| n+l cos( ) By =|An!| +1 sin( 
nt+1 


” exp[A(a - t)] 


y(x) +b : = igep OS dt = f(z). 
Solution: : 
yoy =e{ Pa) +n? / exp[71b°(a — t) F(t) a\, 
where : caer 
F(x) =e f(x) —b if c a dt. 


y(a) +A | “@ - t)t*e* y(t) dt = f(x). 


The substitution u(x) = erty (x) leads to an equation of the form 2.1.49: 


u(x) + A iy “@ —t)t* u(t) dt = f(a)e*. 


y(x) +A | “ak - t*)e © y(t) dt = f(a). 


The substitution u(x) = er? y(x) leads to an equation of the form 2.1.52: 


u(x) + A i, “ck —t*)ult) dt = f(x)e*”. 


& pp(a-t) 
y(az) - a | —— y(t) dt = f(a), 0<a<1. 
0 (x-t) 
Solution: 


Prd -a)z']” 


y(x) = f(a) + | R(a — t) fd) dt, where R(x) = e*” > = ind — =) 


n=l 


© 1998 by CRC Press LLC 


36. y(a)+A i exp[A(a? - t?)] y(t) dt = f(x). 


Solution: 


y(z) = f(x)-A / : exp[A(a? — t?)— A(x -1)] fb) dt. 


37. y(a)+ af exp (A? + pt") y(t) dt = f(x). 


In the case G = —A, see equation 2.2.36. This is a special case of equation 2.9.2 with 
g(x) =-A exp(Az”) and A(t) = exp((t?). 


38. y(a) + af exp(-AVt — x ) y(t) dt = f(x). 


This is a special case of equation 2.9.62 with K(x) = Aexp (-AV/=a ). 


39. y(a)+ af exp [A(a* - t*)] y(t) dt = f(x), u>od. 


This is a special case of equation 2.9.2 with g(x) =—A exp(Az*") and A(t) = exp (-At). 
Solution: 


y(a) = f(a)-A ‘i ; exp[A(c’ - t+) - A(a -1)] f@ de. 


aaa | t 
40. y(a)+ kf — exp (-A—) y(t) dt = g(x). 
0 @& x 


This is a special case of equation 2.9.71 with f(z) = ke. 


N 
For a polynomial right-hand side, g(a) = 5> Anx”, a solution is given by 
=0 


Se ae Re ea 
WO)=) tap? ; B= Saag © pier. 
n=0 0) 


2.3. Equations Whose Kernels Contain Hyperbolic 
Functions 


2.3-1. Kernels Containing Hyperbolic Cosine 


1. y(az) - af cosh(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A cosh(Ax) and A(t) = 1. 
Solution: 


y(x) = f(z) +A / eHow exp{ “ [sinh(Ax) — sinh(At)] } f(b dt. 
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y(az) - afi cosh(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and h(t) = cosh(At). 
Solution: 


y(x) = f(z) +A i “how exp{ 4 [sinh( Ax) — sinh(At)] } f(t) dt. 


y(a) + af cosh[A(a — t)]y(t) dt = f(x). 


This is a special case of equation 2.9.28 with g(t) = A. Therefore, solving the original integral 
equation is reduced to solving the second-order linear nonhomogeneous ordinary differential 
equation with constant coefficients 


Yong t Ayl, — Vy = flr —r°f, f = f(x), 


under the initial conditions 


y(a) = f(a), y(a) = f(a) - Af(a). 


Solution: 


ye)= fo+ | Re-Hfibae 


2 


R(x) = exp(-4 Az) E 


aE sinh(kzx) — Aoshi ka=y/d+ 7A. 


y(x) + i) { S © Ax cosh[ A; (a - ohue dt = f(a). 
a k=1 

This equation can be reduced to an equation of the form 2.2.19 by using the identity 

cosh z = 3 (e? +e ay, Therefore, the integral equation in question can be reduced to a 

linear nonhomogeneous ordinary differential equation of order 2n with constant coefficients. 


= cosh(Ax) _ 
yo) A fT uit) dt = fla, 


Solution: 
A(t) COSH(AZ) 


osh(At) io) de 


yi2)= fa)+A fe 


cosh(At) 7 
Gre Af any Nat = Fe) 


Solution: 
Ale) cosh(At) 


cosh(A2x) cosh 


yo) = flay+ a fo 


y(x)- A | “ cosh® (Ax) cosh” (ut) y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A cosh* (Ax) and h(t) = cosh™ (yt). 
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8. y(az) + af t cosh[A(ax — t)]y(t) dt = f(a). 

This is a special case of equation 2.9.28 with g(t) = At. 
9 =y(a)+ A ‘| t® cosh” (Ax)y(t) dt = f(x). 

This is a special case of equation 2.9.2 with g(a) = —A cosh”"(A2) and h(t) = t*. 
10. y(x)+A | a” cosh™(At)y(t) dt = f(a). 

This is a special case of equation 2.9.2 with g(a) = —Ax* and h(t) = cosh" (At). 


11. y(x)- i) A [A cosh(kx) + B - AB(a - t) cosh(kx)] y(t) dt = f(x). 


This is a special case of equation 2.9.7 with \ = B and g(x) = A cosh(ka). 
Solution: 


y(o) = f(a) + / R(w, t) f(t) dt, 


G(x) 
G(t) 


R(x, t) = [Acosh(kx) + B] 


2 x 
+a | e?@-9 G(s) ds, ate) =ex| 4 sinh 


12. y(ax)+ p [A cosh(kt) + B + AB(a - t) cosh(kt)] y(t) dt = f(x). 


This is a special case of equation 2.9.8 with A = B and g(t) = A cosh(kt). 


Solution: 
y(x) = f(x) + / Ria, Hf dt, 
2 Be 
R(a, t) = -[Acosh(kt) + Be + ain | eP&)G(s)ds, G(x) = exp E sinh : 


13. y(a) + af” cosh(AV‘t - a ) y(t) dt = f(x). 


This is a special case of equation 2.9.62 with K(x) = A cosh(A,/=2). 


2.3-2. Kernels Containing Hyperbolic Sine 


14. y(x)- af sinh(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A sinh(Az) and A(t) = 1. 
Solution: 


y(2) = f(x) +A / : sinh(Ax) exp 5 [cosh(\x) — cosh(At)] \ f(b) dt. 
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15. 


16. 


17. 


18. 


y(az) - af sinh(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = sinh(At). 
Solution: 


y(a) = f(a) + A | ‘ sinh(At) exp < [cosh(Ax) — cosh(AZ)] \ f(t) dt. 


y(a) + af sinh[A(a — t)]y(t) dt = f(a). 


This is a special case of equation 2.9.30 with g(x) = A. 
1°. Solution with \(A — A) > 0: 


x 


y(a) = f(x) - “ / sin[k(« — t)] f(t) dt, where k=.1/\(A-A). 


a 


2°. Solution with (A — A) < 0: 


x 


y(a) = f(a) - “ / sinh[A(a — t)] f(t) dt, where k= /(A-A). 


3°. Solution with A =X: 


yin) = fee)-¥ f ceo pat. 


y(x) +A i “ sinh*[A(a — t)]y(t) dt = f(a). 


Using the formula sinh? 3 = t sinh 36 — 3 sinh @, we arrive at an equation of the form 2.3.18: 


y(a) + / 4 1 Asinh[3A(a—)| — A sinh[\(a— 0] }y() dt = f(a). 


y(a) + ‘) { Ay sinh[Aq (x — t)] + Az sinh[A2(x - t)]} y(t) dt = f(x). 


1°. Introduce the notation 
IL= / sinh[A (2 -t)]y(t) dt, h= / sinh[A2(ax — t)] y(t) dt, 
J, = / cosh[\ (2 -t)]y(@) dt, Jo = / cosh[A2(a — t)]y(t) dt. 


Successively differentiating the integral equation four times yields (the first line is the original 
equation) 


ytAl + Ark = f, f = f(x), (1) 
y+ AA J + ArArJo = fi, (2) 
yl +(AlAL + AprAn)y + ADRK + AM = fil, (3) 
Var + (Air + ArdAa)yy, + ALA + AodgI2 = files (4) 
yee ie t (AtAL + Ada) ye, + (A1AP + And3)y + AAT + Aodt = fe (5) 
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Eliminating J; and J, from (1), (3), and (5), we arrive at a fourth-order linear ordinary 
differential equation with constant coefficients: 


Youve ~ At +A — At — Arde + ATA — ALAA — AdATABY = 
Proven — OT +2) Ste + MARS: 
The initial conditions can be obtained by setting x = a in (1)-(4): 
y(a) = f(a), y,(a) = f,@), 
Yor (@) = fie (@) — (Arr + ArAa) f(@), (7) 
Yirwe(@) = frwe(@) — (Arar + A2A2) f(a). 


On solving the differential equation (6) under conditions (7), we thus find the solution of the 
integral equation. 


(6) 


2°. Consider the characteristic equation 
22M Ayes Ao oF A a A = 0, (8) 


whose roots, z; and z2, determine the solution structure of the integral equation. 
Assume that the discriminant of equation (8) is positive: 


D=(A\A\1 — ApAz — 7 +3)? + 4.41, Add1 Az > 0. 
In this case, the quadratic equation (8) has the real (different) roots 


zy = 47 +A3- Ala -— Adda) thVD, 2 = AOE +43 - AA — Anz) - 4D. 


Depending on the signs of z; and z2 the following three cases are possible. 
Case I. If z; > 0 and z2 > 0, then the solution of the integral equation has the form 
(@ = 1,2): 


y(a) = f(a) + ‘f {By sinh[py(x—t)] + By sinh[yio(e-O]} fat, wi = Vn 


where 


MUM) 4 MUT-AD gp _ 4 AMUB—NB)_, 4g AUB-AI) 


By=A, 2 : 1 2 . 
ba (H5 — 117) bai (H5 — p17) bal ut — 15) bal ut — 13) 


Case 2. If z; < 0 and zz < 0, then the solution of the integral equation has the form 


y(x) = f(x) + / {By sin[yi(a —1)] + Bo sin[yo(e-t)] }fdt, pur = V/lzal, 


where the coefficients 5, and B> are found by solving the following system of linear algebraic 
equations: 


Buy Bop eh By Bop2 
AHMET AT HHS "NH E DNS + HG 


Case 3. If z; > 0 and zz < 0, then the solution of the integral equation has the form 


yx) = f(x) + / {By sinh[yi(a —1)] + By sin[un(e@—t| }f@dt, wr = Val, 


where B, and B2 are determined from the following system of linear algebraic equations: 


B B B B 
1H i 2b2 1/41 de 2M2 


1=0, 1=0. 
MMT AT + HG AZ— HM AZ + HG 
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19. 


20. 


21. 


22. 


y(a) + i { S > Ag sinh[ A, (a - o}yie dt = f(a). 


k=1 


1°. This equation can be reduced to an equation of the form 2.2.19 with the aid of the formula 
sinh z = 4 (e? - e*). Therefore, the original integral equation can be reduced to a linear 
nonhomogeneous ordinary differential equation of order 2n with constant coefficients. 


2°. Let us find the roots z; of the algebraic equation 


Se AkAk 4 1 <9, (1) 


By reducing it to a common denominator, we arrive at the problem of determining the roots 
of an nth-degree characteristic polynomial. 
Assume that all z;, are real, different, and nonzero. Let us divide the roots into two groups 


z1 >0, z2 >0, Anh ZS. (positive roots); 


Z1 <0, Z42<0, ..., Zn <O (negative roots). 


Then the solution of the integral equation can be written in the form 


y(a)=f@)+ i 


a 


{> By, sinh [p1,(x-t)] + = Cy sin [p14 (a- 1) reo ar, He=Vlzel. (2) 


k=s+1 


The coefficients B;, and C; are determined from the following system of linear algebraic 
equations: 


s B n C 
eee wee +1=0, Me=Vlzkl me=l,...,n. (3) 


2 
rao Om Me pa Xin + Mi 


In the case of a nonzero root z; = 0, we can introduce the new constant D = By; and 
proceed to the limit jz, — 0. As a result, the term D(a — t) appears in solution (2) instead of 
B; sinh [s(x - t)] and the corresponding terms D),;* appear in system (3). 


@-a fo (t) dt = f(a) 
3 . ainhOey re 


Solution: 
A(e-t) ne) 


sinh) ——— f(t) dt. 


1@=foOxrA fe 


® sinh(At) 7 
y(x) - af sinha) 2? dt = f(x). 


Solution: 
A(t) Sinh(At) 


sinh(Ax sinh(a)? © ats 


yl) = f(a) +A fe 


y(x)- A | ° sinh® (Ax) sinh” (pit)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A sinh’ (Az) and h(t) = sinh” (yt). 
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23. 


24. 


25. 


26. 


27. 


y(a) + af t sinh[A(x — t)]y(t) dt = f(a). 


This is a special case of equation 2.9.30 with g(t) = At. 
Solution: 


A x 
y(x) = f(a) + aa t [ur (a)ug(t) — u2(aryur (t)] fO dt, 


where wu (Z), U2(x) is a fundamental system of solutions of the second-order linear ordinary 
differential equation w//,, + A(Ax — A)u = 0, and W is the Wronskian. 

The functions u;(x) and u(x) are expressed in terms of Bessel functions or modified 
Bessel functions, depending on the sign of AA, as follows: 

if AX > 0, then 


(a) =E'?Tia(RVANE?), we) = 617% p(FVANE”), 
W=3/n, €=2-(A/A); 


if AX <0, then 


u(x) = 2D 3(2V-AAS), u(x) = EN? Ky 3 (2V-ANE), 
W=-3, €=a-(/A). 


y(a) + af x sinh[A(a — t)]y(t) dt = f(a). 


This is a special case of equation 2.9.31 with g(a) = Ax and A(t) = 1. 
Solution: 


AX [* 
y(x) = f(x) + W i: a [uy (arug(t) — up(ax)us()] f® dt, 
where u(x), U2(x) is a fundamental system of solutions of the second-order linear ordinary 


differential equation wi’, + A(Ax — A)u = 0, and W is the Wronskian. 
The functions u(x), u2(x), and W are specified in 2.3.23. 


y(x) +A 7 ‘ t® sinh” (Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = —A sinh" (Ax) and h(t) = t*. 
y(x) +A | a sinh” (At)y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(a) = —Ax* and h(t) = sinh” (At). 


y(a) - | " [A sinh(kx) + B - AB(a - t) sinh(kx)] y(t) dt = f(a). 


This is a special case of equation 2.9.7 with \ = B and g(x) = A sinh(kz). 


Solution: 
yo) = fla) + R(x, t)f@) dt, 
2: x 
R(a,t) = [A sinh(kx) + Be + — ) eP@) G(s) ds, G(x) = exp s cosh) ; 
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28. y(x) + i “ [A sinh(kt) + B + AB(x - t) sinh(kt)] y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = A sinh(kt). 


Solution: 
y(x) = f(x) + | Ria, Hf dt, 
iD: x 
R(x, t) = —[sinh(kt) + Bla + Any | eP™9)G(s)ds, G(x) = exp| cosh). 


29. y(a)+ af sinh (AV t-2z )y(t) dt = f(a). 


This is a special case of equation 2.9.62 with K(x) = A sinh(A\/=z). 


2.3-3. Kernels Containing Hyperbolic Tangent 


30. y(a)- af tanh(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A tanh(\2) and A(t) = 1. 
Solution: 


ant yay 


y= fa)+A f° tann(rn)| SOE 


31. y(a)- af tanh(At)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = tanh(t). 
Solution: ae 

h 
cos aa f(t) dt. 


y(a) = f(x) + af tanh(At) Es 


32. y(a)+A / [tanh(Aa) — tanh(At)] y(t) dt = f(a). 


This is a special case of equation 2.9.5 with g(x) = A tanh(\2). 
Solution: 


1 zx 
yla)= fla)+ ii [Vi (@Vs(t) — Vi(@)¥I()] F(A) at, 


where Y(x), Y2(a) is a fundamental system of solutions of the second-order linear ordinary 
differential equation cosh?(\x)¥”, + AXY =0, W is the Wronskian, and the primes stand for 
the differentiation with respect to the argument specified in the parentheses. 

As shown in A. D. Polyanin and V. F. Zaitsev (1996), the functions Y;(x) and Y2(a) can 


be represented in the form 


dg 


—s=m, =We=i, 
Y?() 


AL x 
Vi@)= F(ab pe). Y= Ke) | 


where F(a, 3,7; z) is the hypergeometric function, in which a and @ are determined from 
the algebraic system a+ 6=1, aB=—-A/X. 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


tanh(Ax) _ 
y(x) - Al. tanh(At) y(t) dt = f(x). 


Solution: 
Ala) am) 


‘tanh(At) f(t) dt. 


yoo)=fay+a 


= tanh(At) - 
Here af nanan t= FO. 


Solution: 
Ala) tanh(At) 


tanh(\x) ‘annoy 


yoo)= fay | 


y(a)-A | tanh*(Ax) tanh” (ut) y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = A tanh” (Ax) and h(t) = tanh” (yt). 


y(x) +A ‘| : t® tanh” (Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = —A tanh’ (Ax) and A(t) = t”. 


y(x) +A | x® tanh” (At)y(t) dt = f(a). 

This is a special case of equation 2.9.2 with g(a) = —Ax* and h(t) = tanh’"(AZ). 
y(a) + af tanh[A(t — x) y(t) dt = f(x). 

This is a special case of equation 2.9.62 with K(z) = A tanh(-z). 

y(a)+A i tanh(AVt - x )y(t) dt = f(a). 

This is a special case of equation 2.9.62 with K(z) = A tanh(A\/-2). 

y(az) - if [A tanh(kx) + B- AB(a - t) tanh(kx)| y(t) dt = f(x). 

This is a special case of equation 2.9.7 with \ = B and g(x) = A tanh(kz). 


y(a) + i i [A tanh(kt) + B + AB(a - t) tanh(kt)]| y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = A tanh(kt). 


2.3-4. Kernels Containing Hyperbolic Cotangent 


42. 


y(az) - af coth(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A coth(\2) and A(t) = 1. 
Solution: 


sinh(A7) A/x 


sinh(At) Fe) dt. 


y(a) = f(a)+A / : coth(Ax)| 
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43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


y(xz) - af coth(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and h(t) = coth(t). 


Solution: 
sinh(\x) 7 4/ 


sinh(At) Ie) de. 


y(a) = f(a) +A / ’ coth(At)| 


® coth(At) 
uio)- Af cothan MO a= Fa). 


Solution: 
A(e-ty COthOt) 


ioe f(t) dt. 


yor)=fay+a fe 


= coth(Ax) 
y(x) - af cothaat 2 dt = f(x). 


Solution: 
Ala) coth(Az) 


coth(\t) coon 


yoo)= fay [ 


y(x)- A : : coth*(Ax) coth”(yt)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A coth*(\x) and A(t) = coth”’ (yt). 


y(a)+ A | : t® coth”™ (Ax)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(a) = —A coth’”’(Ax) and h(t) = t*. 


y(a)+ A ‘| : a” coth” (At)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(a) = —Ax* and h(t) = coth’"’(At). 


y(a) + af coth[A(t — x)]y(t) dt = f(x). 

This is a special case of equation 2.9.62 with K(z) = Acoth(-Xz). 
y(a) +A | coth(AVt — x ) y(t) dt = f(x). 

This is a special case of equation 2.9.62 with K(z) = A coth(A/=z ). 


y(az) - ih [A coth(kx) + B- AB(a -t) coth(kx)| y(t) dt = f(a). 


This is a special case of equation 2.9.7 with \ = B and g(x) = A ccoth(kz). 


y(a) + / : [A coth(kt) + B + AB(a - t) coth(kt)] y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = Acoth(kt). 
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2.3-5. Kernels Containing Combinations of Hyperbolic Functions 


53. 


54. 


55. 


56. 


y(x)- A | : cosh® (Ax) sinh” (it)y(t) dt = f(a). 

This is a ae case of equation 2.9.2 with g(x) = A cosh* (Ax) and A(t) = sinh” (ut). 
y(a) - | ‘ {A+ Bcosh(Ax) + B(x - t)[A sinh(Ax) — A cosh(Ax)]} y(t) dt = f(a). 
This is a Seal case of equation 2.9.32 with b = B and g(x) = A 

y(xz) - f {A + Bsinh(Ax) + B(x -t)[A cosh(Ax) -— A sinh(Ax)]} y(€) dt = f(a). 
This is a seca case of equation 2.9.33 with b = B and g(x) = A 

y(x)- A if ; tanh* (Ax) coth” (yt)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A tanh*(\x) and A(t) = coth”’ (yt). 


2.4. Equations Whose Kernels Contain Logarithmic 


Functions 


2.4-1. Kernels Containing Logarithmic Functions 


1. 


y(x) — af In(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = AIn(\2) and h(t) = 1. 
Solution: 
A(a-t) a aye 


y(a) = f(x) + a[ In(Axr)e7 nat f@) dt. 


vie) Af In(artyit) dt = fo. 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = In(t). 
Solution: 


) (Ax)4” 
( At)At 


y(x) = f(a) +A i InQpe Ae f(é dt. 


y(az) + A fan xz —Int)y(t) dt = f(x). 


This is a special case of equation 2.9.5 with g(x) = Alnz. 
Solution: 


yor= foe | [aeons - uh(x)ui (t)| f(t) dt, 


where the primes denote differentiation with respect to the argument specified in the paren- 
theses; and wuj(x), u2(x) is a fundamental system of solutions of the second-order linear 
homogeneous ordinary differential equation u/,, + Aa!u =0, with uj (x) and u2(x) expressed 
in terms of Bessel functions or modified Bessel functions, depending on the sign of A: 


W=14, ule)=VeJ(2VAr), w(e)= VrYi(2VAz) for A >0, 
W=-3, u(x) = Vx I\(2V-Az), u(«) = Vx K\(2V-Ar ) for A <0. 
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4 Ay BOO as 
. y(ax) - [ in(ad) y(t) dt = f(x). 


Solution: 
Aca In(\z) 


Gon —<? f(t) dt. 


yoo)=flay+ fe 


® In(At) = 
5. y(az) - af in(z) y(t) dt = f(a). 


Solution: 
Aes : one 


yo)= fey |e 2 joa 


6. y(a) - af In*(Ax) In™ (ut) y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A In*(Az) and A(t) = In™ (yt). 


7. y(a) + af In(t -— x) y(t) dt = f(x). 
This is a special case of equation 2.9.62 with K(x) = aln(—2). 


For f(a) = $5 Ax exp(-Axx), where Aj, > 0, a solution of the equation has the form 
k=l 


m 


A 
y(x) = S~ = exp-Apr),  Be=l- xn Mee), 
k=1 


where C = 0.5772... is the Euler constant. 


8 = y(a) +a | ~ In*(t — x) y(t) dt = f(a). 


This is a special case of equation 2.9.62 with K(x) =a In?(-2). 
For f(a) = $> Ax exp(-Ax), where A; > 0, a solution of the equation has the form 
k=l 


m 


A a 
ya) = > oA expAnt), By = 1+ 5 [in? + (Ind, +C)"], 
k=1 


where C = 0.5772... is the Euler constant. 


2.4-2. Kernels Containing Power-Law and Logarithmic Functions 


9 =y(a)-A | : ax In™(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = Ax* and h(t) = In™ (At). 


10. y(a)-A i) J t® In™ (Ax)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(a) = Aln'"(A2) and h(t) = t*. 
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11. 


12. 


13. 


14. 


y(a) - y i [Aln(kx) + B- AB(ax - t)In(kx)| y(t) dt = f(a). 


This is a special case of equation 2.9.7 with \ = B and g(x) = Aln(kz). 


y(a) + | [Aln(kt) + B + AB(x - t) n(kt)| y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = A In(kt). 
y(x) + af (t-—a)” In(t - x)y(t) dt = f(x), n=1,2,... 


For f(x) = 55 Ax exp(-Ax), where A; > 0, a solution of the equation has the form 
k=l 


m 


A an! 
y(x) = >> B_ OPAR), By =lt spar (tat gto tg inre-C), 
k=1 k 


where C = 0.5772... is the Euler constant. 


°° In(t — x) _ 
y(x)+a yer dt = f(x). 


This is a special case of equation 2.9.62 with K(-«) = aa7!/? 


Ing. 


For f(a) = 55 Ax exp(-Ax), where Aj, > 0, a solution of the equation has the form 
k=l 


eA 
y(x) =~ a exp(-Aee), Be =1-ay on [In(4x) +], 
k=1 


where C = 0.5772... is the Euler constant. 


2.5. Equations Whose Kernels Contain Trigonometric 


Functions 


2.5-1. Kernels Containing Cosine 


1. 


2. 


y(az) - af cos(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A cos(Ax) and h(t) = 1. 
Solution: 


y(x) = f(z) +A | eee exp{ 4 [sin(Ax) - sin(Ad)| } f(® dt. 


y(x)- A | 7 cos(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = cos(At). 
Solution: 


y(x) = f(a) +A i CSOD) exp{ “ [sin(Ax) - sin(d)| } f(b dt. 
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y(a) + af cos[A(a — t)]y(t) dt = f(a). 
This is a special case of equation 2.9.34 with g(t) = A. Therefore, solving this integral 


equation is reduced to solving the following second-order linear nonhomogeneous ordinary 
differential equation with constant coefficients: 


Yout Ay,+N y= foot f, f= f@), 
with the initial conditions 
y(a) = f(a), y(a) = f(a) - Af(@). 
1°. Solution with | A] > 2])|: 


yce)= for | Rw -t) f@ dt, 


2 


R(x) = exp(-;Az) E sinh(ka) — Aoshi) , k=y/gZA2-r. 


2°. Solution with | A] < 2])|: 


y(o) = f(a)+ | R(t) f(t) dt, 


2 
R(x) = exp(-; Az) E sin(ka) — Acos(kir) , k=4frd?- +A. 


3°. Solution with \ = +} 


y(x) = f(a) + i, : R(x -t) f(b dt, R(a) = exp(-5 Ax) (5 Aa — A). 


a 


y(a) + ‘f { S > Ag cos[Ax (x - ohuo dt = f(a). 


k=1 


This integral equation is reduced to a linear nonhomogeneous ordinary differential equation 
of order 2n with constant coefficients. Set 


Ig(t) = if cost g(a —f)]y(t) dt. (1) 


Differentiating (1) with respect to x twice yields 


x 


B= y(2)—r / sin[Ag(@— t)]y(t) dt, 
i (2) 
If = yi, (a) -— 5 / cos[A\x (a — t)]y(t) dt, 


a 


where the primes stand for differentiation with respect to x. Comparing (1) and (2), we see 
that 


Ti = yl. (x)- dA Ty, Ty = I, (2). (3) 
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With the aid of (1), the integral equation can be rewritten in the form 


y(a) + > Agdy = f (2). (4) 


k=1 


Differentiating (4) with respect to x twice taking into account (3) yields 


rl) + Onyh,(a) — ss Aurel = frc(®), On = > Ak. (5) 


k=l 
Eliminating the integral [,, from (4) and (5), we obtain 


n-l 


Vr(@) + Ony/(a) + Apy(@) + S> AR, — ARE = f(a) + XF, f(@). (6) 
k=1 


Differentiating (6) with respect to x twice followed by eliminating J/,,_; from the resulting 

expression with the aid of (6) yields a similar equation whose left-hand side is a fourth- 
n-2 

order differential operator (acting on y) with constant coefficients plus the sum 5> By Ip. 
k=l 

Successively eliminating the terms [,,2, In_3,... using double differentiation and formula (3), 

we finally arrive at a linear nonhomogeneous ordinary differential equation of order 2n with 

constant coefficients. 

The initial conditions for y(xz) can be obtained by setting x = a in the integral equation 
and all its derivative equations. 


= cos(Ax) 7 
ya) — A [ cap at = FO. 


Solution: 


yla) = f(a) +A / * Alen cot) f(t) dt. 


os(At) 
y(a)— A i} = EOD 5 des FG): 
a cos(Ax) 


Solution: 


y(x) = f(a) +A fe Ate) S089) ey a. 
: cos(ha) 


y(x)- A ‘| “ cos” (Ax) cos™ (pt)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A cos*(\x) and A(t) = cos™ (ut). 


y(a) + af t cos[A(x — t)] y(t) dt = f(x). 


This is a special case of equation 2.9.34 with g(t) = At. 


y(a)+ A | . t® cos™ (Ax)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(a) = —A cos™(A2) and h(t) = t*. 
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10. 


11. 


12. 


13. 


y(a)+ A | a” cos™(At)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(a) = —Ax* and h(t) = cos™ (At). 


y(x) - 7 [A cos(kx) + B - AB(ax - t) cos(kax)| y(t) dt = f(x). 


This is a special case of equation 2.9.7 with \ = B and g(x) = A cos(kz). 
Solution: 


ye)= for | Ria, tf dt, 


G(«) 


R(z, t) = [Acos(kx) + B] ae 


2 x 
- a | eP®-9) G(s) ds, to) = exp| A sini 


y(x) + ie [A cos(kt) + B + AB(a - t) cos(kt)| y(t) dt = f(a). 


This is a special case of equation 2.9.8 with \ = B and g(t) = Acos(kt). 
Solution: 


yox)= feo)+ | R(x, tf dt, 


G(t) 
G(x) 


+ 


2 xv 
R(a,t) =-[Acos(kt) + B] a / eP& G(s) ds, G(x) = exp E sin() F 
t 


y(x) +A | cos(AVt - x )y(t) dt = f(x). 


This is a special case of equation 2.9.62 with K(x) = Acos (AV-« ). 


2.5-2. Kernels Containing Sine 


14. 


15. 


y(xz) - af sin(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A sin(Ax) and A(t) = 1. 
Solution: 


y(a) = f(a) +A / * sin(\e) exp{ < [cos(At) - cos(Azr)| } f(b dt. 


y(az) - af sin(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and A(#) = sin(At). 
Solution: 


y(x) = f(z)+A / * sin(t) exp{ 4 [cos(At) — cos(Ax)] \ f(b dt. 
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16. y(ax)+ af sin[A(x — t)]y(t) dt = f(a). 


This is a special case of equation 2.9.36 with g(t) = A. 
1°. Solution with \(A + A) > 0: 


y(a) = f(a) - “ a sin[k(x — t)] f(® dt, where k=./\(A+A). 


2°. Solution with \(A + A) < 0: 


y(a) = f(x) - “ [ sinh[k(x — t)] f(t) dt, where k= ./-\(A+ A). 


a 


3°. Solution with A =—-A: 


y(x) = fe) +2 / (xb f@adt. 


17. y(x)+A | : sin*[A(x - t)]y(t) dt = f(x). 


Using the formula sin? 6 = -} sin 3G + 3 sin 3, we arrive at an equation of the form 2.5.18: 


y(x) + / {-4A sin[3\(a—t)] + ZA sin[\(a - 1] }y(d) dt = f(z). 


18. y(x)+ i { Ay sin[Ay(a - t)] + Az sin[A2(x — t)] } y(t) dt = f(x). 


This equation can be solved by the same method as equation 2.3.18, by reducing it to a 
fourth-order linear ordinary differential equation with constant coefficients. 
Consider the characteristic equation 


274 (AM 4 + Avy + Andg)z ATS + AAAS + AnAT Ag = 0, (1) 


whose roots, z, and 22, determine the solution structure of the integral equation. 
Assume that the discriminant of equation (1) is positive: 


D=(A\A1 — ApAz + AZ — 3)? + 4.4, AdA1 Az > 0. 
In this case, the quadratic equation (1) has the real (different) roots 
zy =O, +34 AA + Addn) t VD, 2 = -4OT + AZ + Alt + AddA2) - VD. 


Depending on the signs of z; and z2 the following three cases are possible. 
Case 1. If z,; > 0 and zz > 0, then the solution of the integral equation has the form 
(@ = 1,2): 


y(x) = f(x) + / {By sinh[ p11 (a — t)] + Bo sinh[p12(a - t)] } f® dt, Mi = 2, 


where the coefficients B; and B are determined from the following system of linear algebraic 
equations: 
Bypy " Boys Bi Bopo 


250), " ies 
N+ ATH we MAM AGH HG 
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19. 


Case 2. If z; < 0 and z2 < 0, then the solution of the integral equation has the form 


x 


ya) = f(a) + / {By sinui(e—t)] + By sin[y(e-H]}f@dt, wi = Viel 


a 


where B, and Bz are determined from the system 


By Bop2 


Byyy Bop2 2 
N3-HE AG— HS 


+ 1=0, 
MMT AT 5 


Case 3. If z; > 0 and z2 < 0, then the solution of the integral equation has the form 


ya) = f(a) + / {B, sinh[ p11 (a —1)] + Bo sin[p2(a — t)] } FO dt, pi = Viel, 


where B, and By are determined from the system 


By i Bop2 


B B 
: : : : 1/41 4 2/2 
AT+ HT ALB} 


1=0, 
AIH UT AZ HG 


1=0. 


Remark. The solution of the original integral equation can be obtained from the solution 
of equation 2.3.18 by performing the following change of parameters: 


Ar — irAk, Ue — ifte, Ap —>—4AR, By —--iBz, @=-1 (k=1,2). 


y(a) + | { S > Ag sin[Ag(a - ol}ye dt = f(x). 


k=1 
1°. This integral equation can be reduced to a linear nonhomogeneous ordinary differential 
equation of order 2n with constant coefficients. Set 


Or / sin[Ag(a — t)]y(t) dt. (1) 


Differentiating (1) with respect to x twice yields 


ee | “cosPale—Hly(dt, If! = Anya) —XF i “ sinDu(e—Aly()dt, 2) 


where the primes stand for differentiation with respect to x. Comparing (1) and (2), we see 
that 
T= Acyl@)—Ales Te = Ia). (3) 


With aid of (1), the integral equation can be rewritten in the form 
ya) + > Agly = f(@). (4) 
k=l 
Differentiating (4) with respect to x twice taking into account (3) yields 


Yrn(@) + Ony(@)— S> Agr le = fen(@) On = > Agr. (5) 
k=1 


k=1 
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20. 


21. 


Eliminating the integral [,, from (4) and (5), we obtain 


n-1 


Yor(@) + (On + rz, )Y(@) + S— AR, — Ap Le = fh (@) + Vj, f(). (6) 


k=1 


Differentiating (6) with respect to x twice followed by eliminating J, from the resulting 

expression with the aid of (6) yields a similar equation whose left-hand side is a fourth- 
n-2 

order differential operator (acting on y) with constant coefficients plus the sum 5> By,Jq. 
k=l 

Successively eliminating the terms J,,5, [,_3,... using double differentiation and formula (3), 

we finally arrive at a linear nonhomogeneous ordinary differential equation of order 2n with 

constant coefficients. 

The initial conditions for y(xz) can be obtained by setting x = a in the integral equation 
and all its derivative equations. 


2°. Let us find the roots z;, of the algebraic equation 


S- AbAk 1 20, (7) 


2 
zt 
k=l k 


By reducing it to a common denominator, we arrive at the problem of determining the roots 
of an nth-degree characteristic polynomial. 
Assume that all z; are real, different, and nonzero. Let us divide the roots into two groups 
z, >0, z2 > 0, shay Ze > O (positive roots); 


te <0, eae KOy ceca By < 0 (negative roots). 


Then the solution of the integral equation can be written in the form 


y(x)= f(a)+ ifs {> By, sinh [p1,(a-t)] + ‘a Cr sin [pn (@- 1) reo ar, un=V/lzal. (8) 
a k=s+1 


The coefficients B; and C; are determined from the following system of linear algebraic 
equations: 


B Be Opie 
42+ ub kb + 2 ae -1=0, Lee = Vlzel Ms 1 2324S: (9) 
mt by kes¢] “7 My, 

In the case of a nonzero root z; = 0, we can introduce the new constant D = By; and 
proceed to the limit jz; — 0. As a result, the term D(x — t) appears in solution (8) instead of 


B, sinh [Ms(x - t)] and the corresponding terms DX; appear in system (9). 


(w)-A | NE! ti ae pa) 
2 a sin(At) e i : 


Solution: 


y(a) = f(z) + A [fe pet) SN) f(t) dt. 


sin(t) 
y(a)- A | ee aay dberes: 
a sin(Ax) 


Solution: 
) on) 


anny OH 


y(a) = fle) +A ; * Mat 
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22. 


23. 


24. 


25. 


26. 


27. 


y(a)- A | sin® (A) sin™(pt)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A sin*(Ax) and h(t) = sin” (jut). 


y(a) + af t sin[A(x — t)]y(t) dt = f(a). 


This is a special case of equation 2.9.36 with g(t) = At. 
Solution: 


A zx 
y(x) = f(a) + aa / t [ur (w)ug(t) — u2(ar)ur (t)] f( dt, 


where u(X), U2(x) is a fundamental system of solutions of the second-order linear ordinary 
differential equation w/”,, + A(Ax + \)u = 0, and W is the Wronskian. 

Depending on the sign of AA, the functions u;(x) and u2(x) are expressed in terms of 
Bessel functions or modified Bessel functions as follows: 

if AX > 0, then 


m@aEPI a GVA), wa) = 6P7Y p(FVAE”), 
W=3/nr, €=2+(A/A); 
if AA < 0, then 
ui(a) = 6'7Ty3(FV-ANE”),  w(w) = E17 Ky 3(3V-ANE”), 
W=-3, €=a+(\/A). 


y(a) + af x sin[A(a — t)]y(t) dt = f(a). 


This is a special case of equation 2.9.37 with g(x) = Ax and A(t) = 1. 
Solution: 
AX [* 
y(x) = f(x) + W i ax[uj(x)ua(t) — up(ax)uy(t)] f() dt, 


where u(X), U2(x) is a fundamental system of solutions of the second-order linear ordinary 
differential equation w/’,, + A(Ax + \)u = 0, and W is the Wronskian. 
The functions u(x), u2(x), and W are specified in 2.5.23. 


y(x) +A i : t® sin™(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = —A sin™ (Ax) and h(t) = t*. 
y(a)+ A | a* sin™ (At)y(t) dt = f(a). 
This is a special case of equation 2.9.2 with g(x) = —Ax* and h(t) = sin™ (At). 


y(a) - | ; [Asin(kx) + B- AB(a - t)sin(kx)] y(t) dt = f(x). 


This is a special case of equation 2.9.7 with \ = B and g(x) = Asin(kz). 


Solution: 
y(a) = f(e)+ R(x,t) f(t) dt, 
2 x 
R(a,t) = [Asin(ka) + Be + = ‘ eP@)G(s)ds, G(x) = exp -2 cost). 
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28. y(x) + i “ [Asin(kt) + B + AB(a - t)sin(kt)] y(t) dt = f(a). 


This is a special case of equation 2.9.8 with \ = B and g(t) = A sin(Kt). 
Solution: 


ye)= foo | Ra, tf dt, 


2 a 
Git) ‘6 B | eB G(s) ds, te) =exp|-2 cox(k)). 
t 


R(x, t) = [A sin(kt) + B] aay Ge 


29. y(a)+ af sin(AVt -2£ )y(t) dt = f(a). 


This is a special case of equation 2.9.62 with K(x) = A sin(A./—x ‘ 


2.5-3. Kernels Containing Tangent 


30. y(a)- af tan(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A tan(Ax) and A(t) = 1. 
Solution: 
cos(At) |4/ 


r 
cos(Ax) PO at. 


y(x) = f(x)+A / , tan(Ax)| 


31. y(a)- af tan(At)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = tan(At). 
Solution: 
cos(At) |4/ 


rN 
cos(Ax) FO) dt. 


y(a) = f(a) +A i tanh( Ad) 


32. y(x)+A / [tan(Aa) - tan(At)] y(é) dt = f(a). 


This is a special case of equation 2.9.5 with g(x) = A tan(Az). 
Solution: 


1 x 
ye)= foes | Me@rso-Ysmryo] feat 


where Y;(x), Y2(x) is a fundamental system of solutions of the second-order linear ordinary 
differential equation cos?(Ax)Y/", + AAY = 0, W is the Wronskian, and the primes stand for 
the differentiation with respect to the argument specified in the parentheses. 

As shown in A. D. Polyanin and V. F. Zaitsev (1995, 1996), the functions Y;(~) and Y2(x) 
can be expressed via the hypergeometric function. 


a. geal EL yw aeze) 
.  y(a)- | pean” = f(x). 


Solution: 


q * A(a-t) tan(AZ) 
y(a)= f@)+A | chen SD fo at 
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® tan(At) _ 
34. y(a)- af tan(Az) y(t) dt = f(a). 


Solution: 


= * A(a-t) tan(At) 
y(a) = f(e)+A cA ita 


35. y(a)-A / ; tan*(Ax) tan” (yt)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A tan*(\x) and A(t) = tan” (yt). 


36. y(a)+A | : t® tan™ (Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = —A tan™(Az) and A(t) = t”. 
37. y(a)+A | ax tan” (At)y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(a) = —Ax* and h(t) = tan” (At). 


38. y(a)- | [A tan(kx) + B- AB(a - t) tan(kax)| y(t) dt = f(a). 
This is a special case of equation 2.9.7 with \ = B and g(x) = A tan(kz). 
39. y(a)+ i [A tan(kt) + B+ AB(a -t) tan(kt)| y(t) dt = f(a). 


This is a special case of equation 2.9.8 with \ = B and g(t) = A tan(kt). 


2.5-4. Kernels Containing Cotangent 


40. y(a)-A / 7 cot(Axr)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A cot(Ax) and h(t) = 1. 


Solution: 
sin(Ax) |A/A 


sin(At) 


y(x) = f(x) +A i ¥ cot(Ar)| f(t) dt. 


41. y(a)- afe cot(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and h(t) = cot(At). 
Solution: 
sin(Az) |4/ 


rN 
sin(At) fae: 


y(a) = f(a) +A / ; coth(A0)| 


® cot(Ax) 
cot(At) 


42. y(ax)- af y(t) dt = f(a). 


Solution: 


AG cot(Ar) f(b dt. 


Om fea) f Ae 
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43. 


44. 


45. 


46. 


47. 


® cot(At) 
yla)— A [ ay Moat = Fe) 


Solution: 


= 7 A(a-t) cot(At) 
ya) = f@)+4A | chen SOY spat 


y(a)+ A | : t® cot™ (Ax)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(a) = —A cot™(Az) and h(t) = t”. 


y(a)+ A i a” cot™(At)y(t) dt = f(x). 

This is a special case of equation 2.9.2 with g(a) = —Ax* and h(t) = cot’ (At). 
y (a) - / [A cot(kx) + B- AB(x - t) cot(kx)| y(t) dt = f(x). 

This is a special case of equation 2.9.7 with \ = B and g(x) = Acot(kz). 


y(a@) + i, ’ [A cot(kt) + B + AB(a - t) cot(kt)] y(t) dt = f(a). 


This is a special case of equation 2.9.8 with \ = B and g(t) = Acot(kt). 


2.5-5. Kernels Containing Combinations of Trigonometric Functions 


48. 


49. 


50. 


51. 


y(a)- A i cos" (Ax) sin™ (pt)y(t) dt = f(a). 
This is a special case of equation 2.9.2 with g(x) = A cos*(\x) and h(t) = sin™ (ut). 


y(x) - pe {A+ Bcos(Ax) - B(a - t)[A sin(Ax) + A cos(Ax)]} y(t) dt = f(x). 


This is a special case of equation 2.9.38 with b = B and g(x) = A. 
y(x) - | {A+ Bsin(Ax) + B(x - t)[A cos(Ax) - A sin(Ax)]} y(t) dt = f(x). 
This is a special case of equation 2.9.39 with b = B and g(x) = A. 


y(a)- A | “ tan*(Ax) cot” (yt)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A tan*(\x) and A(t) = cot” (pit). 


2.6. Equations Whose Kernels Contain Inverse 


Trigonometric Functions 


2.6-1. Kernels Containing Arccosine 


1. 


y(x)- A | arccos(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A arccos(Ax) and h(t) = 1. 
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2. y(x)-A | arccos(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and h(t) = arccos(At). 


3. y(xz) - afi gC dt = f(x). 


arccos(At) 
Solution: . 
yo) = fia) +A il eMte-t) AECCOSAT) 49 a, 
- arccos(At) 
4. y(a@)-A | pee y(t) dt = f(x). 
a arcecos(Ax) 
Solution: 
Z * .Ate-t) arccos(At) 
ya) = fle) +A i cA iat, 


5. -y(a)- i, [A arccos(kx) + B - AB(a - t) arccos(kx)| y(t) dt = f(a). 


This is a special case of equation 2.9.7 with \ = B and g(x) = A arccos(kz). 


6. =-y(a) + i, i [A arccos(kt) + B + AB(x — t) arccos(kt)| y(t) dt = f(x). 


This is a special case of equation 2.9.8 with X = B and g(t) = A arccos(kt). 


2.6-2. Kernels Containing Arcsine 


7. y(az) - af arcsin(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A arcsin(Ax) and A(t) = 1. 


8. y(x)- A i) : arcsin(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = arcsin(At). 


9 (gon i] ® arcsin(Ax) (t) dt = f(x) 
gees OD). SAuN 
Solution: 
_ * Aces) atCsiN(A) 
ya) = f(a) +A _ cA RED peda 


® arcsin(At) 
10. y(x)- af —_—_ y(t) dt = f(x). 
a aresin(Ax) 


Solution: 
A(t) arcsin(At) 


f(t) dt. 


arcsin(Ax) 


y(c) = f@) +a f é 
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11. y(x)- i) : [A arcsin(kx) + B - AB(a - t)arcsin(kx)]| y(t) dt = f(x). 


This is a special case of equation 2.9.7 with \ = B and g(x) = A arcsin(k2). 


12. y(x)+ i [A arcsin(kt) + B + AB(x - t) aresin(kt)] y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = A arcsin(kt). 


2.6-3. Kernels Containing Arctangent 


13. y(x)-A | 7 arctan(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A arctan(Ax) and A(t) = 1. 


14. y(x)-A | arctan(At)y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = A and A(t) = arctan(At). 


15 ( A ye arctan(Ax) (t) dt = 
-  y(x)- i ‘arctan(At) ” ) = f(x). 


Solution: 
A(a-t) arctan(Ar) 


arctan(At) PG) at 


yoc)= fo) +A | é 


® arctan(At) 
16. y(x)- af ——— y(t) dt = f(a). 
qa arctan(Ax) 


Solution: 
A(t) aretan(At) 


i@=f@ A / é fiat. 


arctan(Ax) 


17. y(a) + af~ arctan[A(t — x) ]y(t) dt = f(a). 


This is a special case of equation 2.9.62 with K (a) = A arctan(-A2). 


18. y(x)- i [A arctan(kx) + B - AB(a« - t) arctan(kx)| y(t) dt = f(a). 


This is a special case of equation 2.9.7 with \ = B and g(x) = A arctan(kz). 


19. y(x)+ i “ [A arctan(kt) + B + AB(a - t) arctan(kt)] y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = A arctan(kt). 


2.6-4. Kernels Containing Arccotangent 


20. y(a)-A i arccot(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A arccot(Ax) and A(t) = 1. 
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21. 


22. 


23. 


24. 


25. 


26. 


y(x)- A | arccot(At)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = arccot(At). 


(a) A [OD ylt) dt = Fla) 
oa a arccot(At) y Se 


Solution: 
A(a-t) AFCCot(AZ) 


arccot(At) PO at. 


ya) = f(a) va f ¢ 


(hac f arccot(At) (t) dt = f(@) 
g)- a= See = av). 
¥ a arcentine)” 


Solution: 
A(t) arecot(At) 
e eyo. peur 
arccot(Ax) 


y(o) = f(z) +A / It) dt. 


y(a) + af arccot[A(t -— x)]y(t) dt = f(a). 


This is a special case of equation 2.9.62 with K (a) = A arccot(-Az). 


y(x) - a [A arccot(kx) + B- AB(« - t) arccot(kx)| y(t) dt = f(a). 


This is a special case of equation 2.9.7 with \ = B and g(x) = A arccot(kx). 


y(a) + ih : [A arccot(kt) + B + AB(a - t) arccot(kt)] y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = A arccot(kt). 


2.7. Equations Whose Kernels Contain Combinations of 


Elementary Functions 


2.7-1. Kernels Containing Exponential and Hyperbolic Functions 


1. 


y(a)+ A if . e4@) cosh[A(ax — t)]y(t) dt = f(x). 
Solution: 
y(a) = f@)+ / R(x —t)f(t) dt, 


2 
R(x) = exp|(u- 5A)z] E sinh(ka) — Acosh( kn) p weap e+ PAe 
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y(a)+ A | “ e4@) sinh[ A(x — t)]y(t) dt = f(x). 


1°. Solution with \(A — A) > 0: 
AX fo u60-t) 6: Ere En 
y(a) = f(x) - > j eh sinik(a —t)] f(t) dt, where k=./\(A-)). 
2°. Solution with \(A — A) < 0: 
AX [* Genes 
y(x) = f(a) - aE eh sinh[k(a — t)] f (é) dt, where k=./X(A- A). 
3°. Solution with A = X: 
yee) = fa) -¥ fe per™ fat, 
y(a) + / e(@ { A, sinh[Ai(x — t)] + Az sinh[A2(x — t)]} y(t) dt = f(x). 
The substitution w(x) = e*”y(x) leads to an equation of the form 2.3.18: 
w(x) + / {Aj sinh[A (a —t)] + A> sinh[A2(a2 — t)]} w(t) dt =e" f(x). 
y(a)+ A / te“®) sinh[A(ax — t)]y(t) dt = f(x). 
The substitution w(x) = e*”y(x) leads to an equation of the form 2.3.23: 


w(x) +A ifs t sinh[A(x — t)]w(t) dt = e ¥* f(x). 


2.7-2. Kernels Containing Exponential and Logarithmic Functions 


y(a)- A / “eit In(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Aln(\z) and h(t) = e“. 


y(a)- A | "ef In(At)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = Ae“* and A(t) = In(At). 


y(a)— A | * e#@-) In(Awyy(t) dt = f(a). 


Solution: 


ne (GER fe el-AN@=1 n(n) AO cH) at, 


(At 7 
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10. 


y(a)- A / e@) In(At) y(t) dt = f(x). 
Solution: 


x dr Ax 
y(x) = f(a) +A | gee Inca) Oo f(@ dt. 


y(x) +A / : e4@-) (In  — In t)y(t) dt = f(a). 


Solution: ; * 
ua) = f@)+ a i cD Ty! (x)ub(t) — uh(x)uj (O)] fO dt, 


where the primes stand for the differentiation with respect to the argument specified in the 
parentheses, and u;(), u2(x) is a fundamental system of solutions of the second-order linear 
homogeneous ordinary differential equation u!!,. + Aa !u=0, with u(x) and us(a) expressed 
in terms of Bessel functions or modified Bessel functions, depending on the sign of A: 


W=1, w@)=VtA(2VAr), w(x) = VeVi (2VAz) for A>0, 


1? 


W=-3, u(e)=Vrl(2V-Ar), w(x)=VxKi(2V-Ar) for A<0. 


y(x) +a / “ e*) In(t — x) y(t) dt = f(a). 


This is a special case of equation 2.9.62 with K(x) = ae” In(—x). 


2.7-3. Kernels Containing Exponential and Trigonometric Functions 


11. 


12. 


13. 


y(a)- A | et cos(Ax)y(t) dt = f(a). 
This is a special case of equation 2.9.2 with g(x) = Acos(Az) and h(t) = e“*. 


y(x) — af e#” cos(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Ae”® and A(t) = cos(At). 
y(a)+ A i; ° e4@) cos[ (ax — t)]y(t) dt = f(a). 
1°. Sohinen with | A] > 2]A]: 
y(a) = f(a) + a Rew - tft) dt, 
R(x) = exp[(u—- 5 A)a] E sinh(ka) — Aoshi ke) , k=4/ZA?-. 
2°. Solution with | A] < 2])|: 


yoc)= feoy+ | Rep fda, 
2 
R(x) = exp|(u- 5A)a] E sin(kx) — Acos(e) , k=\/M-FA? 


3°. Solution with \ = $A: 


yea) = fia)+ | Ria-t)f@dt, R(x) = (4.A’a— A) exp[(u- 5 A)a]. 
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14. 


15. 


16. 


17. 


18. 


19. 


y(a) - | e®9 A cos(kx) + B - AB(a - t) cos(kx)| y(t) dt = f(x). 


Solution: 


y(x) = f(x) + / : eh) M(x, t) f(t) dt, 


G(x) 


M(a,t) = [Acos(kx) + B] Ee 


2 x 
% a | eB®-) G(s) ds, te) = exp| F sinc} 


y(a) + i “ e®-9 A cos(kt) + B + AB(« - t) cos(kt)] y(t) dt = f(x). 


Solution: 
y(x) = f(x) + / : he) Ma, of @) dt, 
2 x 
M(ca,t) = [A cos(kt) + Bae + a | eP®©)G(s)ds, G(x) = exp E sin(e) : 


y(x) — af et sin(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Asin(Az) and h(t) = e*?. 


y(xz) - af e4” sin(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Ae”* and A(t) = sin(At). 


y(xz) +A i, eX) sin[ (a — t)]y(t) dt = f(a). 


1°. Solution with \(A + A) > 0: 


y(x) = f(x)- “ | : eh sini k(x — t)] f(b dt, where k= ./A+)). 


a 


2°. Solution with \(A + A) < 0: 


y(z) = f(x) - “ ih eM) sinh k(x — t)] f(t) dt, where k= \/-\(A+ A). 


3°. Solution with A =-): 
y(a) = f(x) + / (x — the“ F(t) dt. 


y(a)+ A | e@) sin>[\(a — t)] y(t) dt = f(a). 


The substitution w(x) = e*”y(x) leads to an equation of the form 2.5.17: 


w(x) +A / ‘ sin? [\(a — t)]w(t) dt = ec“ f(a). 
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20. 


21. 


22. 


23. 


24. 


y(a@) + i e@) {Ay sin[Ay(x — t)] + Az sin[A2(x — t)] }y(t) dt = f(a). 


The substitution w(x) = e*”y(x) leads to an equation of the form 2.5.18: 


w(x) + / ver sin[\, (a — t)] + Ag sin[A2(a — t)] } w(t) dt =e" f(z). 


y(x) + i) : al S > Ag sin[Ag(a - oun dt = f(x). 


k=1 


The substitution w(x) = e*”y(x) leads to an equation of the form 2.5.19: 


w(x) + / 4 S > Ag sin[Ag (2 - oibwcn dt = €#* f(x). 


k=1 


y(x) +A | ‘ te“®) sin[ (ax — t)]y(t) dt = f(x). 


Solution: 


AX [* 
y(a) = f@)+ (| te) [us (x)ur(t) — ur(a)ur(O)] FO dt, 


a 


where u(X), U2(x) is a fundamental system of solutions of the second-order linear ordinary 
differential equation w/”,, + A(Ax + \)u = 0, and W is the Wronskian. 

Depending on the sign of AX, the functions u;(a) and u(x) are expressed in terms of 
Bessel functions or modified Bessel functions as follows: 

if AX > 0, then 


m@)=E?AB(ZVAE”), wa) = E7¥ 3(FVAAL”), 
W=3/n7, €=x2+(/A); 


if AX <0, then 


u(a) = €'7T3(FV-AAE), — up(w) = EK 3(FV-ANE”), 
W=-3, €=04(A/A). 


y(a)+ A | ° ceH(@) sin[ (a — t)]y(t) dt = f(x). 


Solution: 


A ae: 
yla) = fa) + i: ce! Tu (w)ur(t) — ua(a)yur(t)] f dt, 


a 


where u;(X), U2(x) is a fundamental system of solutions of the second-order linear ordinary 
differential equation w/’,, + A(Ax + \)u = 0, and W is the Wronskian. 
The functions u(x), u2(x), and W are specified in 2.7.22. 


y(az) + af eb(t-2) sin(AVt -x )y(t) dt = f(a). 


This is a special case of equation 2.9.62 with K(x) = Ae“* sin(A\/—2). 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


y(a) - | ° eM@-) A sin(kax) + B- AB(a - t) sin(kx)| y(t) dt = f(a). 


Solution: 


ya) = f(a) + i eh) M(x, t) f (dt, 


G(x) 


M(a,t) = [Asin(kx) + B] ae 


y(a) + j “ e(@-9/ A sin(kt) + B + AB(« - t)sin(kt)] y(t) dt = f(a). 


Solution: 


ya) = f(a) + i eh) M(a, t) f(f) dt, 


Gi) 
G(x) 


M(a, t) = [A sin(kt) + B] x 


y(a)- A i : et tan(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A tan(Az) and h(t) = eX’. 


y(az) - afe e4* tan(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Ae“® and A(t) = tan(At). 


y(a)+ A | ° e“@) tan(Aax) — tan(At)] y(t) dt = f(x). 


The substitution w(x) = e*”y(x) leads to an equation of the form 2.5.32: 


wa) +A | : [tan(Ax) — tan(At)] w(t) dt =e" f(a). 


y(a) - i) “ eM) A tan(kx) + B- AB(a - t) tan(kax)| y(t) dt = f(x). 


The substitution w(a) = e“*y(ax) leads to an equation of the form 2.9.7 with A = B and 


g(x) = Atan(kx): 


w(x) - / . [Atan(kr) + B- AB(a - t)tan(kx)] w(t) dt = e™* f(a). 


y(a) + i : eA tan(kt) + B + AB(a - t) tan(kt)] y(t) dt = f(x). 


The substitution w(a) = e“*y(x) leads to an equation of the form 2.9.8 with \ = B and 


g(t) = A tan(kt): 


w(x) + [ [A tan(kt) + B+ AB(ax -t) tan(kt)] w(t) dt = eH f(x). 
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2 x 
" an 7 eP@-) G(s) ds, te) = exp|-F cox(k)). 


Ds Hi 
an | eP&)G(s)ds, G(x) = exp +s cox(k) y 


32. 


33. 


y(a)- A | et cot(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Acot(Az) and h(t) = eX". 


y(az) - af e4* cot(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Ae”® and A(t) = cot(At). 


2.7-4. Kernels Containing Hyperbolic and Logarithmic Functions 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


y(x)- A / “ cosh” (Ax) In™ (ut)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A cosh* (Aa) and A(t) = In™ (ut). 


y(x)- A | ° cosh®(At) In” (jux)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Aln™ (yx) and h(t) = cosh“ (At). 
y(a)- A / ° sinh* (Aa) In™ (ut) y(t) dt = f(a). 
This is a special case of equation 2.9.2 with g(x) = A sinh*(Azx) and A(t) = In™ (yt). 
y(x)- A | : sinh® (At) In™ (uax)y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = Aln' (jx) and A(t) = sinh* (At). 
y(x)- A i, : tanh* (Ax) In” (pit)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Atanh*(Ax) and h(t) = In™ (jit). 


y(a)- A | : tanh*(At) In™ (yx) y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = Aln”™ (x) and h(t) = tanh“ (At). 


y(x)- A | : coth* (Ax) In™ (pit) y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = Acoth*(Ax) and A(t) = In" (ut). 


y(x)- A i coth*(At) In™ (wax) y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Aln™ (ux) and h(t) = coth* (At). 
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2.7-5. Kernels Containing Hyperbolic and Trigonometric Functions 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


y(x)- A | cosh” (Ax) cos” (pt) y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = A cosh*(\x) and h(t) = cos” (ut). 
y(x)-A / cosh*(At) cos” (ua) y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = Acos’™ (yx) and h(t) = cosh” (At). 
y(x)- A / cosh® (Ax) sin” (pt)y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = A cosh“ (Ax) and A(t) = sin” (yt). 
y(x)- A | cosh® (At) sin” (wx) y(t) dt = f(a). 
This is a special case of equation 2.9.2 with g(x) = A sin’ (ja) and A(t) = cosh* (At). 
y(x)- A / sinh® (Ax) cos” (ut) y(t) dt = f(a). 
This is a special case of equation 2.9.2 with g(x) = A sinh’ (Az) and h(t) = cos’ (ut). 
y(x)- A / sinh” (At) cos” (wx) y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = Acos™ (yx) and h(t) = sinh’ (At). 
y(xz)-A | sinh* (Ax) sin” (ut)y(t) dt = f(a). 
This is a special case of equation 2.9.2 with g(x) = A sinh’ (Az) and A(t) = sin™ (ut). 
y(x)- A | sinh® (At) sin™ (wx) y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = A sin’ (yx) and h(t) = sinh* (At). 
y(x)- A i) tanh* (Ax) cos” (ut)y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = A tanh” (Ax) and h(t) = cos™ (yt). 
y(x)- A i tanh*(At) cos” (jux)y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = Acos™ (yx) and h(t) = tanh” (At). 
y(a)- A ‘| tanh®(Ax) sin™ (wt)y(t) dt = f(a). 
This is a special case of equation 2.9.2 with g(x) = A tanh*(\x) and A(t) = sin’” (ut). 
y(a)-A / tanh* (At) sin™ (wx)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A sin’’(2) and A(t) = tanh“ (At). 
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2.7-6. Kernels Containing Logarithmic and Trigonometric Functions 


54. y(x)-A if “ cos” (Ax) In™ (ut) y(t) dt = f(x). 

This is a special case of equation 2.9.2 with g(x) = A cos*(\x) and A(t) = In™ (yt). 
55. y(a)-A i cos” (At) In™ (ux) y(t) dt = f(x). 

This is a special case of equation 2.9.2 with g(x) = Aln™ (yx) and h(t) = cos*(At). 


56. y(a)- af sin’ (Ax) In™ (ut) y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = Asin*(\x) and h(t) = In™ (yt). 


57. y(a)-A i ° sin® (At) In™ (ux) y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(a) = Aln™ (ya) and h(t) = sin* (At). 
58. y(a)-A | : tan*(Ax) In™(pt)y(t) dt = f(a). 

This is a wr case of equation 2.9.2 with g(a) = Atan*(Ax) and h(t) = In” (pt). 
59. y(a)-A | : tan®(At) In™ (px) y(t) dt = f(a). 

This is a ood case of equation 2.9.2 with g(a) = Aln" (ua) and h(t) = tan* (At). 
60. y(a)-A i . cot*(Ax) In™(pit)y(t) dt = f(x). 

This is a eee case of equation 2.9.2 with g(a) = Acot*(Az) and h(t) = In (it). 
61. y(a)-A / “ cot*(At) In™ (wx) y(t) dt = f(x). 

This is a oat case of equation 2.9.2 with g(x) = Aln" (ya) and h(t) = cot*(AL). 


2.8. Equations Whose Kernels Contain Special 
Functions 


2.8-1. Kernels Containing Bessel Functions 


1. y(a) - a | Jo(a — thy(t) dt = f(x). 
0 


Solution: . 
y(e) = fa)+ [ Rw —-t)f(@ dt, 

where 

R(x) = deos(VI=¥x) + As sin( V-Max) 4 A [sin VT G@-0] 1 a 
1-2 1-2 Jo t 


@) Reference: V. I. Smirnov (1974). 
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10. 


yie)- Af Jxyylt) dt = fo. 


This is a special case of equation 2.9.2 with g(x) = AJ, (Ax) and A(t) = 1. 


wie) Af Jaby dt = fea. 
This is a special case of equation 2.9.2 with g(x) = A and A(t) = J, (At). 


* JL(Ax) 
a Jy(At) 


y(@) - y(t) dt = f(x). 


Solution: 


a Sap lou. 


yoo)= fay |e 


eI MAt 
yie)- A f se ult) at = Fle), 


Solution: 


Ala os Jy 


yo)= fay |e oft 


we) Af J {Xt-a)ly dt = fla. 
This is a special case of equation 2.9.62 with K (a) = AJ,(-Az). 


y(az) - is [AJ (kx) +B-AB(a- tJ (kx)| y(t) dt = f(a). 


This is a special case of equation 2.9.7 with \ = B and g(x) = AJ, (kz). 


y(a) + | ' [AJ (kt) + B+ AB(ax - t)JL(kt)| y(t) dt = f(a). 


This is a special case of equation 2.9.8 with \ = B and g(t) = AJL (kt). 


yoy A] eM Iya y(t) dt = fle) 
0 


Solution: s 
y(x) = f(x) + i R(x - t) f(t) dt, 
where ‘ 
R(2) = et} do0s(v 1-)\? a) + Tie sin(V 1-2 x)+ 
ao re sin[ V1 — 2 (a — t)] 20 ah, 
- 0 


yie)- Af ¥,ajylt) dt = flo. 


This is a special case of equation 2.9.2 with g(x) = AY,(Az) and A(t) = 1. 
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11. 


12. 


13. 


14. 


15. 


16. 


yie)-Af Yrny(t) dt = flo. 
This is a special case of equation 2.9.2 with g(x) = A and h(t) = Y, Qt). 


YL(Ax) 
a Y¥L(At) 


y(a)-A y(t) dt = f(x). 


Solution: 
A(e-t) Y, (Ax) 


Top fot. 


yoo)= flay +A fe 


(x)-A * ED (t) dt = 

y(x) - [ alt) d= fo) 

Solution: 

AGabs te (At) 


t) dt. 
YV,U8 V0a) © 


yoo)=fay+ fe 
yie)+Af YANE-a)ly dt = fo. 
This is a special case of equation 2.9.62 with K (a) = AY,CAz). 


y(a) - is [AY (ka) +B-AB(a- dY_(ka)| y(t) dt = f(x). 


This is a special case of equation 2.9.7 with \ = B and g(x) = AY, (kz). 


y(x) + ig [AY (kt) +B+AB(a2- t)Y_(kt)] y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = AY, (Kt). 


2.8-2. Kernels Containing Modified Bessel Functions 


17. 


18. 


19. 


20. 


yie)- A f L(a)y(t) dt = fla). 


This is a special case of equation 2.9.2 with g(x) = AI, (Az) and h(t) = 1. 


uie)- Af Lrbylt)dt = flo. 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = IL(At). 


© T,(\n) 
yie)- A f y(t) dt = f(z). 


LLAt) 
Solution: hon 
< eA) v 
yo)= fey+A |e WOO joa 
A peal t) dt = 

y(a) - i ay Moat = Fe) 
Solution: 

yoo)= faye [ chen EO fiovde 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


ya) + A | LA -2)ly(t) dt = f(a). 


This is a special case of equation 2.9.62 with K(a) = AI,(-A2). 


yio)- [ [AL Ake) + B- AB(e - DI,Ake)| yt) dt = f(0) 


This is a special case of equation 2.9.7 with \ = B and g(x) = AI, (ka). 


yio)+ | [AL kt) + B+ AB OT AKO] yi dt = fla). 


This is a special case of equation 2.9.8 with \ = B and g(t) = AI, (kt). 


yla)— A | K,(a)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = AK,(Az) and A(t) = 1. 


yie)- Af KQbyttat = fee) 
This is a special case of equation 2.9.2 with g(x) = A and A(t) = K, (At). 


yla)— A | s AOE) ee Gus f), 
2 Kb 


Solution: 
Ale) Ki (Ax) 


Kop foe. 


y(o) = fay +A i 


© K,(At) - 
WGyoA | Kam vo at= £0. 


Solution: 
Ae) K,Ot) 


Kop ioe 


yoo)= faa [ 
we)+Af KING a)ly(t)at = Fo). 
This is a special case of equation 2.9.62 with K (a) = AK,(-Az). 


y(a) - a [AK (kx) +B-AB(x- KL (kax)| y(t) dt = f(x). 


This is a special case of equation 2.9.7 with \ = B and g(x) = AK,(k2). 


yio)+ [ [AK (kt) + B+ AB OK Akt) y(t) dt = fla. 


This is a special case of equation 2.9.8 with \ = B and g(t) = AK_(Kt). 
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2.9. Equations Whose Kernels Contain Arbitrary 
Functions 
2.9-1. Equations With Degenerate Kernel: K (a, t) = g)(x)hy(t) +--+ + gn(x)hn(t) 


1. y(a) - | 9) et) dt = f(a). 
a g(t) 


Solution: 


yoo) = flayrd [MOD papa 
a g(t) 


2 yle)- [ gtayhttyy(ty at = fo) 
Solution: 


y(a) = f(x) +/ Ra, t) f dt, where R(x, t) = g(x)h(t) exp | g(s)h(s) as ¢ 
a t 


3. yie)+ f (e-tgayit) at = Fe) 


This is a special case of equation 2.9.11. 


1°. Solution: 
1 zx 
y(x) = f(x) + z/ [Yi(x)¥a(t) — Y2(x)Vi (0) g(x) f dt, (1) 


where Y; = Yi(a) and Y3 = Y2(«) are two linearly independent solutions (Y; /Y> # const) of 
the second-order linear homogeneous differential equation Y,”. + g(z)Y = 0. In this case, the 
Wronskian is a constant: W = Y;(¥3)/, — Y2(¥1)i, = const. 


2°. Given only one nontrivial solution Y; = Y;(x) of the linear homogeneous differential 
equation Y/’ + g(x)Y =0, one can obtain the solution of the integral equation by formula (1) 
with 


"dé 
= 1, Y = Y Sea ve 
‘ ae i) | tS) 


where 0 is an arbitrary number. 


4. vie)+ f (e-tgbytt) at = Fe) 


This is a special case of equation 2.9.12. 


1°. Solution: 
1 zx 
y(a) = f(x) + WwW / [Yi(a)¥a(t) - Y2(x) Vi] gO FO dt, (1) 


where Y; = Y\(x) and Y3 = Y2(x) are two linearly independent solutions (Yj /Y> # const) of 
the second-order linear homogeneous differential equation Y,”, + g(x)Y = 0. In this case, the 
Wronskian is a constant: W = Y\(¥3)i,, — Yo(¥1)/, = const. 


2°. Given only one nontrivial solution Y; = Y;(x) of the linear homogeneous differential 
equation Y/’ + g(x)Y =0, one can obtain the solution of the integral equation by formula (1) 
with 


=1, Y5 =Y =, 
Ww 2(x) ice) | Y2(6) 


where 0 is an arbitrary number. 
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y(«) + | (g(x) — g(t)] yt) dt = f(x). 


1°. Differentiating the equation with respect to x yields 
uila)+ ha) f y(tyat = fia. a) 


Introducing the new variable Y (2) = | y(t) dt, we obtain the second-order linear ordinary 


differential equation 
Ye +o, (@Y = f@); (2) 


which must be supplemented by the initial conditions 
Y(a)=0, Yz(a) = f(a). (3) 


Conditions (3) follow from the original equation and the definition of Y (x). 

For exact solutions of second-order linear ordinary differential equations (2) with vari- 
ous f(x), see E. Kamke (1977), G. M. Murphy (1960), and A. D. Polyanin and V. F. Zaitsev 
(1995, 1996). 


2°. Let Y; = Yi(a) and Y3 = Y2() be two linearly independent solutions (Y; / Y2 # const) of 
the second-order linear homogeneous differential equation Y/”, + g/,(x)Y = 0, which follows 
from (2) for f(z) = 0. In this case, the Wronskian is a constant: 

W = Y\(¥3)), - Yo(%1)i, = const. 
Solving the nonhomogeneous equation (2) under the initial conditions (3) with arbitrary 


f = f(a) and taking into account y(x) = Y/(x), we obtain the solution of the original integral 
equation in the form 


1 zx 
yla)= fla)+ i [Vi Vft) — Vi(@V/()] FA) at, (4) 


where the primes stand for the differentiation with respect to the argument specified in the 
parentheses. 


3°. Given only one nontrivial solution Y; = Y;(x) of the linear homogeneous differential 
equation Y,” + g'.(x)Y =, one can obtain the solution of the nonhomogeneous equation (2) 
under the initial conditions (3) by formula (4) with 


“dé 
W = 1, Y =y sao 
a / YP) 


where 0 is an arbitrary number. 


ues / [g(x) + hit)] y(t) dt = f(a). 


1°. Differentiating the equation with respect to x yields 


yl. (a) + [g(ax) + h(x)] y(x) + gfx) i y(t) dt = f(a). 
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Introducing the new variable Y (2) = | y(t) dt, we obtain the second-order linear ordinary 
differential equation : 
i+ gal h@)|v +G.@) =7.@), (1) 


which must be supplemented by the initial conditions 
Y(a)=0, Yz(a) = f(a). (2) 


Conditions (3) follow from the original equation and the definition of Y (x). 

For exact solutions of second-order linear ordinary differential equations (1) with vari- 
ous f(x), see E. Kamke (1977), G. M. Murphy (1960), and A. D. Polyanin and V. F. Zaitsev 
(1995, 1996). 


2°. Let ¥; = Y; (a) and Y2 = Y2(«) be two linearly independent solutions (Y; / Y2 # const) of the 
second-order linear homogeneous differential equation Y,”. + (g(x) + h(2)] Yitgi (ayy =0, 
which follows from (1) for f(x) = 0. 

Solving the nonhomogeneous equation (1) under the initial conditions (2) with arbitrary 
f = f(a) and taking into account y(x) = Y/(x), we obtain the solution of the original integral 
equation in the form 


y(o) = f(a) + / R(w, t) f(b) dt, 


Yi(a)¥o) — Yaa) Vi) 
W(t) 


2 
R(x, t) = Q | 


Drak » W(x) = Yi(@)¥z (2) - Yo(@)Y/(a), 


where W(x) is the Wronskian and the primes stand for the differentiation with respect to the 
argument specified in the parentheses. 


ae i. iG) + ASA Hew ni ae= FG). 


This is a special case of equation 2.9.16 with h(x) = A. 
Solution: 


yix)= foy+ | Ra, tf dt, 


2 = . 
a ay : AEs) ds, cw) =ex0| | as 


y(a) + i [g(t) + A + Aw -tg(t)] y(t) dt = f(a). 


R(a, t) = [g(@) + A] 


Solution: 
ya) = fla) + / R(x, t)f(t) dt, 
2 x x 
R(a,t) =-[g(t) + Nee + as i e€9G(s)ds, G(x) = exp | | g(s) as). 


y(@) - / [gi(x) + go(x)t] y(t) dt = f(a). 


This equation can be rewritten in the form of equation 2.9.11 with g|(x) = g(x) + xh(x) and 
go(x) = -h(x). 
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10. 


11. 


12. 


yl) - y [gu(t) + go(t)a] y(t) dt = flo). 


This equation can be rewritten in the form of equation 2.9.12 with g(t) = g(t) + th() and 
got) = —h(t). 


yla) - i) [g(a) + h(a)(a—t)] y(t) dt = f(a). 


1°. The solution of the integral equation can be represented in the form y(x) = Y/",, where 
Y = Y(q) is the solution of the second-order linear nonhomogeneous ordinary differential 
equation 


Yu -— (@)¥;-h(@)Y = f(a), (1) 


under the initial conditions 
Y(a)= Yi(a) =0. (2) 


2°. Let Y; = Y\(x) and Y2 = Y2(x) be two nontrivial linearly independent solutions of the 
second-order linear homogeneous differential equation Y/’—g(x)Y/—h(a)Y =0, which follows 
from (1) for f(x) = 0. Then the solution of the nonhomogeneous differential equation (1) 
under conditions (2) is given by 

f@ 


Y(x)= a [Y2(@)¥i (t) - YOVO] prey 4 WH=NOWO-YOVO, ©) 


where W(t) is the Wronskian and the primes denote the derivatives. 
Substituting (3) into (1), we obtain the solution of the original integral equation in the 
form 


se 1 
yor) = fee)+ | Ra, fOdt, R(a,t)= Wo! Y"(@NO-Y"@YaO)- (4) 


3°. Let Y; = Yi(2) be a nontrivial particular solution of the homogeneous differential equa- 
tion (1) (with f = 0) satisfying the initial condition Y;(a) # 0. Then the function 


ate) = Vite) fee at, Wee) =exp| / u(s)ds (5) 


is another nontrivial solution of the homogeneous equation. Substituting (5) into (4) yields 
the solution of the original integral equation in the form 


y(o) = f(a) + if R(w, t) f(b dt, 


Wa) Yi(t) Yt) f? Wis) 
@ We TVOM@+HEOM@lhT ae | Tor ® 


x 


Ria, t) = g(x) 


where W(x) = exp if g(s) i : 


y(x) - / [g(t) + h(t\(t - x)] y(t) dt = f(a). 


Solution: 
y(o) = f(a)+ ' R(w, t) f(t) dt, 
__ ¥@)W(2) Ye 
Ra.) = WO + ¥OW IY + HOY O) | oy 


t 
W(t) = exp / g(t) | ; 
b 


© 1998 by CRC Press LLC 


13. 


14. 


15. 


16. 


where Y = Y(z) is an arbitrary nontrivial solution of the second-order homogeneous differ- 


ential equation 
Yi +9(a)¥i+h(a)Y =0 


satisfying the condition Y (a) # 0. 


yl) + i (a - t)g(a)h(t)y(t) dt = f(a). 


The substitution y(~) = g(x)u(x) leads to an equation of the form 2.9.4: 


u(x) + / (x t)g(th(t)ult) dt = f(@)/9(2). 


ine | {g(w) + rw” + Ma -t)a”'[n — xg(w)]}y(t) dt = f(a). 


This is a special case of equation 2.9.16 with h(x) = Ax”. 
Solution: 


ye)= for | R(a, tif dt, 


G(a) +O" 4 nar EO * G(s) re 


R(a, t) = [g(@) + Av") Gi) G® J, He” 


where G(x) = exp fh g(s) as and H(x) = exp(—A 2"), 


y(«) - | {g(x) +A + (x - Hl g,(x) - Ag(w)]}y@ dt = f(x). 


This is a special case of equation 2.9.16. 
Solution: 


yix)= foy+ | R(a, tf dt, 


x .X(s-t) 
_ Ma-t) 2 ! e 
R(x, t) = [g(x) + Ale + {[9@)P + 9, (a)}G@) i Ce ds 
where G(a) = exp if g(s) as : 


y(x) - , { g(x) + h(a) + (x — t)[h1, (x) - g(x)h(a)]} y(t) dt = f(a). 
Solution: 


y(n) = fle) + / R(w, t) f(b) dt, 


G(2) H(x) [* G(s) y 
G(t) Git) J, H(s) 


R(@, t) = [g(@) + h(x)] + {[h@)? + hi(a)} 


where G(a) = exp ig g(s) as and H(x) = exp if h(s) is : 
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17, y(x) + +f {2x0 4 + | p(t)gi, (x) - el(cergtt) he) kyo at = f(a). 


1°. This equation is equivalent to the equation 


[ {2 + fecoae- lcdg(0] MO ye) dt = Fo, F(x) = i fede, (1) 


obtained by differentiating the original equation with respect to x. Equation (1) is a special 
case of equation 1.9.15 with 


nx)=9@), MbD=~pHAO, g(x) = (2), halt) = 5 — gt)h(t). 


2°. Solution: 


i. a sf "T FO)’ Oh) } 
-——__* Js aes dt, 
ue) = F@A@) rat @ | Fal aay 


F(a) = / : f(x) dz, =(a) = exp{- / 2 eeonnatl, 
a a LOM), 


18. y(x) - [ {20 + [p(x)gi( - eed gta)) re) yt) dt = f(x). 


1°. Let f(a) = 0. The change 


y(c)= | w(t) dt (1) 


followed by the integration by parts leads to the equation 


i {22 + [p(a)gt) - p(tg(a)| iio) ba dt = f(x), (2) 


which is a special case of equation 1.9.15 with 


1 
g(%) = ee) -g@)h(x), MbH=~t), glx) = p(a)h(x), hat) = gd). 


The solution of equation (2) is given by 


ad 2 {14} 
Spe h(x)® esc 
y(x) FORE aC (x)h(a) B(x) FOND |, BO 


B(a) = exp [ 22) y compat, 


2°. Let f(a) #0. The substitution y(x) = g(x) + fi (a) leads to the integral equation 9(x) with 
the right-hand side f(a) satisfying the condition f(a) = 0. Thus we obtain case 1°. 
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19. 


20. 


21. 


y(a) - i bs alana 1") ft dt = f(a). 
a "k=l 


The solution can be represented in the form 


y(x) = f(x) + / R(a, t) f(b) dt. (1) 
Here the resolvent R(x, t) is given by 
qd” 
R(x, t) = w™, w = Labi ; (2) 
da” 


where w is the solution of the nth-order linear homogeneous ordinary differential equation 


w — gy (xyw?? — go(x)wh® —293(z)w —----(n-D! gn(z)w = 0 (3) 
satisfying the following initial conditions at x = t: 
w(t = Welt Fe Se a = 0, wel os =. (4) 


Note that the differential equation (3) implicitly depends on ¢ via the initial conditions (4). 


@ References: E. Goursat (1923), A. F. Verlan’ and V. S. Sizikov (1987). 


y(a) - / bs gx (t)(t - om] y(t) dt = f(a). 
be k=1 


The solution can be represented in the form 


ya) = fa) + i R(a, t) f(t) dt. (1) 
Here the resolvent R(x, t) is given by 
d”™u 
ty) =” (n) _ ) 
R(x, ) Ut > Ut dt” > ( ) 


where wu is the solution of the nth-order linear homogeneous ordinary differential equation 
uy” + gi (thu? + go(tul” + 293(t)ul” +... + (n- Dl gnu = 0, (3) 
satisfying the following initial conditions at t = x: 
| hae = Url ren SN a lion =, a =1. (4) 
Note that the differential equation (3) implicitly depends on z via the initial conditions (4). 


@) References: E. Goursat (1923), A. F. Verlan’ and V. S. Sizikov (1987). 


y(x) + a * (ederut — e4****) o(tyy(t) dt = f(a). 


Let us differentiate the equation twice and then eliminate the integral terms from the resulting 
relations and the original equation. As a result, we arrive at the second-order linear ordinary 
differential equation 


Yn —A+ wyl, + [A= We” g(x) + Auly = fe) - At WF (x) + Auf(@), 


which must be supplemented by the initial conditions y(a) = f(a), y/.(a) = fi.(a). 
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22. y(x)+ i [e** g(t) + e4*h(t)] y(t) dt = f(x). 
Let us differentiate the equation twice and then eliminate the integral terms from the resulting 


relations and the original equation. As a result, we arrive at the second-order linear ordinary 
differential equation 


yl, + [e** g(x) + ec! h(x) —A- phy’, + [e** g(x) + eM hi, (x) 
+ (A= pe*" g(x) + (u— Ade A(x) + Au] y = f(a) - At Wiz) + AUf(2), 


which must be supplemented by the initial conditions 


y(a)= f(a), yf, (a) = f(a) — [e** g(a) + e*h(a)] f(a). 


Example. The Arutyunyan equation 


Tye ed -Ma-t) a 
wo) [OF 4 eveo[t-r?| boar = fo, 


can be reduced to the above equation. The former is encountered in the theory of viscoelasticity for aging solids. 
The solution of the Arutyunyan equation is given by 


Ss Fs2 n(t) ems) 
y(a) = f(a) - ie por 5, | - Mbyr(te : as| f(a 


where 


/ ol 
= | 214+ d(w)| —- —= $ dt. 
mx) if [L+v@Qe] ot) 


@) Reference: N. Kh. Arutyunyan (1966). 


23. y(a)+ i. [Aero + Gueters _ Aer**#*) h(t)| y(t) dt = f(x). 


This is a special case of equation 2.9.17 with v(x) = e*” and g(x) =e”. 


Solution: 
ee ee *T Fd) |! ha) 
y(x) = mae i) oe I dB) a. 


F(x)= ‘i : f@)dt, (x) =exp la — 1) i ‘ ett R(t) a| : 


24. y(x)- 5 [Aer + (pervtht - Aet****) h(x) y(t) dt = f(x). 


This is a special case of equation 2.9.18 with v(x) = e*” and g(a) = e%”. 
Assume that f(a) = 0. Solution: 


eo sete (ee) | FO). 
ye)= | w(t)dt, w(xr)=e ={ Bie) : ney | POMP: 


&(w) = exp lo 6) | * Ont pty a . 
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25. 


26. 


27. 


28. 


29. 


ee | { g(x) + be®® + b(w - te [A - g(a)]}y(t) dt = f(a). 


This is a special case of equation 2.9.16 with h(a) = be>*. 


Solution: 
ye)= fos | R(x, t) f(t) dt, 
_ da G(®) 2 2da Kate) TG) 
R(a, t) = [g(x) + be reroy + (bee + bre”) G® |, He) S, 


x 


where G(x) = exp / g(s) a and (x) = exp (5) : 


y(x) + | oe + [e**g! (x) - Ae** g(t)| hit)} y(t) dt = f(x). 


This is a special case of equation 2.9.17 with v(x) = e>*. 


y(a) - y * {rede + [e**gi(t) - Ae**g(x)| h(a) }y(t) dt = f(a). 


This is a special case of equation 2.9.18 with v(x) = e>*. 


y(a) + ; cosh[A(a — t)]g(t)y(t) dt = f(2). 


Differentiating the equation with respect to x twice yields 


yl.(av) + gla)yla) +2 sinh[ A(x —t)]g(t)y(t) dt = fi(@), (1) 
yl (a) + [g(ay(a)], +? / cosh[ Ma — t)]g(t)y(t) dt = f%,(2). (2) 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the second-order linear ordinary differential equation 


yl, + [gay], — Py = f(a) - 7 f(a). (3) 


By setting x = a in the original equation and (1), we obtain the initial conditions for y = y(a): 


ya)= f(a), -¥,(a) = f(a) — f(a)g(a). (4) 


Equation (3) under conditions (4) determines the solution of the original integral equation. 


y(a) + | cosh[A(a - t)]g(@)h(t)y(t) dt = f(x). 


The substitution y(7) = g(x)u(x) leads to an equation of the form 2.9.28: 


u(x) + / cosh[A(a — t)]g(h(t)u(t) dt = f(x)/g(a). 
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30. 


31. 


y(a) + i sinh[A(a — t)lg(t)y(t) dt = fiw). 


1°. Differentiating the equation with respect to x twice yields 


aCe / cosh[A(a — t)lg(t)y(t) dt = f(a), (1) 


Yow (@) + Ag(a)y(a) + r? i sinh[ A(x — t)lg(y( dt = fy, (x). (2) 


a 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the second-order linear ordinary differential equation 


Yog t Al g(x) -A]y = f(x) —r’ f(a). (3) 


By setting x = a in the original equation and (1), we obtain the initial conditions for y = y(x): 


y(a)= f(a), yf, (a) = f(a). (4) 


For exact solutions of second-order linear ordinary differential equations (3) with vari- 
ous g(x), see E. Kamke (1977), G. M. Murphy (1960), and A. D. Polyanin and V. F. Zaitsev 
(1995, 1996). 


2°. Let y: = yi(x) and y2 = y2(x) be two linearly independent solutions (y; /y2 # const) of 
the homogeneous differential equation y/”,, + A[g(z) - r] y = 0, which follows from (3) for 
f(x) = 0. In this case, the Wronskian is a constant: 


W = y1(y2)), — yo(yi), = Const. 


The solution of the nonhomogeneous equation (3) under conditions (4) with arbitrary f = f(x) 
has the form 


r xz 
yx) = f(a) + W / [yi (x)yo(t) — yo(a)yi (t)] g(t) f(O) dt (5) 


and determines the solution of the original integral equation. 


3°. Given only one nontrivial solution y; = yi(a) of the linear homogeneous differential 
equation y//,.+\ [g(x)-A] y=0, one can obtain the solution of the nonhomogeneous equation (3) 
under the initial conditions (4) by formula (5) with 


W=1, lee no f H6' 


where 6 is an arbitrary number. 


y(a) + i sinh[A(a - t)]g(@)h(t)y(t) dt = f(2). 


The substitution y(~) = g(x)u(x) leads to an equation of the form 2.9.30: 


u(x) + sinh[A(a — tH)]g@h(t)u(t) dt = f(x)/ g(a). 
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32. 


33. 


34. 


35. 


y (a) - i { g(x) + bcosh(Ax) + B(x — t)[A sinh(Ax) — cosh(Ax)g(x)] y(t) dt = f(x). 
This is a special case of equation 2.9.16 with h(a) = bcosh(Az). 
Solution: 
ye)= fo+ | Re.ofede 


G(x) 
Gi) 


A(x) [* G(s) 


R(a, t) = [g(x) + bcosh(Ax)] Git) H(s) 
t 


+ [b’ cosh?(Ax) + bd sinh(\z)] 


where G(x) = exp if g(s) as and H(x) = exp F sinh) : 


y(a) - i 4 g(x) + bsinh(Ax) + B(x — t)[A cosh(Ax) — sinh(Ax)g(x)]} y(t) dt = f(x). 


This is a special case of equation 2.9.16 with h(a) = bsinh(Az). 
Solution: 


y(o) = f(a) + / R(w, t) f(b) dt, 


G(x) 


He) [* Ge) ,, 
GO 


R(a,t) = [g(a) + bsinh(A2)] Gi H(s) 2 
t 


+ [b? sinh*(Ax) + b\ cosh(\2)] 


where G(x) = exp if g(s) as and H(x) = exp F cosh) ; 


am / cos[A(a - t)]g(t)y(t) dt = fla). 


Differentiating the equation with respect to x twice yields 


yi) + g(a)y(a) — if sin[A(a — t)]gt)y(t) dt = f(a), (1) 
yi Ax) + [g(a)y(a)]", —? ‘| cos[A(a — t)]g(t)y(t) dt = f%, (2). (2) 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the second-order linear ordinary differential equation 


Yee + [gay] + Py = fi (aw) +’ fo). (3) 


By setting x = a in the original equation and (1), we obtain the initial conditions for y = y(x): 


y(a)= fla), yi, (a) = f(a) — fla)g(a). (4) 


y(a) + / cos[A(x — t)]g(x)h(t)y(t) dt = f(x). 


The substitution y(7) = g(x)u(x) leads to an equation of the form 2.9.34: 


ua) + : cos[A(a — t)]g(t)h(iu(t) dt = flw)/9(2). 
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36. 


37. 


y(a) + i sin[A(x - t)]g(t)y(t) dt = f(a). 


1°. Differentiating the equation with respect to x twice yields 


OES. i cos[ Ma - t)lg(t)y(t) dt = f(a), (1) 
OEIC OTe / sin[A(e — t)g (y(t) dt = f(a). (2) 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the second-order linear ordinary differential equation 


Yoy + Al g(x) + A] y = fe, (v) + f(z). (3) 


By setting x = a in the original equation and (1), we obtain the initial conditions for y = y(a): 


y(a)= f(a), —-y,(a) = f(a). (4) 


For exact solutions of second-order linear ordinary differential equations (3) with vari- 
ous f(x), see E. Kamke (1977) and A. D. Polyanin and V. F. Zaitsev (1995, 1996). 


2°. Let y; = y(x) and y> = y2(x) be two linearly independent solutions (y;/y2 # const) of 
the homogeneous differential equation y/”,, + A[g(z) - d] y = 0, which follows from (3) for 
f(x) = 0. In this case, the Wronskian is a constant: 


W = y1(y2)), — yo(yi), = Const. 


The solution of the nonhomogeneous equation (3) under conditions (4) with arbitrary f = f(x) 
has the form 


ya) = f One a yi(x)yr(t) — yr(a)yn (t)] gD FO dt (5) 


and determines the solution of the original integral equation. 


3°. Given only one nontrivial solution y; = y;(~) of the linear homogeneous differential equa- 
tion yf +A (g(x) + r] y = 0, one can obtain the solution of the nonhomogeneous equation (3) 
under the initial conditions (4) by formula (5) with 


W=1, wla= no fo ot 


where 0 is an arbitrary number. 


oe i sin[A(a - t)lg(a)h(t)y(t) dt = fla). 


The substitution y(~) = g(x)u(x) leads to an equation of the form 2.9.36: 


u(x) + i) sin[A(x — t)]g@)hu(t) dt = f(x)/g(2). 
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38. -y(a)- ie { g(a) + bcos(Ax) — b(a — t)[A sin(Ax) + cos(Ax)g(x)] y(t) dt = f(a). 


This is a special case of equation 2.9.16 with h(a) = bcos(Az). 
Solution: 


yx) = feo)+ | Ra, tf dt, 


G(x) 
G(t) 


A(x) [* G) ,. 


Ra, t) = [g(x) + bcos(Az)] Git) H(s) 
t 


+ [b cos?(Ax) — bd sin(A2)] 


’ 


x 


where G(x) = exp / g(s) as and H(x) = exp 5 sin() : 


39. y(a)- ue {g(a) + bsin(Ax) + b(a — t)[A cos(Ax) - sin(Ax)g(a)]} y(t) dt = f(a). 


This is a special case of equation 2.9.16 with h(a) = bsin(Az). 
Solution: 


yox)= feo)+ | R(a, tf dt, 


G(x) 
G(t) 


A(x) [* Gs) | 


R(a, t) = [g(x) + bsin(Az)] GO HS Ss, 
t 


+ [b° sin?(Ax) + bd cos(Ax)] 


x 


where G(x) = exp / g(s) as and (x) = exp + cos() ; 


2.9-2. Equations With Difference Kernel: K(x, t) = K(a -t) 


40. y(a)+ a K(a —t)y(t) dt = f(a). 


Renewal equation. 


1°. To solve this integral equation, direct and inverse Laplace transforms are used. 
The solution can be represented in the form 


y(o) = fe) / R(w-t)f( dt. (1) 


Here the resolvent R(x) is expressed via the kernel K(x) of the original equation as follows: 


1 ct+ioo . 
Rejea if Ripe?* dp, 
2nt Je 


K(p) 


~ = ~ a ee px 
R(p) = isE@ Kp’ K(p) i K(aje?* dz. 


@) References: R. Bellman and K. L. Cooke (1963), M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971), 
V. I. Smirnov (1974). 
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41. 


2°. Let w = w(2) be the solution of the simpler auxiliary equation with a = 0 and f = 1: 
w(x) + ip K(x -t)w(t) dt = 1. (2) 
0 


Then the solution of the original integral equation with arbitrary f = f(a) is expressed via the 
solution of the auxiliary equation (2) as 


x 


d zx 
y(@) = af waft) dt = flayw(a—a)+ | w(2-b fi dt. 


a 


@) Reference: R. Bellman and K. L. Cooke (1963). 


y(az) + f K(a -t)y(t) dt = 0. 


Eigenfunctions of this integral equation are determined by the roots of the following tran- 
scendental (algebraic) equation for the parameter A: 


ie K(2je** dz =-1. (1) 
0 


The left-hand side of this equation is the Laplace transform of the kernel of the integral 
equation. 


1°. For areal simple root ;, of equation (1) there is a corresponding eigenfunction 
YR(&) = exp(Apa). 
2°. For areal root A, of multiplicity 7 there are corresponding r eigenfunctions 
yee) =expirnx), yaar) = rexpArr), ...5  Yer(w) = 2"! exp(Aga). 


3°. For a complex simple root Ay, = a, + 7, of equation (1) there is a corresponding 
eigenfunction pair 


y\? (a) = explaza)cos(Bpa), (a) = exp(agx) sin(G,x). 


4°. Foracomplex root Ay = a, +74, of multiplicity r there are corresponding r eigenfunction 
pairs 


y\) (x) = exp(anx) cos(Bp2), yO (ax) = exp(ap2) sin(Bp2), 
y\)(a) = x exp(aga) cos((3,.2), y\o(a) = x exp(axx) sin(3,.2), 


Yun(a) = 2"! exp(apx)cos(3.x), yf o(x) = 2"! exp(apx) sin(B,2). 


The general solution is the combination (with arbitrary constants) of the eigenfunctions 
of the homogeneous integral equation. 
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> For equations 2.9.42—2.9.51, only particular solutions are given. To obtain the general solu- 
tion, one must add the general solution of the corresponding homogeneous equation 2.9.41 to the 
particular solution. 


42. 


43. 


44. 


vie)+ | K(a —- t)y(t) dt = Ax”, n=0,1,2,... 


This is a special case of equation 2.9.44 with A = 0. 


1°. A solution with n = 0: 
A Co 
y(@) = 3, B=1+ | K(z) dz. 
B 0 


2°. A solution with n = 1: 
A AC a 7 
y(@) = Bet > B=1+/ K(z) dz, cf zK(z) dz. 
3°. A solution with n = 2: 
AC AC? AD 


Rett? B Be 


B=1+/ K(z) dz, c= f 2K(z) dz, p= [ 2 K(z) dz. 
0 0 0 


A 
Yyo(x) = Be +2 


4°. A solution with n = 3,4,... is given by: 


Yn(&) = Af ze a 


oa a —rz 
mls}. : Ba)=1+ | K(2)e™ dz. 


y(x) + / K(a - t)y(t) dt = Ae**. 
A solution: % - 
y(z) = Se™, Beals K(z)e* dz. 
B 0 


The integral term in the expression for B is the Laplace transform of K(z), which may be 
calculated using tables of Laplace transforms (e.g., see Supplement 4). 


y(x) + | K(a - t)y(t) dt = Ax"e**, nm=1,2,... 


1°. A solution with n = 1: 


re , AC AL 


A 
Y(x) = zre Bre 


B=1+ | K(Ze* dz, C= | 2K(z)e* dz. 
0 0 


It is convenient to calculate B and C' using tables of Laplace transforms. 


2°. A solution with n = 2: 


Yy2(x) = 


A > y» AC y, AC2 AD ee 
gre + 2557 we + 23 BR e 


B=1 +f K(@e* dz, C - | zK(z)je** dz, D - | 2K(z)e* dz. 
0 0 0 


3°. A solution with n = 3,4,... is given by: 


O o” err 
Yn(x) = Dy Yn @) = Aan Ee 


| BA) =1+ | . K(z)e* dz. 
vA” 0 
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45. 


46. 


47. 


48. 


49. 


50. 


y(x) + | K(a — t)y(t) dt = Acosh(Az). 


A solution: 
A 
B_ 


Ax A —Ax 1 


A 
UO)> np tap >( 


A 1;A Ay. 
+ a) cosh(Aa) + a (+ - zy) sinh(A2x), 


Bo=1+ a‘) K(2e* dz, By=1+t | K(z)e*? dz. 
0 0 


y(x) + is K(a —- t)y(t) dt = Asinh(Az). 


A solution: 


Jt Fann A aes RTA 1;A Ay. 
y(@) = aB° 2B.° = 5 (= B,) coshaa)+ 5(5-+Z-) sinh(A2), 


B_=1+ | K(Ze* dz, B,=1+ i K(z)e* dz. 
0 0 


y(x) + i K(a — t)y(t) dt = Acos(Ax). 
A solution: 


y(2) B. cos(Ax) — B, sin(Az)] : 


A 


Be=1+ a K(z)cos(Az)dz, B,= i K(z)sin(Xz) dz. 
0 0 


y(x) + | K(x - t)y(é) dt = Asin(Az). 
A solution: 
B, sin(\x) + B,cos(\x)], 


A 
YO) = Br RP 


Be=1+ ae K(z)cos(Az)dz, B,= a K(z)sin(Xz) dz. 
0 0 


y(x) + i K(a - t)y(t) dt = Ae“” cos(Az). 
A solution: 


y(x) = eh” be. cos(Ax) — B, sin(A2x)] : 


A 
B? + B2 


Be=l1 +/ K(z)e* cos(Az) dz, B= f K(zje* sin(Xz) dz. 
0 0 


y(a@) + / K(a - t)y(t) dt = Ae sin(Az). 
A solution: 


= Bape Be sin(Ax) + B, cos(Ax)| > 


y(a@) 


Bo=l +/ K(z)e* cos(Az) dz, B,= i K(zje* sin(Xz) dz. 
0 0 
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51. y(a) + ‘_ K(a —t)y(t) dt = f(x). 


1°. For a polynomial right-hand side, f(x) = > A;«*, a solution has the form 
k=0 


yr) = S> Baa, 
k=O 


where the constants B; are found by the method of undetermined coefficients. One can also 
make use of the formula given in item 4° of equation 2.9.42 to construct the solution. 


2°. For f(x) = e** )* A,a*, a solution of the equation has the form 
k=0 


ya=e* 5” Bya*, 
k=0 


where the B;, are found by the method of undetermined coefficients. One can also make use 
of the formula given in item 3° of equation 2.9.44 to construct the solution. 


3°. For f(a) = S> Ax exp(Ax2), a solution of the equation has the form 
k=0 


n 


A [o.e) 
iD= >, a exp(Ayz),  Br=lt ‘| K(z)exp(-Ap2) dz. 
k=0 


4°. For f(2) = cos(Ax) >> A,«*, a solution of the equation has the form 
k=0 


y(x) = cos(Ax) ¥~ Bya* + sin(Ax) S Cyac*, 
k=0 k=0 


where the constants B; and Ci, are found by the method of undetermined coefficients. 


5°. For f(a) = sin(Az) >> A,x*, a solution of the equation has the form 
k=0 


y(a) = cos(Ar) §* Byar* + sin(Ar) S Ceac*, 
k=0 k=0 


where the constants B; and C; are found by the method of undetermined coefficients. 


6°. For f(@) = 5> Ax cos(A,x), the solution of a equation has the form 
k=0 


ya) = 5° = [Be cos(Anx) — Bex sing 2)], 


z 2 
k=0 Big + By, 


Bex -1+/ K(z)cos(\pz) dz, Bsz - | K(z)sin(\,z) dz. 
0 0 
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7°. For f(x) = 55 Ag sin(A, 2), a solution of the equation has the form 
k=0 


n Ar 
y(x) = | Bex sin(An x) + Bgz cos(An2)], 
2 Bit Be | 


Ber -1+/ K(z)cos(\pz) dz, Bex = K(z)sin(\pz) dz. 
0 0 


8°. For f(x) = cos(Ax) 5> Ay exp(Ux2), a solution of the equation has the form 
k=0 


y(x) = cos(Ax) os poe exp(U,2) — sin(Ax) E 


a pie expltnt) 


+ B; 
Bop = 1+ i: K(z) exp(-pp,.z) cos(Az) dz, By, = i K(z) exp(-pz,z) sin(Az) dz. 
0 0 


9°. For f(x) = sin(Az) » Ax exp(1z.), a solution of the equation has the form 


Ar Bsr 
Bae Be, spun. 


y(x) = sin(Ax) mB +B 


Be exp(Upx) + cos(Ax) si 


ck By, 


Bez = 1 +f K(z) exp(-pppz) cos(Az) dz, Bs, = i K(z) exp(-pz,z) sin(Az) dz. 
0 0 


52. y(a)+ , K(a -t)y(t) dt = 


Eigenfunctions of this integral equation are determined by the roots of the following tran- 


scendental (algebraic) equation for the parameter A: 


| K(-z)e** dz =-1. 
0 


The left-hand side of this equation is the Laplace transform of the function AK (—z) with 


parameter —. 

1°. For areal simple root A; of equation (1) there is a corresponding eigenfunction 
YR(x) = exp(Ag 2). 

2°. Fora real root A, of multiplicity r there are corresponding r eigenfunctions 


yee) =expCAnz), yao(z) = vexp—Akz), ...,  Yer(Z) = 2"! exp(Az). 


3°. For a complex simple root Ay, = ax + 78, of equation (1) there is a corresponding 


eigenfunction pair 


y\? (a) = explaza)cos(Bpa), (a) = exp(aga) sin(G,.x). 


4°. Foracomplex root Ay, =a, +74, of multiplicity r there are corresponding r eigenfunction 


pairs 
Yur (@) = explana) cos(B,.0), yo (@) = exp(ax2) sin(B,), 
y\ (a) = & exp(agr) cos(Bpx), y\> (a) = # exp(apar) sin(Gpr), 


y\(a) =a" exp(apx)cos(G,2), yx) = a”! exp(apx) sin(3;,2). 


The general solution is the combination (with arbitrary constants) of the eigenfunctions 


of the homogeneous integral equation. 
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> For equations 2.9.53—2.9.62, only particular solutions are given. To obtain the general solu- 
tion, one must add the general solution of the corresponding homogeneous equation 2.9.52 to the 
particular solution. 


53. y(a) + | K(a —-t)y(t) dt = Ax”, n=0,1,2,... 


This is a special case of equation 2.9.55 with A = 0. 


1°. A solution with n = 0: 
A lo e) 
y@u=as, Bais / K(-z) dz. 
B 0 


2°. A solution with n = 1: 
AC 
“B2’ 


3°. A solution with n = 2: 


se Beis | KCade c= f° KCode 
B 0 0 


AC AC? AD 
BR rt+2 B Be’ 


B=1+ | K(-z)dz, C= | 2K(-z)dz, D= i 2 K(-z) dz. 
0 0 0 


4°. A solution with n = 3,4,... is given by: 


_ oe” err 7 lee) 7 
Yn(2) = At Ea ea BOA) =1 +f K(-z)e* dz. 


A 
yo(x) = Be 2 


54. y(a)+ | K (a — t)y(t) dt = Ae**. 
A solution: 
y(x) = ae Bz=1+ ip K(-z)e** dz = 1+ £2{ K(-z),—A}. 
0 


The integral term in the expression for B is the Laplace transform of kK (—z) with parameter —,, 
which may be calculated using tables of Laplace transforms (e.g., see H. Bateman and 
A. Erdélyi (vol. 1, 1954) and V. A. Ditkin and A. P. Prudnikov (1965)). 


55. y(a) + i) K(a - t)y(t) dt = Axe, n=1,2,... 


1°. A solution with n = 1: 


B=l+ i) K(-z)e* dz, C= i. 2K (-z)e* dz. 
0 0 


It is convenient to calculate B and C using tables of Laplace transforms (with parameter —A). 


2°. A solution with n = 2: 


Fa! 2 An AC AL 
y(n) = = ae — 27 He +(2 


AC? AD\ y, 
Be. Beye 


Bz=l+ | K(-z)e** dz, C= : zK(-z)e* dz, D= | 2K (-z)e* dz. 
0 0 0 


3°. A solution with n = 3,4,... is given by 


O o” ert 
Yn(x) = Dy Yr @) = Aare a 


| BOA) =1+ | a K(-z)e** dz. 
nr 4 
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56. 


57. 


58. 


59. 


60. 


61. 


y(x) + rl K(a — t)y(t) dt = Acosh(Az). 


A solution: 


A 1;A Ay. 
+ =) cosh(Aa) + a Ga - =) sinh(A2x), 


Aariec . Be he AOR 
VO)S rp pp” =3(} 


By=1 +/ K(-z)e* dz, B=1 +f K(-z)e dz. 
0 0 


y(x) + i: K(a — t)y(t) dt = Asinh(Az). 


A solution: 


Ate ee GAN ee eh - AX ! 
y(@) = 2B. ° so ats Fg) coshiha)+ 5(5-+F-) sinh(A2), 


By=1 +f K(-z)e* dz, B=1 +f K(-z)e* dz. 
7 0 


y(x) + ‘| K(a — t)y(t) dt = Acos(Ax). 
A solution: 


B.cos(Ax) + By sin(A2)] , 


A 
YO) = Br RP 


Be=1+ ss K(-z)cos(Az) dz, B,= ig K(-z) sin(Az) dz. 
0 0 


y(x) + | K(a — t)y(t) dt = Asin(Ax). 
A solution: 
B, sin(Ax) — B, cos(Ax)| ; 


A 
yz) = B+ Be! 


Be=1+ [ K(-z)cos(Az) dz, B,= - K(-z) sin(Az) dz. 
0 0 


y(x) + i K(a — t)y(t) dt = Ae”” cos(Azx). 
A solution: 


= Blame [Be cos(Ax) i B, sin(A2)] > 


y(@) 


Be=1 +f K(-z)e” cos(Az) dz, B= i K(-z)e sin(Az) dz. 
0 0 


y(a) + i: K(a - t)y(t) dt = Ae sin(Az). 
A solution: 


eh” [Be sin(Ax) — B, cos(Ax)] F 


A 
y(@) = B+ B? 


Be=1 +f K(-z)e"* cos(Az) dz, B,= i K(-z)e sin(Xz) dz. 
0 0 
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62. y(a)+ ie K(a — t)y(t) dt = f(x). 


1°. For a polynomial right-hand side, f(x) = > A;«*, a solution has the form 
k=0 


yr) = S> Baa, 
k=O 


where the constants B; are found by the method of undetermined coefficients. One can also 
make use of the formula given in item 4° of equation 2.9.53 to construct the solution. 


2°. For f(x) = e** )* A,a*, a solution of the equation has the form 
k=0 


ya=e* S” Bya*, 
k=0 


where the constants B; are found by the method of undetermined coefficients. One can also 
make use of the formula given in item 3° of equation 2.9.55 to construct the solution. 


3°. For f(a) = S> Ax exp(Ax2), a solution of the equation has the form 
k=0 


n 


A CoO 
iD= >, a exp(Ayz),  Br=lt ‘| K(-z) exp(\p2) dz. 
k=0 


4°. For f(x) = cos(Ax) >> A, «* a solution of the equation has the form 
k=0 


y(x) = cos(Ax) ¥~ Bya* + sin(Ax) S Cyac*, 
k=0 k=0 
where the constants B; and Ci, are found by the method of undetermined coefficients. 


5°. For f(a) = sin(Az) >> A,x*, a solution of the equation has the form 
k=0 


y(x) = cos(Ax) SD Byx* + sin(vx) > Cz", 


k=0 k=0 
where the B;, and C; are found by the method of undetermined coefficients. 


6°. For f(a) = 5> Ax cos(A\xx), a solution of the equation has the form 
k=0 


y(r) = )> se [Ber cos(AR@) + Bx singx)], 


2 2 
k=0 Bx at By, 


Be, = 1 +f K(-z)cos(Azz) dz, Bex - | K(-z) sin(Azz) dz. 
0 0 
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7°. For f(x) = 55 Ax sin(A, 2), a solution of the equation has the form 
k=0 


” Ax : 
y(2) = | Bex sin(An x) — Bgp cos(Ap2)|, 
d Bi. + By | 


Be, = 1 +/ K(-z)cos(Apz) dz, Bex - | K(-z) sin(Agz) dz. 
0 0 


8°. For f(x) = cos(Ax) $> Ay exp(Uz2), a solution of the equation has the form 
k=0 


y(x) = cos(Ax) 2 exp(HEe), 


exp(U,x) + sin(Ax) 3 


Ar Bsr 
Sree _ 3 a Bat Be. 


Bo, = 1 +[° K(-z) exp(p1,.z) cos(Az) dz, By, = i K (-z) exp(uz,z) sin(Az) dz. 
0 0 


9°. For f(a#) = sin(Ax) >> Ax exp(4z2), a solution of the equation has the form 
k=0 


y() = sin(Ax) > Pa exp({4,.2) — cos(Ax) ‘s 


B2, + By exp(Hea), 


7 nae 


Bez = 1 +f K(-z) exp(pp.z) cos(Az) dz, Bsp = i K (-z) exp(uz.z) sin(Az) dz. 
0 0 


10°. In the general case of arbitrary right-hand side f = f(x), the solution of the integral 


equation can be represented in the form 


7 vee c+100 fir) ie 
WO“ 7) .. Tp 


fp) = ; i fie?* dx,  k-—p)= | s K(—z)e?” dz. 
0 0 


To calculate f(p) and &(—p), it is convenient to use tables of Laplace transforms, and to 


determine y(x), tables of inverse Laplace transforms. 


2.9-3. Other Equations 


63. yio)+ [ ~t(=)ue dt = 
0 & x 


Eigenfunctions of this integral equation are determined by the roots of the following tran- 


scendental (algebraic) equation for the parameter \: 


1 
| f(a2 dz =-1. 
0 


1°. For areal simple root A; of equation (1) there is a corresponding eigenfunction 


yR(x) = 2>* 
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2°. For areal root A, of multiplicity 7 there are corresponding r eigenfunctions 
Yei(e)=2>*,  yelx)=a%* Ina, ...,  Yor(z) =a In”! a. 


3°. For a complex simple root Ay, = a, + 78, of equation (1) there is a corresponding 
eigenfunction pair 


y\ (a) = 2° cos(B,Inx),  y(a) = x sin(3, nx). 


4°. Foracomplex root Ay, = a, +73; of multiplicity r there are corresponding r eigenfunction 
pairs 


yei(a) = 2 cos(/3;, In-x), yin (a) = 2° sin(B, nx), 
yyo(x) = 0% Inecos(G,Inx), yaa) = x" Ina sin(G;, In), 


y\(a) = 2% In”! ¢cos(3, Ina), y(a) = x%* In”! x sin(G;, Ina). 


The general solution is the combination (with arbitrary constants) of the eigenfunctions 
of the homogeneous integral equation. 


> For equations 2.9.64—2.9.71, only particular solutions are given. To obtain the general solu- 
tion, one must add the general solution of the corresponding homogeneous equation 2.9.63 to the 
particular solution. 


64. 


65. 


66. 


67. 


y(x) + is =1(=) dt = Ax +B. 


A solution: 


1 1 
, be | f@dt, T= | t f(t) dt. 
0 0 


Bee 
x)= ———2x 
y (aa dy 


aes | t 

vie)+ | f(Z)ueae= An’ 
0 & x 

A solution: 


A 1 
y(z) = 2", B=l1+ | f(t? dt. 
B 0 


yio)+ [ “f(<)uode=Ame+B, 


A solution: 
y(x) = pInz+4q, 
where 
A B Al, ; : 
he ane = —_  — —___ _ Ip = Hdt, T= t) Int dt. 
P= Ea ke [ [ tow 


ame | t 
ylx) + | 2 fl \gaae= Ax? ines 
0 « x 
A solution: 
y(x) = px? Ina + qu’, 
where 


_oA _ Ab 
ee es ae ee 01S 


1 1 
D T= | f@tedt, b= | f(t)t? Int dt. 
0 0 
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cca | t 
68. y(a) + if —f (=) y(t) dt = Acos(In x). 
0 & x 
A solution: 


Al, Al, 
y(x) = RP Par cos(In x) + = P+P sin(In 2), 


I,=1 +f f@)cos(nt)dt, I, = ‘i f@) sindn t) dt. 
0 0 


7 1 t 
69. y(a)+ i —f (=) y(t) dt = Asin(In x). 
0 & x 
A solution: 


I, Al, 
a. a. cos(In x) + ip eps sin(In x), 


y(@) =—- Per 


I,=1 +f f(@)cos(nt) dt, I, = i f@) sindn t) dt. 
0 0 


ate me a 
70. y(a)+ ‘ a i (=) y(t) dt = Ax® cos(In x) + Bx® sin(In x). 
0 & x 


A solution: 
y(«) = px” cos(Inx) + qx" sin(In x), 
where 
AIG BE _ Al, + BI, 
Pega oe, weep yes 


1 1 
I,=1+ | f(tt® cos(Int) dt, I, = | f (tt? sin(n t) dt. 
0 0 


71 t 
71. y(a)+ | f(=)uw dG): 
0 xz xz 


1°. For a polynomial right-hand side, 


N 
g(2) = S- Anz” 
n=0 


a solution bounded at zero is given by 


N 


An ! 
y(a) = S- is f 2”, Tn - | f@z” dz. 


n=0 


Here its is assumed that fp < oo and f, #-1 (n =0,1,2,...). 
If for some n the relation f,, = —1 holds, then a solution differs from the above case in 
one term and has the form 
n-1 N 


(~)=5- An ma > Ayn, m, An ny nef ae ‘ 
WO" La Ts fin ae tens hus fh fee" neds. 


m=ntl ” 


For arbitrary g(x) expandable into power series, the formulas of item 1° can be used, in 
which one should set NV = oo. In this case, the convergence radius of the obtained solution y(z) 
is equal to that of the function g(x). 
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2°. For g(x) =Inz > A;.x*, a solution has the form 
k=0 


y(x) = Inc )> Byx® + S- Cyx*, 
k=0 k=0 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


3°. For g(a) = S> Ax (In x)*, a solution of the equation has the form 


y(x) = 5° By (Inxy*, 
k=0 


where the B; are found by the method of undetermined coefficients. 


4°. For g(x) = S> A, cos(Ax In x), a solution of the equation has the form 
k=l 


ya) = S> By cos(Ag Inx) + 5 > Cy sin(Ay In), 
k=1 k=1 


where the B;, and C;, are found by the method of undetermined coefficients. 


5°. For g(a) = 5> Ax sin(A, In) a solution of the equation has the form 
k=l 


y(x) = ys By, cos(A, Inx) + > C;, sin(A;, In x), 


k=l k=l 
where the B;, and C; are found by the method of undetermined coefficients. 
6°. For arbitrary right-hand side g(x), the transformation 


T 


g=e*, t=e", y(a)=e*w(z), f)=Fdng), g(x) =e*G(z) 
leads to an equation with difference kernel of the form 2.9.62: 
w(z) + ‘) F(z-—T)w(r) dr = G(z). 


7°. For arbitrary right-hand side g(x), the solution of the integral equation can be expressed 
via the inverse Mellin transform (see Section 7.3-1). 


2.10. Some Formulas and Transformations 


Let the solution of the integral equation 


yo) | K(«, thy) dt = f(x) () 


have the form ss 


yox)= feo)+ | R(x, t) ft) dt. (2) 


a 
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Then the solution of the more complicated integral equation 


tae i K(e.t) oy (t) dt = f(z) 3) 
has the form 
ya) = f(a) + ‘a Ria, a PFO dt. (4) 


Below are formulas for the solutions of integral equations of the form (3) for some specific func- 
tions g(x). In all cases, it is assumed that the solution of equation (1) is known and is given 
by (2). 


1°. The solution of the equation 


Or / K(x, (w/t y(t) dt = fle) 


has the form 


ya) = f(o)+ / Re, Hla /t)> f(t) dt. 


2°. The solution of the equation 


y(x) + / : K(a, ther? y(t) dt = f(x) 


has the form 


y(x) = f(a) + / ‘ R(x, the*@ f(t) dt. 
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Chapter 3 


Linear Equation of the First Kind 
With Constant Limits of Integration 


> Notation: f = f(x), g = g(x), h= h(a), K = K(x), and M = M(a) are arbitrary functions (these 
may be composite functions of the argument depending on two variables x and t); A, B, C, a, b, G 
k, a, 2, y, A, and ys are free parameters; and n is a nonnegative integer. 


3.1. Equations Whose Kernels Contain Power-Law 
Functions 


3.1-1. Kernels Linear in the Arguments «x and t 


1 
1. | ja — t| y(t) dt = f(x). 
0 
1°. Let us remove the modulus in the integrand: 
x 1 
i (a — thy(t) dt + / (t—x)y(t) dt = f(x). (1) 
0 Ba 


Differentiating (1) with respect to x yields 


x 1 
7 y(t) dt — | y(t) dt = f(x). (2) 
0 x 
Differentiating (2) yields the solution 


y(x) = 5 fr,(a). (3) 


2°. Let us demonstrate that the right-hand side f(a) of the integral equation must satisfy 


1 
certain relations. By setting x = 0 and x = | in (1), we obtain two corollaries i ty(t) dt = f(0) 


1 
and | (1 —t)y(t) dt = f(1), which can be rewritten in the form 
0 


1 1 
i; ty(t) dt = f(0), | y(t) dt = f(O0)+ fd). (4) 
C ¢ 


In Section 3.1, we mean that kernels of the integral equations discussed may contain power-law functions or modulus of 
power-law functions. 
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Substitute y(x) of (3) into (4). Integration by parts yields f/ (1) = f(1)+f(O) and f/.(1)—f/,(0) = 
2f(1) +2 (0). Hence, we obtain the desired constraints for f(a): 
fC) = fO) + fC), £0) + fC) = 0. (5) 
Conditions (5) make it possible to find the admissible general form of the right-hand side 
of the integral equation: 


f(z) = F(a) + Ax+ B, 
A=-1[F()+F.O], B=4[Fi)-FQ)-FO)], 


where F'(x) is an arbitrary bounded twice differentiable function with bounded first derivative. 


b 
if la —t| y(t) dt = f(x), 0O<sa<b<a. 


This is a special case of equation 3.8.3 with g(x) = x. 
Solution: 
y(@) = 3 fro (@). 
The right-hand side f(x) of the integral equation must satisfy certain relations. The 
general form of f(x) is as follows: 


f(®) = F(a) + Ax+ B, 
A=-}[Fi(a)+F,0)|, B= }[aFi(a) + bF,(b)- F(a) - F(b)], 


where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 


| “Peedgoaesze, RS: 
0 


Here O<x2<aand0<t<a. 


1°. Let us remove the modulus in the integrand: 


* Om — t)y(t) dt + i “t- Ax)y(t) dt = f(a). (1) 
Differentiating (1) with respect to x, we find it 
r ih . y(t) dt — r | ; y(t) dt = f(x). (2) 
Differentiating (2) yields 2\7y(Ax) = f(a). Hence, we obtain the solution 


yoo) = 5x5, (2). 3) 


2°. Let us demonstrate that the right-hand side f(a) of the integral equation must satisfy 
certain relations. By setting x = 0 in (1) and (2), we obtain two corollaries 


i ty(t) dt = f(0), af y(t) dt = —f7,(0), (4) 

0 0 

Substitute y(z) from (3) into (4). Integrating by parts yields the desired constraints for f(z): 
(a/A)f,(a/) = f(0)+ f(a/d), £00) + f,(a/A) = 0. (5) 


Conditions (5) make it possible to establish the admissible general form of the right-hand 
side of the integral equation: 


f(x) = F()+ Azt+B, z= ru; 
A=-1[Fia@)+ FO], B=4[aFi(a)-Fa)- FO), 


where F(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 
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7c |lv-Atly(t)dt = f(x), A>. 
0 


Here O< x<aand0<t<a. 
Solution: 
y(t) = 5AF pa (AZ). 


The right-hand side f(x) of the integral equation must satisfy the relations 
arf (ar) = fO)+ f(adr), FO) + f(a) = 0. 
Hence, it follows the general form of the right-hand side: 
f(x) = F(x) + Av+ B, A= -$ [Fi.(a) + F/,(0)| , B= ; [a\Fy(aA) — F(\a)- F(O)| : 


where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 


3.1-2. Kernels Quadratic in the Arguments x and t 


10. 


[ \4e + Bx’ -t| y(t) dt = f(a), A>0, B>0O. 
This is a special case of equation 3.8.5 with g(x) = Av + Bz’. 
[ \2-4t-Be y(t) dt = f(x), A>0, B>O. 
This is a special case of equation 3.8.6 with g(x) = At + Bt?. 


b 
/ |at — t”| y(t) dt = f(x) 0<a<b<a. 


The substitution w(t) = ty(£) leads to an equation of the form 1.3.2: 


b 
/ |x —tlw(t) dt = f(x). 


b 
/ |a? - t?| y(t) dt = f(a). 


This is a special case of equation 3.8.3 with g(x) = 2”. 
d | fr(x) 

dx| 4a 

certain constraints, given in 3.8.3. 


Solution: y(#) = 


| The right-hand side f(x) of the equation must satisfy 


[ \?-o8|ywat= Fw, a >0. 
0 
This is a special case of equation 3.8.4 with g(x) = x7 and 3 = ?. 
i | Ax + Ba? - AXt - BN’ t’| y(t) dt = f(x), A> 0. 
0 


This is a special case of equation 3.8.4 with g(x) = Av + Bz’. 
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3.1-3. Kernels Containing Integer Powers of x and ¢ or Rational Functions 


11. 


12. 


13. 


14. 


15. 


b 
i |x -t|y(t) dt = f(a). 


Let us remove the modulus in the integrand: 


x b 
[ e-otunats | ¢-a unde = fo. () 
Differentiating (1) twice yields 
x b 
6 - (x — t)y(t) dt + 6 / (t—ax)y(t) dt = fi" (2). 
This equation can be rewritten in the form 3.1.2: 
b 
[ e-tumdt= LF), 2) 


Therefore the solution of the integral equation is given by 


Y(@) = Fy Y rere (@). (3) 


The right-hand side f(x) of the equation must satisfy certain conditions. To obtain these 
conditions, one must substitute solution (3) into (1) with x = a and x = 6 and into (2) with 
x =aand x = b, and then integrate the four resulting relations by parts. 


b 
i: |? -— t*| y(t) dt = f(a). 


This is a special case of equation 3.8.3 with g(x) = x°. 


b 
| |at? - t*| y(t) dt = f(x) 0<a<b<a. 


The substitution w(t) = y(t) leads to an equation of the form 3.1.2: 


b 
/ |x —tlw(t) dt = f(x). 


b 
/ |x*t — t*| y(t) dt = f(a). 


The substitution w(t) = |t| y(@) leads to an equation of the form 3.1.8: 


b 
/ |x? — ¢?| w(t) dt = f(z). 


Pie — Bt*| y(t)dt = f(x),  B>0. 
0 


This is a special case of equation 3.8.4 with g(x) = 2° and 3 = d°. 
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17. 


b 
| Jjn-t) y(t) dt = f(x), n=0,1,2,... 


Solution: 


1 
Y@)= Topple @). () 


The right-hand side f(x) of the equation must satisfy certain conditions. To obtain these 
conditions, one must substitute solution (1) into the relations 


b 
/ (t—ay"*' y(t) dt = f(a), a (t-ay” *y(t) dt = cy pea) 
A, = (2n+1)(2n)...(22n+1-k); k=0,1,..., on 


and then integrate the resulting equations by parts. 


°° y(t) dt 
| y(t) ey 


xat+t 


The left-hand side of this equation is the Stieltjes transform. 


1°. By setting 
a=e*, t=e™, yt)=e7?u(r), fe) =e*"Q(2), 


we obtain an integral equation with difference kernel of the form 3.8.15: 


x w(t) dt Zee 
xo 2eosh[L(z—-n]) 2” 


whose solution is given by 


i, | a 
w(z) = = | cosh(7ru) g(u)e™™” du, g(u) = =| gaye dz. 


@) Reference: P. P. Zabreyko, A. I. Koshelevy, et al. (1975). 


2°. Under some assumptions, the solution of the original equation can be represented in the 
form 

(-1" 2nt+1 ¢ ) ates 

Tr n 1 

u(x) = lim. oe pr (@)|" (1) 


which is the real inversion of the Stieltjes transform. 
An alternative form of the solution is 


_1)" 2n e 
oa) = tim, SO” (£)™ [are foray”. Q) 


To obtain an approximate solution of the integral equation, one restricts oneself to a 
specific value of n in (1) or (2) instead of taking the limit. 


@) Reference: I. I. Hirschman and D. V. Widder (1955). 
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3.1-4. Kernels Containing Square Roots 


18. 


19. 


20. 


21. 


22. 


23. 


[ \ve-Vilwwae= fee, 0<a<co. 
0 


This is a special case of equation 3.8.3 with g(x) = \/z. 
Solution: 


d / 
ya) = © [Ve fi). 


The right-hand side f(x) of the equation must satisfy certain conditions. The general 
form of the right-hand side is 


f(e)=F(a)+Arv+B, A=-Fia, B= 4/[aFi(a)- F(a)- FO), 


where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 


i |\Wz-BVt| y(t) dt = f(a), B>0. 


This is a special case of equation 3.8.4 with g(x) = ,/z and 6 = VD. 


J lve-4 uo ae = Feo. 


This is a special case of equation 3.8.5 with g(x) = \/z (see item 3° of 3.8.5). 


| |a-Vt| y(t) dt = f(x). 


This is a special case of equation 3.8.6 with g(t) = Vt (see item 3° of 3.8.6). 


* YO ae = F(a) 0<a<o 
0 Vie-7 7 
This is a special case of equation 3.1.29 with k = + 
Solution: 
(x) Ad [ dt i f(s) ds 7 1 
x)= =. 
We aI de Jp =a Jy SIAE- SF |’ V8r17(3/4) 
y(t) 
—_—— dt = f(z). 
-oo V |x ax t| 
This is a special case of equation 3.1.34 with A = s. 
Solution: 


1 f* f@-fO 


= t. 
Ae eee 
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3.1-5. Kernels Containing Arbitrary Powers 


24. [ety at= feo, 0<k<1, 0<a<a. 
0 


25. 


26. 


1°. Let us remove the modulus in the integrand: 


| “(ak y(t) dt + i. "(eb a )y(t) dt = fo). (1) 
0 x 


Differentiating (1) with respect to x yields 
ka*! i y(t) dt — ka! } y(t) dt = fi (a). (2) 
0 x 


Let us divide both sides of (2) by ka’! and differentiate the resulting equation. As a result, 
we obtain the solution 


= 1 d 1-k f/ 
y(2) = = [a fe(@)) (3) 


2°. Let us demonstrate that the right-hand side f(a) of the integral equation must satisfy 


certain relations. By setting x =0 and x =a, in (1), we obtain two corollaries ¥) i” y(t) dt= f (0) 


and | (ae= t*)y(t) dt = f(a), which can be rewritten in the form 
0 


{ t*y(t)dt =f), ak i y(t) dt = fO) + f(a). (4) 


Substitute y(«) of (3) into (4). Integrating by parts yields the relations af! (a) =kf(a)+kf(0) 
and af!(a) = 2k f(a) + 2k f(0). Hence, the desired constraints for f(x) have the form 


f() + f(a) = 0, f(a) = 0. (5) 


Conditions (5) make it possible to find the admissible general form of the right-hand side 
of the integral equation: 


f(a) = F(a) + Ar + B, A=-Fi(a), B= 4|aF)(a)- F(a)- FO), 
where F(x) is an arbitrary bounded twice differentiable function with bounded first derivative. 


The first derivative may be unbounded at x = 0, in which case the conditions lee FP | exo = 9 
must hold. 


[ehh yo dt = fee), 0<k<1, B>0. 
0 


This is a special case of equation 3.8.4 with g(x) = x* and 3 = \*. 


| ja*t™ -— t**™| y(t) dt = f(x), 0<k<1, 0<a<oa. 
0 


The substitution w(t) = t’”’ y(t) leads to an equation of the form 3.1.24: 


| : |c* — t*|w(t) dt = f(a). 
0 
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27. 


28. 


29. 


1 
| |x* —t™| y(t) dt = f(a), k>0, m>0. 
0 


The transformation 1 
—m 
z=a*, r=t™, wr)=7 ™ y(t) 


leads to an equation of the form 3.1.1: 


1 
| |z—Tlw(r) dr = F(z), F(z) =mf(z!/*). 
0 


b 
| |a — t|!*> y(t) dt = f(x), 0<A<1. 


For A = 0, see equation 3.1.2. Assume that 0 < A < 1. 


1°. Let us remove the modulus in the integrand: 


x b 
/ (w—t)y(t) dt + 1 (t- 2)! y(t) dt = fe). (1) 


Let us differentiate (1) with respect to x twice and then divide both the sides by \(A + 1). As 
a result, we obtain 


x b 
i (x—t)“1'y(t) dt + ] (t-2)!y(t) dt = ” (a), (2) 


MA + 1) 


Rewrite equation (2) in the form 


b 
y(t) dt _ , ; 
/ |x - “rk 7 x +1) Ficw (2), k=1- 4. (3) 


See 3.1.29 and 3.1.30 for the solutions of equation (3) for various a and b. 


2°. The right-hand side f(«) of the integral equation must satisfy certain relations. By setting 
x =aand x = b in (1), we obtain two corollaries 


b b 
/ (ta)! y(t) dt = fa), i (bt)! y(t) dt = fb). (4) 


On substituting the solution y(x) of (3) into (4) and then integrating by parts, we obtain the 
desired constraints for f(z). 


a a(t 
| UD): eee. Geyed. Weuece: 
0 


Ja — t|* 
1-2k 
kl gd | f% ¢2 dt ft  fe)ds 
y(@) = Ax 2 Ae Lk Lk Le |? 
® (t-x) 2 79 g 2 (t-s) 2 


1°. Solution: 
A= 5 cos(™ )Pay |r L+k\)* 
~ 2 2 : 


where I’(k) is the gamma function. 


2°. The transformation x = 2”, t = £7, w(€) = 2€y(t) leads to an equation of the form 3.1.31: 


va W 
[ere 
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y(t) 


b 
30. 
) |x — t|* 


It is assumed that |a| + |b] < co. Solution: 


f(t) dt 


x —t)l-k 


dt=f(z), O<k<1. 


1 d [{* 
y(x) = = cot( 57k) in | ( 


where 


1 
=z cost gmt fA 


ZOE) | 
-t)- ——aick & 


ick d bdr 
Z(t) = (t—a) - (b-#) 2, EO = / (7 


@ Reference: F. D. Gakhov (1977). 


| * y(t) 
0 


31. ———_ 
ge ek 
Solution: 


0<a<soa. 


= f(x), 0<k<1, 


| 2 


21(k)cos(47k) ,, d f 
x 
l+k\]2 dx 
m[E(-S)] z 
@) Reference: P. P. Zabreyko, A. I. Koshelevy, et al. (1975). 


/ > y(t) 


———— dt = f(x), 
pope tafe 
1°. The transformation 


t?-2* F(t) dt 
I-k? 
xg?) 2- 


y(@) = 
(? - 


32. 0<k<1, A>O. 


leads to an equation of the form 3.8.30: 


P 


NP AY, 


wt) 


dr = F(z), 


Iz—7|* 
where A =a, B=), F(z) = 


2°. Solution with a = 0: 
d(3-2k)-2 


Mk-1) d 
2 


r 


f(s) ds 
Z(s)\(s—T)-* | , 


s* f(s) ds 


1-k 
(#2 —s?) 2 


a 


y(x) =-Ax 7 


i 
x (> 


Az * con( = = ) rl r(etyy 


where I(x) is the gamma function. 


i 


The transformation 


y(t) 


33. er emp 2 = FO), 0<k<i1, A>0, m> 0. 


z=a*, TrH=t™, 


leads to an equation of the form 3.8.30: 


Pp w(r) 
9 lez-Th 


dr = F(z), F(z) 
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A(k+1)— 

x dt i s 2 
1-k 

—@) 2° 0 (- 


l-m 
wr) =T m y(t) 


Tk 
sr) 2 


2 
f(s) ds | 


= mf(z'/>), 


34. 


35. 


36. 


37. 


38. 


39. 


[See te, 0<A<1. 


foe} la 7m ti 
Solution: 


TAY f* FO-FO 


(x)= > tan(™ 
Bare ere 2 jz — 4] 


—OO 


It assumed that the condition / | f(x)|Pda < oo is satisfied for some p, 1 < p< 1/X. 


@ Reference: S. G. Samko, A. A. Kilbas, and A. A. Marichev (1993). 
co 
y(t) 
_* _dt=f(x), O0<A<«1. 
x3 — [A 
-co | 


The substitution z = a leads to an equation of the form 3.1.34: 


es t 
/ ers at = flo) 0<A<1. 


Sacle? 
The transformation 
f= 6, cr =t;- ws 7? y(t) 


leads to an equation of the form 3.1.34: 


/ rary dr = FG) PO=3fe?). 


/ Sen Dave gis. Weed 
emcee eres = : <A<1. 
Loo let 9 ms 


Solution: 
sign(x — t) dt. 


un © F(@)- FO 


(x) = > con 
IT Oe 2 jz —t|! 


-—0oO 

@) Reference: S. G. Samko, A. A. Kilbas, and A. A. Marichev (1993). 

E a + bsign(x — t) 
as Ja — tA 


Solution: 


y(t) dt = f(x), 0<A<1. 


A sin(7A) - a+ bsign(x — t) 
a2 cos2 (477A) + b? sin? (47A)| de Ja —t|!+A 


y(x) = rr [f(z) — fd] dt. 


O) Reference: S. G. Samko, A. A. Kilbas, and A. A. Marichev (1993). 


co y(t) dt 

| —_—___— = f(a), a>0, b>0, k>O. 
0 (ax +bt)k 

By setting 

1 1 

wasze*, tare, ytabew(r), f(a)=e** 9). 

we obtain an integral equation with the difference kernel of the form 3.8.15: 


cle 


oo cosh” (z-T) 
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40. | 7 t*!y(t) dt = f(z). 
0 


The left-hand side of this equation is the Mellin transform of y(t) (z is treated as a complex 
variable). 

Solution: ; 

1 C+100 
y(t) = — ‘| t f(z) dz, ?=-1. 
271 C-100 

For specific f(z), one can use tables of Mellin and Laplace integral transforms to calculate 

the integral. 


@) References: H. Bateman and A. Erdélyi (vol. 2, 1954), V. A. Ditkin and A. P. Prudnikov (1965). 


3.1-6. Equation Containing the Unknown Function of a Complicated Argument 


1 
41. | y(at) dt = f(x). 
0 


Solution: 
y(x) = xf; (a) + f(a). 
The function f(x) is assumed to satisfy the condition [z f (x)] eo = 0: 


1 
42. | t*y(xt) dt = f(x). 
0 


The substitution € = xt leads to equation | &y(€) dé = «**' f(x). Differentiating with 
0 


respect to x yields the solution 


y(x) = xf, (a) + (At D f(a). 


The function f(x) is assumed to satisfy the condition lan Fa (x)] exp = O- 


1 
43. | (Ax* + Bt™)y(axt) dt = f(x). 
0 


The substitution € = xt leads to an equation of the form 1.1.50: 
[ (ante + Bem) eae = 2" Fea, 
0 


4A 1 y(axt) dt f(a) 
: —_ = f(a). 
0 vi-t 


The substitution € = xt leads to Abel’s equation 1.1.36: 


* y(§) dé 
VEE = Vx f(2). 


1 
45. | UO ON Hoi: 0<A<1. 
0 


(1-t)* 
The substitution € = «xt leads to the generalized Abel equation 1.1.46: 
“ ySydg _ on 
—— =2 (x). 
g (ea gr j 
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46. 


47. 


1 
[ Parte, 0<A<1. 
0 


(1 -t)* 
The transformation € = at, w(€) = €"y(E) leads to the generalized Abel equation 1.1.46: 
° w(§) dg 1l+p-r 
= - (x). 
Ng Cee f 
ar +t)- -t 
| ya +t) agi em f(a). 
0 


Solution: 


© f(a+t)—f@-t) dt 


y(@) = ; 


@) Reference: V. A. Ditkin and A. P. Prudnikov (1965). 


3.1-7. Singular Equations 


In this subsection, all singular integrals are understood in the sense of the Cauchy principal value. 


48. 


49. 


co y(t) dt 
/ y(t) Fe). 
as6 tax 


Solution: 
"FO ae 


yla) = § rer. 


The integral equation and its solution form a Hilbert transform pair (in the asymmetric 
form). 
@ Reference: V. A. Ditkin and A. P. Prudnikov (1965). 
b 
y(t) dt 
| —— = f(). 
a t-2z 


This equation is encountered in hydrodynamics in solving the problem on the flow of an ideal 
inviscid fluid around a thin profile (a < x < b). It is assumed that |a] + |b] < 00. 


1°. The solution bounded at the endpoints is 


. f@) dt 
ya) = 5 V (z-a)(b- 2) LSE aaa) EE 


provided that 
> f@dt | 
a V(t—a)(b-t) 


2°. The solution bounded at the ee x = a and unbounded at the endpoint x = b is 


HOS at = af 'F t-a ~ Oi 


3°. The solution unbounded at the =i is 


is Jt= te 7) 


y(e) = mand 


mJ (x — <I x) | 
where C is an arbitrary constant. The formula ie y(t) dt = C'/n holds. 


Solutions that have a singularity point x ="s inside the interval [a,b] can be found in 
Subsection 12.4-3. 


@) Reference: F. D. Gakhov (1977). 
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3.2. Equations Whose Kernels Contain Exponential 
Functions 


3.2-1. Kernels Containing Exponential Functions 


b 
1. | el? y(t) dt = f(x), -00o <a<b<oo. 


1°. Let us remove the modulus in the integrand: 


x b 
/ eX@D y(t) dt + / et) i(t) dt = f(x). (1) 
Differentiating (1) with respect to x twice yields 
x b 
2ry(x) + i e@ y(t) dt + d? | tit) dt = fii (a). (2) 


By eliminating the integral terms from (1) and (2), we obtain the solution 


y(x) = x [fin(x) — r? f(x)]. (3) 


2°. The right-hand side f(«) of the integral equation must satisfy certain relations. By setting 
x =aand x = bin (1), we obtain two corollaries 


b b 

[ euna= es [ rtynd=*f0, (4) 

On substituting the solution y(z) of (3) into (4) and then integrating by parts, we see that 
e®” f1.(b) — e* f(a) = Ale” f(a) + Ale” fF), 
oY f(b) —E™ fia) = AE" f(a) + AO F (0). 
Hence, we obtain the desired constraints for f(x): 
flat rAf(a)=0, fi) -AF@) =O. (5) 
The general form of the right-hand side satisfying conditions (5) is given by 
f(a) = F(a) + Ax+B, 

7 1 
~ bA-ad-2 
where F(x) is an arbitrary bounded, twice differentiable function. 


A [Fi(a) + Fb) +AF(a)-AF()|, B= -5 [Fi(a) + AF(a)+ Aad + A], 
b 
2. | (Aer + Betl®*) y(t) dt = f(x), -00o <a<b<co. 


Let us remove the modulus in the integrand and differentiate the resulting equation with 
respect to x twice to obtain 


b 
2(AX\ + Bu)y(x) + (Aer? + Bret) y(t) dt = f(a). (1) 
Eliminating the integral term with e“!*“| from (1) with the aid of the original integral equation, 
we find that 
b 
(Ad + Buy(a)+ AQ? = 12) [My tydt = Flq(0)— 1 FC), 2) 


For AA+ By = 0, this is an equation of the form 3.2.1, and for AA+ Bu # 0, this is an equation 
of the form 4.2.15. 

The right-hand side f(a) must satisfy certain relations, which can be obtained by setting 
x =aand x = bin the original equation (a similar procedure is used in 3.2.1). 
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b 
/ |er* — e"| y(t) dt = f(x), A> 0. 


This is a special case of equation 3.8.3 with g(x) = e*”. 
Solution: 


1 —AL 
a We [e 7 fz (@)| . 
The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° 
of equation 3.8.3). 


y(@) = 


| Je" eM y(t)dt = f(z), >0, w>0. 
0 


This is a special case of equation 3.8.4 with g(x) = e%” and \ = 11/3. 


brn 
/ bs Ar exp (Axlx - t)| y(t) dt = f(x), -0o0o <a<b<oo. 


k=1 
1°. Let us remove the modulus in the kth summand of the integrand: 
b 


b x 
Iu(e)= f exp(rule—)yindt= | expirxce-pryioat+ | expirxt—ou at. (1) 


Differentiating (1) with respect to x twice yields 
x b 
Ti, = Xz / exp[Ax(x — t)]y@ dt — Ax i exp[A;,(t — x) ]y() dt, 
a 2 xz (2) 
Tf = 2Apy(a) + XZ i exp[Ax(a — t)] y(t) dt + AX / exp[A;,.(t — x) y(t) dt, 


a x 


where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2), 
we find the relation between J/’ and I;: 


Tk =2gy(x)+ALn, = Te = Ig (2). (3) 
2°. With the aid of (1), the integral equation can be rewritten in the form 
SAH FO: (4) 
k=l 


Differentiating (4) with respect to x twice and taking into account (3), we obtain 


o1y(2)+ > Apel = fe(@), 01 = 2° Agr. (5) 
k=l k=1 
Eliminating the integral [,, from (4) and (5) yields 
n-l 
o1y(a)+ 9) ARR — Ane = free) — An f (2). (6) 
k=l 


Differentiating (6) with respect to x twice and eliminating /,,_; from the resulting equation 

with the aid of (6), we obtain a similar equation whose right-hand side is a second-order 
n-2 

linear differential operator (acting on y) with constant coefficients plus the sum > By, Jy. If 
k=l 

we successively eliminate [,,5, [,_3, ..., J; with the aid of double differentiation, then we 

finally arrive at a linear nonhomogeneous ordinary differential equation of order 2(n— 1) with 

constant coefficients. 
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3°. The right-hand side f(a) must satisfy certain conditions. To find these conditions, one 
must set x = a in the integral equation and its derivatives. (Alternatively, these conditions can 
be found by setting x = a and x = 6 in the integral equation and all its derivatives obtained by 
means of double differentiation.) 


b 
y(t) dt 
6. | jor ere — FO), 0<k<1. 


The transformation z = e*, 


Tt =e, w(t) = €* y(t) leads to an equation of the form 3.1.30: 


B 
ih a Ri, 
A 


|lz—7|* 
where A=e**, B=e, F(z)= Af (x Inz). 
oo y(t) dt 
7. ——.... = Ff (a), A>0, k>0. 
i (er® + eArt)k F(a) 
This equation can be rewritten as an equation with difference kernel in the form 3.8.16: 


ig w(t) dt ae 
0 cosh* [5 (a -1)] ee 


where w(t) = 2" exp(—4 Akt) y(t) and g(x) = exp(4Akz) f(a). 


8. [- e-*t y(t) dt = f(z). 
0 


The left-hand side of the equation is the Laplace transform of y(t) (z is treated as a complex 
variable). 


1°. Solution: 
1 ct+100 
y@=— 7 ef(a)de, P=. 
2% c-ico 
For specific functions f(z), one may use tables of inverse Laplace transforms to calculate 
the integral (e.g., see Supplement 5). 


2°. For real z = x, under some assumptions the solution of the original equation can be 
represented in the form 


ue = jim, S-(G)” £°(2): 


which is the real inversion of the Laplace transform. To calculate the solution approximately, 
one should restrict oneself to a specific value of n in this formula instead of taking the limit. 


@) References: H. Bateman and A. Erdélyi (vol. 1, 1954), I. I. Hirschman and D. V. Widder (1955), V. A. Ditkin 
and A. P. Prudnikov (1965). 


3.2-2. Kernels Containing Power-Law and Exponential Functions 


9. [We -k-t| y(t) dt = f(a). 
0 


This is a special case of equation 3.8.5 with g(x) = ke** — k. 
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10. [ le- be y(t) dt = f(a). 
0 


This is a special case of equation 3.8.6 with g(t) = ke* —k. 


b 
11. i |exp(Ax’) — exp(At?)|y(t) dt = f(a), A> 0. 


This is a special case of equation 3.8.3 with g(x) = exp(Ax7). 
Solution: 


= 1 d 1 2) ¢/ 
y(@) = Ay de z oxP Ar )f.(x)}. 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° 
of equation 3.8.3). 


1 7 ve 
12. Seal exp (-Z) y(t) dt = f(a). 


Applying the Laplace transformation to the equation, we obtain 


HP) _ 5 fi Sf ee t) dt 
ip fp), f(p) : eP f(t) dt. 


Substituting p by p* and solving for the transform 9, we find that §(p) = pf(p’). The inverse 
Laplace transform provides the solution of the original integral equation: 


C+i0o 


_ 1 
yt) = £pfp>}, ftop= 5 | e?g(p) dp. 


c-t0°0 


13. i exp[-g(x)t” ]y(t) dt = f(x). 
0 


Assume that g(0) = 00, g(co) = 0, and g/, < 0. 


The substitution z = leads to equation 3.2.12: 


4g(x) 


i e 
= | exp (-)uo dt = F(z), 


2 
where the function F'(z) is determined by the relations F’ = WE f(x) g(a) and z = 
T 


4g(x) 
by means of eliminating z. 


3.3. Equations Whose Kernels Contain Hyperbolic 
Functions 


3.3-1. Kernels Containing Hyperbolic Cosine 


b 
1. | |cosh(Ax) — cosh(At)| y(t) dt = f(x). 
This is a special case of equation 3.8.3 with g(x) = cosh(Az). 
Solution: 
1 d/ f,(@) 
2X dzx | sinh(Az) |’ 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° 
of equation 3.8.3). 


y(@) = 
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2; | |cosh(Gx) — cosh(yt)| y(t) dt = f(x), B>0, p>Oo. 
0 


This is a special case of equation 3.8.4 with g(x) = cosh(3x) and A = s/8. 


b 
3. | | cosh* x — cosh* t| y(t) dt = f(a), 0<k<1. 


This is a special case of equation 3.8.3 with g(x) = cosh* x. 
Solution: 
“ye I d f(a) 
NO dix 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° 
of equation 3.8.3). 


sinh x cosh’! 


4. | : y(t) dt= f(z), O<k<1. 
a |cosh(Ax) — cosh(At)|* ; 


This is a special case of equation 3.8.7 with g(a) = cosh(Ax) + 3, where / is an arbitrary 
number. 


3.3-2. Kernels Containing Hyperbolic Sine 


b 
5. | sinh(Alz - t|) y(t) dt = f(x), -co <a<b<oo. 


1°. Let us remove the modulus in the integrand: 
b 


7 ; sinh[\(x — t)]y(t) dt + i sinh[\(t — x) ]y(t) dt = f (2). (1) 


Differentiating (1) with respect to x twice yields 


x b 
2ry(a) + 7 ‘ sinh[A(a — t)]y(t) dt + * sinh[A(t — x) ]y(t) dt = fi", (2). (2) 


a x 


Eliminating the integral terms from (1) and (2), we obtain the solution 


as 1 2 
y(@) = sy [fen(@) — ’ f(a)). (3) 


2°. The right-hand side f(x) of the integral equation must satisfy certain relations. By setting 
x =a and x = b in (1), we obtain two corollaries 


b b 
/ sinh[\(t — a) ]y(t) dt = f(a), / sinh[\(b — t)]y(t) dt = f(b). (4) 


Substituting solution (3) into (4) and integrating by parts yields the desired conditions for f(): 
sinh[ A(b — a)] f/.(b) — A cosh[\(b — a) ] f(b) = Af (a), 


sinh[A(b — a)] f;.(a) + Acosh[\(b — a)] f (a) = -Af (0). ©) 
The general form of the right-hand side is given by 
f(a) = F(a) + Ax+ B, (6) 


where F(x) is an arbitrary bounded twice differentiable function, and the coefficients A and B 
are expressed in terms of F(a), F'(b), F(a), and F’(b) and can be determined by substituting 
formula (6) into conditions (5). 
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10. 


b 
/ {A sinh(Alzx — t|) + B sinh (pela - tl) byte) dt=f(@),  -co<a<b<oo. 


Let us remove the modulus in the integrand and differentiate the equation with respect to x 
twice to obtain 


b 
2(Ad + Bu)y(x) + / { A’ sinh(Alx - t]) + By? sinh(pJx -¢t]) ky dt = f(x), A) 


Eliminating the integral term with sinh( pla — t|) from (1) yields 


b 
2(AA + Bu)y(@) + AQ? = 2°) if sinh(Ale - t|) y(t) dt = fr(@)—w' f(a). 2) 


For AA+ By =0, this is an equation of the form 3.3.5, and for AA + Bu # 0, this is an equation 
of the form 4.3.26. 

The right-hand side f(a) must satisfy certain relations, which can be obtained by setting 
x =aand x = bin the original equation (a similar procedure is used in 3.3.5). 


b 
/ |sinh(Ax) - sinh(At)| y(t) dt = f(x). 
This is a special case of equation 3.8.3 with g(x) = sinh(Az). 


Solution: 
ld [fi 
2X dx | cosh(\2) |" 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° 
of equation 3.8.3). 


Yl) = 


| "| sinh(Be) - sinh(st)| y(t) dt = f(x), B>0, pw>o. 
0 


This is a special case of equation 3.8.4 with g(x) = sinh(Gx) and \ = 1/8. 


b 
| sinh’ (Ala - t|) y(t) dt = f(a). 


Using the formula sinh? 3 = t sinh 3G — 3 sinh 3, we arrive at an equation of the form 3.3.6: 


b 
| [zA sinh (3Alx — |) — A sinh(Ala — tl) ]y(d) dt = f(a). 


brn 
| bs Ax sinh (Axa -#)| ye dt=f(x),  -co<a<b<oo. 


k=1 
1°. Let us remove the modulus in the Ath summand of the integrand: 


b 
sinh[\;,(x—t)]y(t) dt+ / sinh[\;,(t—x)]y(t) dt. (1) 


x 


x 


b 
ia) | sinh(Agle—t) at= f 


Differentiating (1) with respect to x twice yields 


x b 
Ty, = Az / cosh[A;.(a — t)]y(t) dt — Ax : cosh[A,.(t — x) ]y(t) dt, 

a i zx ; (2) 
Tf = 2dpy(a) + XX / sinh[A;,(a — t)]y(t) dt + XZ / sinh[A;,(t — x) ]y(t) dt, 


a x 
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11. 


12. 


where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2), 
we find the relation between I7’ and I: 


T=Dyy(a)+r%¥Iy, Ty, = 1, (2). (3) 
2°. With the aid of (1), the integral equation can be rewritten in the form 
>" Ach, = f@). (4) 
k=l 
Differentiating (4) with respect to x twice and taking into account (3), we find that 
ory(a)+ >) Adele = fec(@), 01 = 2 Abre. (5) 
k=l k=l 


Eliminating the integral [,, from (4) and (5) yields 


n-l 
aya) +S) Anz An Me = fie(@) — An f(@). (6) 
k=1 


Differentiating (6) with respect to x twice and eliminating J/,,_; from the resulting equation 


with the aid of (6), we obtain a similar equation whose right-hand side is a second-order 
n-2 

linear differential operator (acting on y) with constant coefficients plus the sum >> By Iy. 
k=l 

If we successively eliminate J, 2, In3, ..., with the aid of double differentiation, then we 

finally arrive at a linear nonhomogeneous ordinary differential equation of order 2(n— 1) with 


constant coefficients. 


3°. The right-hand side f(a) must satisfy certain conditions. To find these conditions, one 
should set x = a in the integral equation and its derivatives. (Alternatively, these conditions 
can be found by setting x = a and x = b in the integral equation and all its derivatives obtained 
by means of double differentiation.) 


b 
i |sinh* x — sinh* t| y(t) dt = f(x), 0<k<1. 
0 


This is a special case of equation 3.8.3 with g(x) = sinh? «x. 


Solution: 
1d | f,(2) 


2k dz | cosha sinh*! x 


y(@) = 


The right-hand side f(a) must satisfy certain conditions. As follows from item 3° of equation 
3.8.3, the admissible general form of the right-hand side is given by 


f(a) = F(a)+Ar+B, A=-Fi(b), B=1[bFi(b)- FO)- F)], 


where F(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 


re ye) dt=f(x), O<k<1. 
a |sinh(Ax) — sinh(At)|* : 


This is a special case of equation 3.8.7 with g(x) = sinh(\x) + 3, where ( is an arbitrary 
number. 
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13. 


14. 


| |k sinh(Ax) - t| y(t) dt = f(x). 
0 


This is a special case of equation 3.8.5 with g(x) = k sinh(Az). 


| ae - ksinh(At)| y(t) dt = f(a). 
0 


This is a special case of equation 3.8.6 with g(x) = k sinh(At). 


3.3-3. Kernels Containing Hyperbolic Tangent 


15. 


16. 


17. 


18. 


19. 


20. 


b 
| |tanh(Ax) - tanh(At)| y(t) dt = f(a). 


This is a special case of equation 3.8.3 with g(x) = tanh(Az). 
Solution: 


1 d 
Ser [cosh’(Ax) f,(a)]. 
The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° of 
equation 3.8.3). 


y(@) = 


| * tanh(Ge) -tanh(t)| y(t) dt = f(x), B>0, p>Od. 
0 


This is a special case of equation 3.8.4 with g(x) = tanh(Gx) and A = pu/. 


b 
| |tanh* a — tanh” t| y(t) dt = f(x), 0<k<1. 
0 


This is a special case of equation 3.8.3 with g(x) = tanh* x. 
Solution: 


1 
y(x) = aE [cosh? x coth*"! x fi(x)]. 
The right-hand side f(a) must satisfy certain conditions. As follows from item 3° of equation 
3.8.3, the admissible general form of the right-hand side is given by 


f(x) = F(x) + Av + B, A=-Fi(b), B=4(|bF,(b)-FO)- FQ), 


where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 


| i ytd) dt=f@), O<k<1. 
q |tanh(Ax) - tanh(At)|* : 


This is a special case of equation 3.8.7 with g(x) = tanh(\x) + 3, where @ is an arbitrary 
number. 


| “Ik tanh(Ax) - t| y(t) dt = f(a). 
0 


This is a special case of equation 3.8.5 with g(x) = k tanh(Az). 


[ e-btamhan| yo at = fo. 
0 


This is a special case of equation 3.8.6 with g(x) = k tanh(At). 
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3.3-4. Kernels Containing Hyperbolic Cotangent 


b 
| |coth(Ax) — coth(At)| y(t) dt = f(x). 


This is a special case of equation 3.8.3 with g(x) = coth(Az). 
b 
| |coth* x — coth* t| y(t) dt = f(x), 0<k<1. 
0 


This is a special case of equation 3.8.3 with g(x) = coth* x. 


3.4. Equations Whose Kernels Contain Logarithmic 
Functions 


3.4-1. Kernels Containing Logarithmic Functions 


b 
1. | |In(a/t)| y(t) dt = f(x). 


This is a special case of equation 3.8.3 with g(x) = Inz. 
Solution: 


ld ; 
y(“) = ee [zfi(x)| , 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° of 
equation 3.8.3). 


b 
2 / In |x — t| y(t) dt = f(x). 
Carleman’s equation. 

1°. Solution with b-a # 4: 


| [ ene) a(b—t fiat 1 > f@dt 
7in[@—a)| a Ve-ajb-f } 


y(@) = 


t/(x — a)(b— 2) —rs L) 

2°. If b—a =4, then for the equation to be solvable, the condition 
b 

/ fat—ay'/2(b- ty? dt =0 


must be satisfied. In this case, the solution has the form 


i: V(t- oe —OHON 


UNS oes TIS 2) ats | 


where C is an arbitrary constant. 


@) Reference: F. D. Gakhov (1977). 
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b 
/ (In |x - t| + 8) y(t) dt = f(x). 


By setting 
v=e?z, t=e?r, y¥H=Y), f(«)= e?g(z), 


we arrive at an equation of the form 3.4.2: 


B 
| In|z-7|Y (7) dr = g(x), Az=ae’, B=be®. 
A 


¢ A 
/ (In ) ye) dt = f(x), -a<sau<a. 


a |x ~ t| 
This is a special case of equation 3.4.3 with b =—a. Solution with 0 <a< 2A: 


1 d f*% 
y(x) = IM @ = a w(t, a) f(t) a| w(x, a) 


Oe hs d 1 dfs 
2 fae woe [neore i a 


1 d 2 w(x, €) é 
2 dx ial M'(€) i w(t, €) ao] dé, 


where ‘ 
2AN= M(&) 
M(€) = (in =) > w(x, €) = ae can 


and the prime stands for the derivative. 


0) Reference: I. C. Gohberg and M. G. Krein (1967). 


&: at+t 
| In | y(t) dt = f(a). 
0 a-t 
Solution: : 
2d [* F@dt d | sf(s) ds 
= F t = — . 
WO)=-a a | Ge 0-4) wo 
@) Reference: P. P. Zabreyko, A. I. Kosheley, et al. (1975). 
fh A® | y(t) dt = f(a) 
n = P 
a 1+At y ge 
This is a special case of equation 3.8.3 with g(x) = In(1 + Az). 
Solution: nae 
St Ree ! 
ya) = = 4 [(1 +2) f2(@)). 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° 
of equation 3.8.3). 


b 
J (in? 21m? ¢| yt) at = F00, 0<6B<1. 


This is a special case of equation 3.8.3 with g(x) = In? x. 


> y(t) : 
Dime joe #2 0<68<1. 


This is a special case of equation 3.8.7 with g(x) = Ina + A, where A is an arbitrary number. 
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3.4-2. Kernels Containing Power-Law and Logarithmic Functions 


10. 


11. 


12. 


13. 


14. 


fe In(1 + Ax) -t| y(t) dt = f(a). 
0 


This is a special case of equation 3.8.5 with g(x) = kIn(1 + Az). 


fe -kin(1 + At)| y(t) dt = f(x). 
0 


This is a special case of equation 3.8.6 with g(x) = kIn(1 + At). 


ood xat+t 
| —In 
o ¢t 


a-t 


| y(t) dt = f(x). 


Solution: 


xd [* df(t) x 
= In| 1 
y) mw dx i dt 


@) Reference: P. P. Zabreyko, A. I. Kosheley, et al. (1975). 


° Inz-Int 
i) ———— y(t) dt = f(x). 
0 at 


The left-hand side of this equation is the iterated Stieltjes transform. 
Under some assumptions, the solution of the integral equation can be represented in the 
form 


1 4n d 
ylr) = Hz lim (£) "Da? D*x?"D" fe), D= 


n—-0o dx 
To calculate the solution approximately, one should restrict oneself to a specific value of n in 
this formula instead of taking the limit. 


@) Reference: I. I. Hirschman and D. V. Widder (1955). 


b 
| In |x? — t9| y(t) dt = f(a), B>0. 


The transformation 
z=a?, r=t?, wr)= t' Py(t) 


leads to Carleman’s equation 3.4.2: 
B 
i In|z —Tlw(7) dr = F(z), Az=a’, B=d%, 
A 
where F(z) = Bf (z'/8). 


1 
| In |x? - t#| y(t) dt = f(a), B>0, u>Oo. 
0 


The transformation 
Pah TSE GST YO. 


leads to an equation of the form 3.4.2: 


1 
i In|z —Tlw(r) dr = F(z), F(z) = pf (2/9). 
0 
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3.4-3. An Equation Containing the Unknown Function of a Complicated Argument 


1 
15. i (Alnt + B)y(at) dt = f(a). 
0 


The substitution € = xt leads to an equation of the form 1.9.3 with g(x) =—Alnz: 


[ (Aing- Aina + Byyedg = fe) 
0 


3.5. Equations Whose Kernels Contain Trigonometric 
Functions 


3.5-1. Kernels Containing Cosine 


1. ie cos(at)y(t) dt = f(a). 


0 


T JO 
Up to constant factors, the function f(a) and the solution y(t) are the Fourier cosine 


transform pair. 


Solution: y(x) = 2 are cos(axt) f(t) dt. 


@) References: H. Bateman and A. Erdélyi (vol. 1, 1954), V. A. Ditkin and A. P. Prudnikov (1965). 


b 
2. / |cos(Ax) — cos(At)| y(t) dt = f(a). 
This is a special case of equation 3.8.3 with g(x) = cos(Az). 


Solution: 
@y--t 4 | £@) 
YTD da | sina) | 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° of 
equation 3.8.3). 


3. j |cos(3x) — cos(ut)| y(t)dt = f(z), B>0, p>. 
0 


This is a special case of equation 3.8.4 with g(x) = cos(Gx) and A = pu/2. 


b 
4. ih |cos* x — cos* t| y(t) dt = f(x), 0<k<1. 


This is a special case of equation 3.8.3 with g(x) = cos* x. 


Solution: 
1 d Fi) 
2k dx | sinx cosk-! x | 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° of 
equation 3.8.3). 


z i y(t) 
a |cos(Ax) — cos(At)|* 
This is a special case of equation 3.8.7 with g(x) = cos(Ax) + 3, where 3 is an arbitrary 
number. 


y(@) = 


dt=f(a), O<k<1. 
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3.5-2. Kernels Containing Sine 


i} ~ sin(xt)y(t) dt = f(x). 


0 


Solution: y(x) = = i ~ sin(xt) f(t) dt. 
0 


Up to constant factors, the function f(x) and the solution y(¢) are the Fourier sine transform 
pair. 


O) References: H. Bateman and A. Erdélyi (vol. 1, 1954), V. A. Ditkin and A. P. Prudnikov (1965). 


b 
| sin(Alx - tl) y(t) dt = f(a), -0o0o <a<b<oo. 


1°. Let us remove the modulus in the integrand: 


b 


‘A sin[A(ax — t)]y(@) dt + / sin[A(t — x) ]y(t) dt = f(a). (1) 


Differentiating (1) with respect to x twice yields 
b 


2ry(x) — 7 4, , sin[A(x — t)]y(t) dt — »* / sin[\(t — x) ]y(t) dt = f’" (a). (2) 


Eliminating the integral terms from (1) and (2), we obtain the solution 


1 


y(x) = = [fen(a) +? f(x). (3) 


2°. The right-hand side f(«) of the integral equation must satisfy certain relations. By setting 
x =aand x = b in (1), we obtain two corollaries 


b b 
| sin[A(t— a)]y(t) dt = f(a), / sin[\(b —t)]y(t) dt = f(b). (4) 


Substituting solution (3) into (4) followed by integrating by parts yields the desired conditions 
for f(x): 
sin[A(b — a)] f(b) — A cos[A(b — a)] f(b) = Af(@), 


5 
sin[\(b— a)] f;.(a) + A cos[A(b - a)] f(a) = -A f (0). ©) 
The general form of the right-hand side of the integral equation is given by 
f(a) = F(a) + Ax+ B, (6) 


where F(x) is an arbitrary bounded twice differentiable function, and the coefficients A and B 
are expressed in terms of F(a), F'(b), F(a), and F’(b) and can be determined by substituting 
formula (6) into conditions (5). 
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b 
8. / {Asin(Alx - t|) + B sin(pulx - t|) y(t) dt = f(x), -oo <a<b<oo. 


Let us remove the modulus in the integrand and differentiate the equation with respect to x 
twice to obtain 


b 
2(Ad + Bu)y(x) - i} {A sin(Alx -t]) + By? sin(ya -t|) by) dt = fw). (A) 


Eliminating the integral term with sin( La tl) from (1) with the aid of the original equation, 
we find that 


b 
2(AX + Bu)y(x) + AQ? = 7) i: sin (Ala — tl) y(t) dt = f(x) + uw f(@). (2) 
For AA+ Bu =0, this is an equation of the form 3.5.7 and for AA + Bu #0, this is an equation 
of the form 4.5.29. 


The right-hand side f(x) must satisfy certain relations, which can be obtained by setting 
x =a and x = b in the original equation (a similar procedure is used in 3.5.7). 


b 
9. / |sin(Ax) — sin(At)| y(t) dt = f(x). 
This is a special case of equation 3.8.3 with g(x) = sin(Az). 
ld 


Solution: 
2 f(a) 
y(2) = > =— . 


2X dx | cos(Ax) 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° of 
equation 3.8.3). 


10. | "| sin(Bx) - sin(ut)| y(t) dt = f(x), B>0, p>Od. 
0 


This is a special case of equation 3.8.4 with g(x) = sin(Gx) and A = 1/3. 


b 
11. | sin’ (A|x - t|) y(t) dt = f(a). 


Using the formula sin? 6 = -} sin 3G + 3 sin 3, we arrive at an equation of the form 3.5.8: 


b 
/ [-4A sin(3Ala -t|) + 4A sin(Ala - tl) ]y@) dt = f(a). 


b n 
12. | bs Ak sin (Ag|ax -t) y(t) dt = f(x), -co <a<b<co. 


k=1 
1°. Let us remove the modulus in the kth summand of the integrand: 


b 


b x 
iiG@y= i sin(Ag|a — tl) y(t) dt = i: sin[A, (x — t)]y(t) dt + / sin[A,(t — «)]y(t) dt. (1) 


Differentiating (1) with respect to x yields 


x b 
Ti, = Xx / cos[A;,(a — t)]y() dt — Ax / cos[A;,(t — x) ]y() dt, 

a : x ‘ (2) 
I! = 2dpy(a) - 2 ‘ sin[A, (2 —t)]y(t) dt — 7 / sin[A;,(t — x) ]y(t) dt, 


a x 
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13. 


14. 


15. 


16. 


where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2), 
we find the relation between I7’ and I: 


Ty = 2rny@)-Ales, Te = Ty). (3) 


2°. With the aid of (1), the integral equation can be rewritten in the form 


A= 7): (4) 
k=l 
Differentiating (4) with respect to x twice and taking into account (3), we find that 
ory(@)—S~ Ape = fi(@), 01 = 2° Arr. (5) 
k=1 k=l 
Eliminating the integral [,, from (4) and (5) yields 
n-l 
aya) + SARA, Ape = fle(@) +, f(@). (6) 
k=l 


Differentiating (6) with respect to x twice and eliminating /,,_; from the resulting equation 
with the aid of (6), we obtain a similar equation whose left-hand side is a second-order 


n-2 
linear differential operator (acting on y) with constant coefficients plus the sum >> By Ix. 
k=l 
If we successively eliminate J,,2, In3, ..., with the aid of double differentiation, then we 


finally arrive at a linear nonhomogeneous ordinary differential equation of order 2(n— 1) with 
constant coefficients. 


3°. The right-hand side f(a) must satisfy certain conditions. To find these conditions, one 
should set x = a in the integral equation and its derivatives. (Alternatively, these conditions 
can be found by setting x = a and x = b in the integral equation and all its derivatives obtained 
by means of double differentiation.) 


b 
| |sin* x — sin* t| y(t) dt = f(x), 0<k<1. 
0 
This is a special case of equation 3.8.3 with g(a) = sin” x. 


Solution: 
a f(a) 


y(@) = 2k dx | cosx sink! x 


The right-hand side f(a) must satisfy certain conditions. As follows from item 3° of equation 
3.8.3, the admissible general form of the right-hand side is given by 


f(x) = F(x) + Av+ B, A=-Fi(b), B= 4 [bDFY.(b) F(0) F(b)| ; 
where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 


/ : ytd) dt=f(@), O<k<1. 
a |Sin(Ax) - sin(At)|* ; 


This is a special case of equation 3.8.7 with g(x) = sin(Ax)+/3, where ( is an arbitrary number. 


J lissinare ~ | ve at = Fee 
0 


This is a special case of equation 3.8.5 with g(x) = k sin(Az). 


[ (e-ksinarn| yo at = fee 
0 


This is a special case of equation 3.8.6 with g(x) = k sin(At). 
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3.5-3. Kernels Containing Tangent 


17. 


18. 


19. 


20. 


21. 


22. 


b 
: |tan(A) - tan(At)| y(t) dt = f(a). 


This is a special case of equation 3.8.3 with g(x) = tan(Az). 
Solution: 


_ il d 2 : 
y(x) = Dh ae cos AG) : 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° of 
equation 3.8.3). 


i} " tan) - tan(pt)| y(t) dt = f(x), B>0, p>Od. 
0 


This is a special case of equation 3.8.4 with g(x) = tan(Gx) and A = s/f. 


b 
| |tan* x —tan* t| y(t)dt = f(a), O<k<1. 
0 


This is a special case of equation 3.8.3 with g(x) = tan* x. 


Solution: F 
1 2 k-1 / 
Ok dx cos” x cot xu f(x) i 


The right-hand side f(a) must satisfy certain conditions. As follows from item 3° of equation 
3.8.3, the admissible general form of the right-hand side is given by 
f(x) = F(x) + Ax + B, A=-Fi(b), B= 4 [bFY.(b) F(O) F(b)| ; 


where F(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 


y(@) = 


/ : ytd) dt= f(a), O<k<1. 
q |tan(Ax) — tan(At)|* : 


This is a special case of equation 3.8.7 with g(x) = tan(Ax)+ 3, where ( is an arbitrary number. 


| “Ik tan(Ax) - t| y(t) dt = f(x). 
0 


This is a special case of equation 3.8.5 with g(x) = k tan(Az). 


| |x — k tan(At)| y(t) dt = f(a). 
0 


This is a special case of equation 3.8.6 with g(x) = k tan(At). 


3.5-4. Kernels Containing Cotangent 


23. 


24. 


b 

i) |cot(Ax) - cot(At)| y(t) dt = f(a). 

This is a special case of equation 3.8.3 with g(x) = cot(Az). 
b 

/ |cot* x — cot* t| y(t) dt = f(x), 0<k<1. 


This is a special case of equation 3.8.3 with g(x) = cot* x. 
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3.5-5. Kernels Containing a Combination of Trigonometric Functions 


25; | [cos(at) + sin(xt)] y(t) dt = f(a). 


joe} 


Solution: 


y(a) = ae i [cos(at) + sin(t)] f@ dt. 
27 Joo 


Up to constant factors, the function f(x) and the solution y(t) are the Hartley transform pair. 


@) Reference: D. Zwillinger (1989). 


26. | a [sin(at) — xt cos(xt)| y(t) dt = f(a). 
0 


This equation can be reduced to a special case of equation 3.7.1 with v = 3. 
Solution: 


He 2 ‘ sin(xt) td f(b dt. 
wT Jo xt 


3.5-6. Equations Containing the Unknown Function of a Complicated Argument 


aw /2 
27. i y(€) dt = f(x), €=asint. 
0 


Schlémilch equation. 
Solution: 


2 n/2 
y(x) = os 10) + ef fe(€) a| : €=axsint. 


@ References: E. T. Whittaker and G. N. Watson (1958), F. D. Gakhov (1977). 


aw /2 
ws. [ y@dt= fo, = esin't. 
0 
Generalized Schlémilch equation. 


This is a special case of equation 3.5.29 for n = 0 and m = 0. 
Solution: 


k-l qd 1 Me 
y(x) = ve lat f sine fsa, €=asin* t. 
dx 0 


nw /2 
29. | sin’ t y(€) dt = f(x), £=asin* t. 
0 


This is a special case of equation 3.5.29 for m = 0. 
Solution: 


Ik kM d Atl 
won Bet] 
WT dx 


gk oe f sin" ¢ f(a, €=asin* t. 
0 
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aw /2 
30. | sin’ t cos™ t y(€) dt = f(x), €= asin’ t. 
0 
1°. Let \>-1, m >-1, and k > 0. The transformation 
2 a3 A-l | k 
zZ=ak, ¢ = zsin be w(Q= C72 y(¢2) 
leads to an equation of the form 1.1.43: 


A+m 


a m-l k 
[eo F word Po, F@)= 227 7(2?). 


2°. Solution with -1<m< 1: 


2k i kde Gg | Day RL 
y(x) = — sin{ SE) gk —-|a@ k | sin®*! ¢ tan™ t f() dt], 
T 2 dx 0 


where € = x sin* t. 


3.5-7. A Singular Equation 


21 t-2 
31. | cot(———) y(t) dt= f(x), O<a@<2rn. 
: 2 


Here the integral is understood in the sense of the Cauchy principal value and the right-hand 


2a 
side is assumed to satisfy the condition I f@dt=0. 


Solution: 
Qn 


y(x) == cot(“S*) f(dt+C, 


4r? 0 
where C is an arbitrary constant. 


Qn 
It follows from the solution that if y(t) dt = 2nC. 
0 


The equation and its solution form a Hilbert transform pair (in the asymmetric form). 


@ Reference: F. D. Gakhov (1977). 


3.6. Equations Whose Kernels Contain Combinations of 
Elementary Functions 


3.6-1. Kernels Containing Hyperbolic and Logarithmic Functions 


b 
1. / In|cosh(Ax) - cosh(At)| y(t) dt = f(x). 


This is a special case of equation 1.8.9 with g(x) = cosh(Az). 


b 
2. / In|sinh(Ax) - sinh(At)| y(t) dt = f(x). 


This is a special case of equation 1.8.9 with g(x) = sinh(Az). 
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: [iwl sinh(4.A) Jumae= sey ene 
. ‘a | 2sinh(—t)) |” = DL)» QGs7s a. 


Solution with 0 <a< A: 
L)= i : 1 iP t,a t) dt w,a 


ae ie d 1 dfs 
3 fm ag ee [ower ana 


ld f* w(e, : 
sad sae 09) arco} as, 


where the prime stands for the derivative with respect to the argument and 


_ sinh( 4A) 5 7 cosh( $2) M(£) 
meets in( sinh(>€) )| : wast) = m/2coshé —2coshx 


@) Reference: I. C. Gohberg and M. G. Krein (1967). 


b 
4. | In|tanh(Ax) - tanh(At)| y(t) dt = f(a). 


This is a special case of equation 1.8.9 with g(x) = tanh(Az). 


5. a In{coth(4|x - t|)] y(t) dt = f(a), -a<a<a. 


a 


Solution: 


1 af" 
y(x) = Iw FE if w(t, a) f(t) a| w(x, a) 


Lf* d 1 ad fé 
2 ae we, ae ame dé [. wit ore dé 


1 d g w(x, €) é 
2 dx Ji, M'(&) i w(t, €) df ) df, 


where the prime stands for the derivative with respect to the argument and 


P_1/2(cosh €) GS 1 
Q_1/2(cosh €) , ee m™Q_1/2(cosh €)/2 cosh € — 2 cosh x : 


M(§)= 


and P_;/2(cosh €) and @_;/2(cosh €) are the Legendre functions of the first and second kind, 
respectively. 


@ Reference: I. C. Gohberg and M. G. Krein (1967). 


3.6-2. Kernels Containing Logarithmic and Trigonometric Functions 


b 
6. / In|cos(Ax) — cos(At)| y(t) dt = f(a). 


This is a special case of equation 1.8.9 with g(x) = cos(Az). 
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b 
1 / In|sin(Ax) - sin(At)| y(t) dt = f(x). 


This is a special case of equation 1.8.9 with g(x) = sin(Az). 


: [| sina) Jude fe aie 
-a 2sin(1|a—t)) |” = JIL), -asxrsa. 


Solution with 0 <a < A: 


1 d f* 
y(x) = IM @ = 3 w(t, a) f(t) a| w(x, a) 


a be d 1 ad fé 
= of we, ae ne dé [. wit ounce dé 


1 d ed w(x, €) E 
2 dx Jy, M'(&) if w(t, €) df ) df, 


where the prime stands for the derivative with respect to the argument and 


_f, (sin) )]> __cos(4€) ME) 
we [Fa | i aR ier mG 


@ Reference: I. C. Gohberg and M. G. Krein (1967). 


3.7. Equations Whose Kernels Contain Special 
Functions 


3.7-1. Kernels Containing Bessel Functions 


1. | ~ tJ_(at)y(t) dt = f(x), vy >-t. 
0 


Here J, is the Bessel function of the first kind. 
Solution: 


ye) = i bIulct) f(b) dt. 
0 
The function f(x) and the solution y(¢) are the Hankel transform pair. 


@) Reference: V. A. Ditkin and A. P. Prudnikov (1965). 


b 
2. , | JL(Ax) - JL(At)| y(t) dt = f(a). 


This is a special case of equation 3.8.3 with g(x) = J,(Ax), where J, is the Bessel function 
of the first kind. 


b 
3. / |YL(Ax) - ¥L(At)| y(t) dt = f(x). 


This is a special case of equation 3.8.3 with g(x) = Y,(Az), where Y,, is the Bessel function 
of the second kind. 
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3.7-2. Kernels Containing Modified Bessel Functions 


b 
4. | |IL(Ax) - LL(At)| y(t) dt = f(a). 


This is a special case of equation 3.8.3 with g(x) = I,(Az), where I, is the modified Bessel 
function of the first kind. 


b 
Be 7 | KL(Ax) - KL(At)| y(t) dt = f(x). 


This is a special case of equation 3.8.3 with g(a) = K,(Ax), where K,, is the modified Bessel 
function of the second kind (the Macdonald function). 


6. | os Vzt K,(zt)y(t) dt = f(z). 
0 


Here K,, is the modified Bessel function of the second kind. 

Up to a constant factor, the left-hand side of this equation is the Meijer transform of y(t) 
(z is treated as a complex variable). 

Solution: 


y(t) = a / a Vat I, (zt) f(z) dz. 


Tt HOS 


For specific f(z), one may use tables of Meijer integral transforms to calculate the integral. 


@) Reference: V. A. Ditkin and A. P. Prudnikov (1965). 


7. / Ko (la - tl) y(t) dt = f(x). 


Here Ko is the modified Bessel function of the second kind. 


Solution: 
1 & ae 
Yo) =-—5 (=- 1) / Ko(je-t) f® dt. 


@) Reference: D. Naylor (1986). 


3.7-3. Other Kernels 


: i 2/at yt) dt oe 
0 


xat+t att 
dt 


JO — 2242) 


1 
Here K(z) = 7 is the complete elliptic integral of the first kind. 
0 


Solution: 
(2) 4d f* tF(jdt FW) d f[' sf(s)ds 
Xr) = : = — — 
x" mw dt J, JP—2? dt Jo Vt? —s? 


@) Reference: P. P. Zabreyko, A. I. Koshelevy, et al. (1975). 
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ss > Bl. |» 4a7t? y(t)dt _ 
9, | F(5. 2 » BM ao) oae = f(x). 


HereO<asw,0<8<p< (+1, and F(a, b,c; z) is the hypergeometric function. 


Solution: 
gen af  toGyde 
y(x) = 2 2 we) 
Td+68-yp) dx J, (2-22) 
(t) = 21 (8) sin[(G — p)7] 1128 d i, sl Fs) ds 

me aT (jt) dt Jy (P—s2-8" 

If a = oo and f(z) is a differentiable function, then the solution can be represented in the 
form 
d [f° (@b* AO 6 1-6 4a? t? 
y@)= AT @apue (Po git? 5 3"): Grape dt, 


P(6) Pp — 8) sin[(G - pr] 
mT (w) PO + p) , 


@) Reference: P. P. Zabreyko, A. I. Kosheley, et al. (1975). 


where A= 


3.8. Equations Whose Kernels Contain Arbitrary 
Functions 


3.8-1. Equations With Degenerate Kernel 


b 
1. / [gi(a)hi(t) + gr(x)ha(t)| yt) dt = f(a). 
This integral equation has solutions only if its right-hand side is representable in the form 
f(x) = Aygi (a) + Argo(x), A; =const, Az = const. (1) 
In this case, any function y = y(x) satisfying the normalization type conditions 
b b 
jf moued=A, fray at= A; Q) 


is a solution of the integral equation. Otherwise, the equation has no solutions. 


brn 
2 | bs meyratt)| yb dt = fla). 


k=0 
This integral equation has solutions only if its right-hand side is representable in the form 


fw) = S5 Arge(a), (1) 


k=0 


where the A;, are some constants. In this case, any function y = y(x) satisfying the normal- 
ization type conditions 


b 
/ hy(t)y(t)dt=A,  (k=1,...,n) (2) 


is a solution of the integral equation. Otherwise, the equation has no solutions. 
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3.8-2. Equations Containing Modulus 


b 
| Ig) - g(t)| y(t) dt = f(a). 


Leta<«<banda<t< b; it is assumed in items 1° and 2° that 0 < g/.(2) < co. 
1°. Let us remove the modulus in the integrand: 


b 


i) (g(x) — gt)] yd) dt + / [9t) - g(x) ] y) dt = f(a). (1) 


Differentiating (1) with respect to x yields 


x b 
G(X) / y(t) dt — 9/,(x) / y(t) dt = fi (2). (2) 
Divide both sides of (2) by g/,(a) and differentiate the resulting equation to obtain the solution 


w= ts [f0] 
ovo g(a) | 


(3) 


2°. Let us demonstrate that the right-hand side f(a) of the integral equation must satisfy 
certain relations. By setting x = a and x = 8, in (1), we obtain two corollaries 


if [9t) - g(a)] y@) dt = f(a), | [9(b) — g@)] y(t) dt = f(b). (4) 

Substitute y(2) of (3) into (4). Integrating by parts yields the desired constraints for f(z): 
[9b) - g(a)| ; - = f(a) + £0), 
(ota) —9)] 2 = fas Fo. . 


Gi, (@) 


Let us point out a useful property of these constraints: f/.(b)g/,(a) + f}.(a)gi.(b) = 0. 
Conditions (5) make it possible to find the admissible general form of the right-hand side 
of the integral equation: 
f(a) = F(a) + Axc+ B, (6) 


where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive), and the coefficients A and B are given by 


g(a) F4(b) + g!,(b) F(a) 


A = 
gi,(a) + gi,(d) 
(6) — g(a) / 
B=-4A(a+b)-4[F(a)+ FO] - on [A+ Fi). 


3°. If g(a) is representable in the form g(x) = O(a — a)* with 0 < k < 1 in the vicinity of 
the point x = a (in particular, the derivative g’, is unbounded as x — a), then the solution of 
the integral equation is given by formula (3) as well. In this case, the right-hand side of the 
integral equation must satisfy the conditions 


f@+fb)=0, — f,(b) =0. (7) 
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As before, the right-hand side of the integral equation is given by (6), with 
A=-F'(b), B= {(a+d)F,()-F(a)- FO). 
4°. For g’.(a) = 0, the right-hand side of the integral equation must satisfy the conditions 
fa=0, — [g@)-g(a)] f,0) = [f@ + FO] 9-0). 
As before, the right-hand side of the integral equation is given by (6), with 


g(b) — g(a) 
29/,(0) 


A=-Fi(a),  B=4|(a+0)Fi(a)- F(a) - F(b)] + [F/(b) - Fi(a)]. 


7 loa) g(At)| y(t) dt = f(a), —->0. 


Assume that0< 2 <a,0<t<aand0<gi,(x) < oo. 
1°. Let us remove the modulus in the integrand: 
a/X a 
‘i [ g(a) — gAt)] yO) dt + i [gt) - 9(x)| y® dt = f(a). (1) 
0 x 


Jr 


Differentiating (1) with respect to x yields 


xz/X a 
9,2) ‘i; y(t) dt — 9/(a) +) | MOdt= Le) (2) 


Let us divide both sides of (2) by g/,(x) and differentiate the resulting equation to obtain 
y(x/) = 5A fi (a)/g/,(2)] a Substituting 2 by \zx yields the solution 


A dl f® 7 
yon = 34 | EO), z=Xu. (3) 


2°. Let us demonstrate that the right-hand side f(a) of the integral equation must satisfy 
certain relations. By setting x = 0 in (1) and (2), we obtain two corollaries 


| [gAt) - (0), y) dt = FO), ——_gi,(0) i y(t) dt = —f/,(0). (4) 

0 0 

Substitute y() of (3) into (4). Integrating by parts yields the desired constraints for f(a): 
f,O)g,(Aa) + f2,(Aa)g,(0) = 0, 


fra) _ (5) 
[9ra)- 90] ray FO + Oa). 


Conditions (5) make it possible to find the admissible general form of the right-hand side 
of the integral equation: 


f(x) = F(a) + Ax+ B, (6) 


where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive), and the coefficients A and B are given by 


Jo(O) Fr (Aa) + gpAa)F (0) 


A — 
Jr(O) + Gip(Aa) 
(Aa) — 90) / 
B=-1Aad-4[F()+ FQa)] - rT ae [A+ F/(0)]. 


© 1998 by CRC Press LLC 


3°. If g(x) is representable in the form g(x) = O(z)* with 0 < k < 1 in the vicinity of the 
point x = 0 (in particular, the derivative g', is unbounded as x — 0), then the solution of 
the integral equation is given by formula (3) as well. In this case, the right-hand side of the 
integral equation must satisfy the conditions 


f(O) + f(Aa) = 0, fi.(\a) = 0. (7) 
As before, the right-hand side of the integral equation is given by (6), with 


A=-Fi(Qa), = B= $[a\F(a)- FO) - FQa)). 


| l(a) -t| y(t) dt = f(a). 
0 
Assume that0< a2 <a,0<t<a; g(0)=0, and0 < g/.(a) < oo. 
1°. Let us remove the modulus in the integrand: 
g(x) a 
| (g(a) - t] y(t) ats | [t-g()] y(t) dt = f(a). () 
0 g(x) 
Differentiating (1) with respect to x yields 
g(a) a 
ga) [ yoat—diw) [| yodt= few Q) 
0 g(x) 


Let us divide both sides of (2) by g/,(x) and differentiate the resulting equation to obtain 
29).(x)y(g(a)) = [fi(x)/9,(a)] - Hence, we find the solution: 


1 ad/lff 
y(x) = | L@) 


_ _-l 
2gi (2) dz ES). een a 


where g"! is the inverse of g. 


2°. Let us demonstrate that the right-hand side f(a) of the integral equation must satisfy 
certain relations. By setting x = 0 in (1) and (2), we obtain two corollaries 


| ty(t) dt = f(0), g;,(0) i y(t) dt =—f/,(0). (4) 
0 0 
Substitute y(x) of (3) into (4). Integrating by parts yields the desired constraints for f(a): 


f,(O) gia) + f.(@a)g0) =0, ta =9'(W); 
F(a) (5) 


Ja) = f(0) + f(xa). 
Gi (La) 


Conditions (5) make it possible to find the admissible general form of the right-hand side 
of the integral equation in question: 


f(a) = F(a) + Ax+ B, (6) 
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where F’(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive), and the coefficients A and B are given by 


G(O)F) (La) + 9! (a) FY,(0) 
gi-(0) + gf.(@a) 
B=-}Ax,-}[F(0) + F(a.) - 


A= 


2 eS tay, 


ga) 
29,(0) 
3°. If g(x) is representable in the vicinity of the point x = 0 in the form g(x) = O(x)* with 
0<k <1 (ie., the derivative g’, is unbounded as x — 0), then the solution of the integral 


equation is given by formula (3) as well. In this case, the right-hand side of the integral 
equation must satisfy the conditions 


£0) + f(®a) = 9, fi(@a) = 0. (7) 


[A +F' (0)] ‘ 


As before, the right-hand side of the integral equation is given by (6), with 


A=-F,(tq), B= 4[taF;(ta)-FO)- F(a]. 


if |x - g(t)| y(t) dt = f(a). 
0 
Assume that0< 7 <a,0<t<a; g(0) =0, and0< g/.(2) < co. 
1°. Let us remove the modulus in the integrand: 
g'(#) a 
| [x — g(t)] y(t) dt + | | [g(t) — x] y(t) dt = f(a), (1) 
0 g'(@) 
where g"! is the inverse of g. Differentiating (1) with respect to x yields 
g'() a 
ip y(t) dt — / y(t) dt = fi,(x). (2) 
0 g'(@) 


Differentiating the resulting equation yields 2y(g7!(x)) = g/,(x) f1”,(). Hence, we obtain the 
solution 
y(a) = 59, (Of e(2), z= g(x). (3) 


2°. Let us demonstrate that the right-hand side f(a) of the integral equation must satisfy 
certain relations. By setting x = 0 in (1) and (2), we obtain two corollaries 


i. g(thy(t) dt = f(0), | y(t) dt = —f;,(0). (4) 
0 0 
Substitute y() of (3) into (4). Integrating by parts yields the desired constraints for f(a): 


Laf,(ta) = f(O) + fea), f,0) + f,(ta) = 0, Tq = g(a). (5) 


Conditions (5) make it possible to find the admissible general form of the right-hand side 
of the integral equation: 


f(®) = F(a) + Axv+B, 
A=-4[Fi(0)+ Fi(za)|, B=}[zaF)-F(2a)-FO)|, ta = 9(a), 


where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 
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° y(t) 
7. 8" __wof@), O<k<1, 
[ peor 2 catia: 


Let g/, # 0. The transformation 


z=g(u), T=9), w(T)= a Pe) 


leads to an equation of the form 3.1.30: 


B 
if OD dr = F(z), A=qg(a), Bz=4g(b), 


a lze-7lhF 


where F' = F(z) is the function which is obtained from z = g(x) and F'= f(x) by eliminating x. 


8. [eye tte te O0<k<1. 
0 lg(a) - h(t)’ 


Let g(0) = 0, gC) = 1, gf, > 0; h(O) = 0, hC1) = I, and h;, > 0. 
The transformation 


1 
z=g(@), T=h@), wr)= not? 


leads to an equation of the form 3.1.29: 


a a dr = F(z), 


where F' = F(z) is the function which is obtained from z = g(x) and F' = f(x) by eliminating z. 


b 
9. | y(t) In |g(x) - g(t)| dt = f(x). 


Let g’, # 0. The transformation 


= g(x), 7 =9(t), t 
z=9(@), T=g90), wT)= ao! 


leads to Carleman’s equation 3.4.2: 
B 
fo me-nwindr=F@, — A=ga, B= 90) 
A 


where F' = F(z) is the function which is obtained from z = g(x) and F' = f(x) by eliminating z. 


1 
10. | y(t) In|g(a) — h(t)| dt = f(a). 
0 


Let g(0) = 0, gC) = 1, gf. > 0; h(O) = 0, hC1) = I, and h;, > 0. 
The transformation 


z=g(@), T=h@), wr)= 7 Ty® 


1 
hi(t) 


leads to an equation of the form 3.4.2: 


1 
| In|z—T|w(7) dr = F(z), 
0 


where F' = F(z) is the function which is obtained from z = g(x) and F' = f(x) by eliminating x. 
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3.8-3. Equations With Difference Kernel: K(a,t) = K(x -t) 


11. | K(a —-t)y(t) dt = Ax”, n=0,1,2,... 


1°. Solution with n = 0: 
A Co 
y(a) = BR B= i K(a) dz. 


2°. Solution with n = 1: 


AC 


+ ar Bef K(x) da, c= fe aK (x). 


y(x) = oe 


3°. Solution with n = 2: 


7 qd” Aer 7 ee) et 
y(2) = {a S| oe BA) = a K(aje dx. 


12: / K(a - t)y(t) dt = Ae**. 


Solution: 


A CO 
y(“) = ae B= / K(a)je dx. 


13. / K(a-t)y(t) dt = Ax"e**, n=1,2,... 
1°. Solution with n = 1: 


y(x) = Ae + ae, 


B= | K(a)e* da, c= | aK (ae da. 
2°. Solution with n = 2: 


d” A Ax 
y(x) = Fi 


_ “°° —A\XL 
dy” Bon | Boye | ee eg 


14. / K(a — t)y(t) dt = Acos(Ax) + B sin(Az). 
Solution: 


Ale+Bh oy), Ble~ Als 
————_ COs = 
+P ie Taye 


I, = is K(z)cos(Az) dz, I, = i K(z) sin(\z) dz. 


y(“) = sin(Ax), 
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15. / K(a —t)y(t) dt = f(a). 
The Fourier transform is used to solve this equation. 


1°. Solution: 


ee ae ee 
WS 9, [. toe 


fu) = om ie fie dz, K(u) = mn Ve K(x) ae: 


The following statement is valid. Let f(a) € D2(—o0, co) and K(x) € L)(—oo, 00). Then 
for a solution y(x) € L2(—00, oo) of the integral equation to exist, it is necessary and sufficient 
that f(u)/K(u) € L2(-00, 00). 


2°. Let the function P(s) defined by the formula 


1 tas if —st 


be a polynomial of degree n with real roots of the form 
P(s) = (1-=)-=) ..(I-+). 
ay a2 an 

Then the solution of the integral equation is given by 

d 

yx) = P(D)f(@), D= ae? 

Ay 

@) References: I. I. Hirschman and D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965). 


16. ie K(a -t)y(t) dt = f(a). 
0 


The Wiener—Hopf equation of the first kind. This equation is discussed in Subsection 10.5-1 
in detail. 


3.8-4. Other Equations of the Form i K(a, t)y(t) dt = F(x) 


17. / K (aa - t)y(t) dt = Ae**. 


Solution: mm 
y(x) = * exp(~2) ; B= i K(z) exp(-~2) dz. 


18. e K(az — t)y(t) dt = f(x). 


The substitution z = az leads to an equation of the form 3.8.15: 


/ K(z-t)y(b dt = f(z/a). 
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19. / K(aax + t)y(t) dt = Ae**. 


Solution: 


y(2) = 7 exp(-2), B= 7 K() exp(-*2) dz. 


20. a K(az + thy(t) dt = f(x). 


The transformation tT = -t, z = ax, y(t) = Y (7) leads to an equation of the form 3.8.15: 


i K(z-7)Y (7) dt = f(z/a). 


21. / [e?' K (aa + t) + e* M(ax — t)]y(t) dt = Ae*”. 


Solution: 


I,(qe?® — Im (pe ae - ok 
Ty (p) Iq) — Imp) Im (q)’ ix a > q= ry L, 


y(“) =A 


where "4 7 
Th = | K(2yeO* dz, In(q) = / Mae"? dz. 


22. | g(at)y(t) dt = f(x). 
By setting 
cae, t=e", yd)=e'w(r), g)=Ging), f(€)=Finé), 


we arrive at an integral equation with difference kernel of the form 3.8.15: 


i G(z-—7)w(7) dr = F(z). 


23. | ~ o(—)y(tyat = fix). 
0 t 
By setting 
cae, t=e, yd)=eu(7), gG)=Ging, f= Find), 


we arrive at an integral equation with difference kernel of the form 3.8.15: 


ye G(z-—7)w(7) dr = F(z). 


24. | 7 g(x%t*) y(t) dt = f(x), B>0, A>0. 
0 
By setting 
a=), tee, yt)=e7 wr), gO) =Gnd), f= 1F(8Ing), 


we arrive at an integral equation with difference kernel of the form 3.8.15: 


a G(z-—7T)w(7) dr = F(z). 
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co gh 
25. | g (=) vo dt = f(x), B>0, A>O. 
0 i 


By setting 


a=e/8, tae, yt)=eT>w(r), g(é)=Gdnd), f()=1FCns, 


we arrive at an integral equation with difference kernel of the form 3.8.15: 


7 G(z-—7T)w(7) dt = F(z). 


3.8-5. Equations of the Form [’ K(a, t)y(-+-) dt = F(a) 


b 
26. Yi f@®y(at) dt = Ax + B. 
Solution: 


b b 
Weegee: ee / f®d, T= if tf (t) dt. 
q Io a a 


b 
27. / f(t)y(at) dt = Ax®. 
Solution: 


A b 
y(2)= Be B= / faye? dt. 


b 
28. | f@®y(at) dt = Anx+ B. 


Solution: 
y(x) = pInz+4q, 

where 

A _B Al, 

Tp > q = Ip i > 


b b 
Ib= i f@dt, l= / f(t) Int dt. 


b 
29. / f(t)y(xt) dt = Ax? Inz. 
Solution: 
y(x) = px? Ina + qu’, 


where 


A Al» 


b b 
p==, q=-—;. I= . fit?dt, b= / f(tt?lnt dt. 
ia iF m A 


b 
30. | f(Hy(at) dt = A cos(in x). 
Solution: 


Al Al, 
y(a) = P+ cos(In x) + R+R sin(In x), 


b b 
I, = / f(@)cos(nt) dt, I,= / f(t) sindin t) dt. 
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b 
31. / f()y(at) dt = A sin(In x). 
Solution: 


y(x) = ae pea cos(In a) + Pa sin(In x), 


15 - f@)cos(nt) dt, I,= i: f(t) sindin t) dt. 


b 
32. | f(t)y(at) dt = Ax® cos(in x) + Bx® sin(in x). 


Solution: 
y(x) = px® cos(Inx) + gx® sin(In x), 


where 
AL ABIY 5, ALY BE, 
ae 2 eer 


b b 
Ie= i f(t)t® cos(int) dt, I, = if f(t? sin(In t) dt. 


b 
33. | f@®y(a@ -t) dt = Ax + B. 


Solution: 
y(x) = px +q, 
where ‘ : 
A Al, B 
Be “Geeta * yee tdt, T=] tf(tdt. 
D ‘a q ae 0 [ 10 1 ‘i fO 


b 
34. / f(t)y(a — t) dt = Ae**. 
Solution: 


A b 
y(2) = Be B= / f() exp(—At) dt. 


b 
35. / f(Hy(a — t) dt = Acos(Ax). 
Solution: 


a sin(Ax) + Poon cos(Ax), 


y(@) = af 


I, = fro f@)cos(At) dt, I, = [ f(@) sin(At) dt. 


b 
36. i f(H)y(a — t) dt = Asin(Az). 
Solution: 


bear sae oe. sin(Ax) + fa cos(Ax), 


y(@) = cf 


ei f(t) cos(At) dt, TI; -[ f@) sin(At) dt. 
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37. 


38. 


b 
| f@®y(a -t) dt = e#*(AsinAx + Bcos Ax). 


Solution: 
y(a) = e#*(psin Ax + qos Ax), 
where 
_ Al, - BI, _ Al, + BI. 
ae pO aM a Os 


b b 
I, = / fe cos(At) dt, I, = / fe sin(At) dt. 


b 
| f(t)y(a — t) dt = g(x). 
1°. For g(x) = 55 Ax exp(\z,2), the solution of the equation has the form 
k=l 


n 


A b 
yr) = 5° exp(px),  Br= / f(t) exp(—Agt) dt. 
k=l a 


2°. For a polynomial right-hand side, g(x) = > Ay*, the solution has the form 
k=0 


y(2) = S- Bx", 


k=0 
where the constants 6; are found by the method of undetermined coefficients. 


3°. For g(a) = ert > A;,.x*, the solution has the form 
k=0 


n 
ya) =e S 7 Bya*, 
k=0 
where the constants 6; are found by the method of undetermined coefficients. 


4°. For g(x) = 5+ Aj, cos(A, 2), the solution has the form 
k=l 


ya) = S~ By cos(Agar) + S* Cy sinx2), 
k=l k=l 
where the constants B; and Ci, are found by the method of undetermined coefficients. 


5°. For g(a) = > Ax sin(A, 2), the solution has the form 
k=l 


yx) =) > By cos(Anr) + ¥> Cy siny2), 


k=1 k=1 


where the constants B; and C;, are found by the method of undetermined coefficients. 
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39. 


6°. For g(x) = cos(Azx) > A;x*, the solution has the form 
k=0 


y(a) = cos(Ar) §~ Byar® + sin(Ar) S> Cear*, 


k=0 k=0 


where the constants B; and Ci, are found by the method of undetermined coefficients. 


7°. For g(x) = sin(Ax) >> A, x*, the solution has the form 
k=0 


y(a) = cos(Ar) §~ Byar* + sin(Ar) S Cyar*, 


k=0 k=0 


where the constants B; and C; are found by the method of undetermined coefficients. 


8°. For g(a) = e"® > Ax, cos(\, x), the solution has the form 
k=l 


y(x) = e!* S- By, cos(A,x) + ce” a Cy sin(A;,2), 


k=1 k=1 


where the constants B; and Ci, are found by the method of undetermined coefficients. 


9°. For g(x) = e#” S> A, sin(A;,x), the solution has the form 
k=l 


y(x) =e" S- By cos(Agx) + ec” S- Cy sin(A, 2), 


k=1 k=1 


where the constants B;, and C;, are found by the method of undetermined coefficients. 


10°. For g(a) = cos(Ax) S> Az exp(}i,2), the solution has the form 
k=l 


y(x) = cos(Ax) * By exp(jipx) + sin(r) 5 > By expe), 
k=1 k=1 


where the constants B; and C; are found by the method of undetermined coefficients. 


11°. For g(x) = sin(Ax) >> Ax exp(4z2), the solution has the form 


y(x) = cos(x) Y | Be exp(pnx) + sin(x) } ) Be exp(yin), 
k=1 k=1 


where the constants B; and C;, are found by the method of undetermined coefficients. 


b 
i f@®y(@ + Bt) dt = Ax+ B. 


Solution: 
y(x) = px +4q, 


where 
A 2B ALG 


ae oe ae R > 


b b 
In = / f@dt, = / t f(t) dt. 
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b 
40. / f(t)y(a + ft) dt = Ae. 
Solution: 


A b 
y(x) = a B =f) f@® expt) dt. 


b 
41. | f@®y(a + Bt) dt = AsinAx + Boos Az. 


Solution: 
y(x) = psin Ax + qcos Ax, 
where 
_ Al, + BI, _ BI, -Al, 
"Rew? 9" “pap 


b b 
I, = 7 f@)cos(AGt) dt, 1; = / f(t) sin(A Bt) dt. 


1 
2. [ vedt=f@,  €= gw 
0 
Assume that g(0) = 0, g() = 1, and g/, 2 0. 
1 
1°. The substitution z = g(x) leads to an equation of the form 3.1.41: i y(2t) dt = F(z), 
where the function F(z) is obtained from z = g(x) and F' = f(x) by eliminating x. 
2°. Solution y = y(z) in the parametric form: 


g(x) 


; fia) + f(a), z= g(a). 
Jx(X) 


y(Z) = 


1 
3. [ Py@dt=f@, €= gw. 
0 
Assume that g(0) = 0, g() = 1, and g/, = 0. 


1 
1°. The substitution z = g(x) leads to an equation of the form 3.1.42: i Py(zt) dt = F(z), 
0 


where the function F(z) is obtained from z = g(x) and F' = f(x) by eliminating x. 


2°. Solution y = y(z) in the parametric form: 


y= 2 p@+O+Df@, 7=9@. 
gi, (x) 


b 
44. / f(t)y(€) dt = Ax®, £ = 2ry(t). 
Solution: 


A b 
y(x) = ae B =| fO[e@] "at. (1) 


© 1998 by CRC Press LLC 


b 
4. [ foyedt= 9m), E= a9, 
1°. For g(x) = > A, x*, the solution of the equation has the form 
k=0 


n 


A b 
ya=S at Be= | feolo)*ae 


B 
kao 


2°. For g(x) = > A;,.x**, the solution has the form 
k=0 


n 


A b 


k=0 


3°. For g(#) =Inz > A;.x*, the solution has the form 
k=0 


y(x) = Ina S> Byx* + p> Cyx*, 
k=0 k=0 


where the constants B;, and C;, are found by the method of undetermined coefficients. 


4°. For g(x) = S> Ap (In x)*, the solution has the form 
k=0 


y(r) = S~ By (Inzxy*, 


k=0 
where the constants B;, are found by the method of undetermined coefficients. 


5°. For g(x) = > Ax cos(Ax In. x), the solution has the form 
k=l 


y(x) = oe By cos(Ax In x) + S- Cy sin(A, In x), 


k=1 k=l 
where the constants B; and C;, are found by the method of undetermined coefficients. 


6°. For g(x) = >> Ax sin(A, In z), the solution has the form 
k=l 


y(x) = y By cos(Ay In) + S- Cy sin(A, In x), 


k=1 k=1 


where the constants B; and C;, are found by the method of undetermined coefficients. 
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b 
46. | fOyOdt=9@,  €=2+¢(). 


1°. For g(a) = 55 Ax exp(\x,2), the solution of the equation has the form 
k=l 


n 


A b 
yl) = > FE exp), Be = / F(t) exp[Acw(t)] dt. 


k=1 


2°. For a polynomial right-hand side, g(x) = 5> A,r", the solution has the form 
k=0 


y(2) = y Bx", 


k=0 


where the constants B;, are found by the method of undetermined coefficients. 


3°. For g(a) = er > A;,.x*, the solution has the form 
k=0 


ose) Ba 
k=0 


where the constants 6; are found by the method of undetermined coefficients. 


4°. For g(x) = 3> Ax cos(A, 2) the solution has the form 
k=l 


y(x) = 3 Br cos(Apx) + oy Cy sin(Ag 2), 


k=1 k=1 


where the constants B; and C; are found by the method of undetermined coefficients. 


5°. For g(a) = > Ax sin(A, 2), the solution has the form 
k=l 


y(x) = > By cos(Apx) + S- Cr sin(Anx), 


k=1 k=1 


where the constants B; and Ci, are found by the method of undetermined coefficients. 


6°. For g(a) = cos(Ax) > A,x*, the solution has the form 
k=0 


y(x) = cos(A2x) S- Byx* + sin(\x) oo Cx", 


k=0 k=0 


where the constants B;, and C;, are found by the method of undetermined coefficients. 


7°. For g(x) = sin(\x) >> A,x*, the solution has the form 
k=0 


y(x) = cos(Ax) ¥~ Bya* + sin(Ax) S Cyac*, 


k=0 k=0 


where the constants B; and C;, are found by the method of undetermined coefficients. 
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8°. For g(x) = ec” > Ax cos(\z2), the solution has the form 
k=l 


ya) = eS” By cos(Anx) +e" > Cy sin(Ag), 
k=1 k=1 


where the constants B; and C;, are found by the method of undetermined coefficients. 
9°. For g(x) = e#” S> A, sin(A; x), the solution has the form 
k=l 
yla) =e!” S~ By cos(Anr) +e" S° Cy sing), 
k=l k=l 


where the constants B; and Ci, are found by the method of undetermined coefficients. 


10°. For g(a) = cos(Ax) S> Ax exp(ji,2), the solution has the form 
k=l 


y(x) = cos(Ax) By exp(jig) + sin(Ax) 5 > Be exp(n2), 
k=1 k=1 


where the constants B; and C;, are found by the method of undetermined coefficients. 


11°. For g(x) = sin(Axr) >> Ax exp(4z2), the solution has the form 
k=l 


y(x) = cos(Ax) By exp(iig) + sin(Ax) 5 > Be exp(in2), 
k=1 k=1 


where the constants B; and C; are found by the method of undetermined coefficients. 
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Chapter 4 


Linear Equations of the Second Kind 
With Constant Limits of Integration 


> Notation: f = f(x), g = g(x), h=A(a), v = v(a), w = w(a2), K = K(x) are arbitrary functions; 
A, B,C, D, E, a, b,c la, 2, ¥, 6, p, and v are arbitrary parameters; n is a nonnegative integer; 
and 1 is the imaginary unit. 


> Preliminary remarks. A number 4 is called a characteristic value of the integral equation 


b 
ya) —d ) K(a,ty(t)dt = fo) 


if there exist nontrivial solutions of the corresponding homogeneous equation (with f(x) = 0). The 
nontrivial solutions themselves are called the eigenfunctions of the integral equation corresponding to 
the characteristic value 4. If X is a characteristic value, the number 1 /, is called an eigenvalue of the 
integral equation. A value of the parameter ) is said to be regular if for this value the homogeneous 
equation has only the trivial solution. Sometimes the characteristic values and the eigenfunctions 
of a Fredholm integral equation are called the characteristic values and the eigenfunctions of the 
kernel K(a,t). In the above equation, it is usually assumed that a < x < b. 


4.1. Equations Whose Kernels Contain Power-Law 
Functions 


4.1-1. Kernels Linear in the Arguments <x and t 


b 
1. y(a) - | (a — t)y(t) dt = f(x). 


Solution: 
y(x) = f(x) + MA, x + Ad), 


where 


= 12f, + OA (fiA2 —2f2A1) Ags -12 fy + 2A (3 foA2 - 2f1A3) 


A 
: MAT + 12 MAT + 12 ’ 


b b 
fi=f feds f= f oftade, Ay =B-0". 
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b 
y(x) - | (a + thy(t) dt = f(x). 
The characteristic values of the equation: 


. 6(b + a) + 44/3(a2 + ab + b?) X 6(b + a) —4,/3(a2 + ab + b*) 
b> ’ 2 = . 


(a—b) (a—b) 


1°. Solution with A # Aj 2: 
y(x) = f(x) + A Aya + Ad), 


where 


ies 12f, - 6A(fiA2 —2f2A1) Fes 12 fo — 2AG3 foAs — 2 fi As) 
; 12-12\A,-At ” * 12-12A\A,—-At ”’ 


b b 
fi= | f(a)dzx, fr | uf(x)dxz, A, =b"-a”. 
2°. Solution with A = A; # Az and f, = fo = 0: 
yx) = f(a) + Cyi(a), 
where C' is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value A): 
1 b+a 

Ai (b- a) 2 


3°. Solution with \ = A. # A; and f; = f2 = 0 is given by the formulas of item 2° in which 
one must replace A; and y;(«) by Az and y2(x), respectively. 


yi(x) = 2+ 


4°. The equation has no multiple characteristic values. 


b 
y(a) - a | (Az + Bt)y(t) dt = f(x). 
The characteristic values of the equation: 


_ (A+ Bb+a) t+ /9(A- BY(b + a)? + 48AB(a? + ab + b?) 
~ AB(a-—by3 } 


Ai2 


1°. Solution with A # Aj 2: 
y(x) = f(x) + Aja + Ad), 


where the constants A; and A) are given by 
Me 12Af, -6ABX fi A2 - 2f2A1) 
1 12=6(A + B)AA, — ABX2AP’ 
b b 
fi= / f(a)dz, fo =, uf(xz)dxz, A, =b"—-a”. 
2°. Solution with = A; # A, and f, = fo = 0: 
y(z) = f(x) + Cyi(@), 


where C' is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value ,: 


A, - 12Bhr-2ABXGB fos ~ 2f:As) 
> "12 6(A + B)AA2 — ABA ” 


b+a 
A, A(b—a) 2 
3°. Solution with A = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in which 
one must replace A; and y;(x) by Az and y2(x), respectively. 


yi(v) = 2+ 
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4°. Solution with \ = Ay2 = A, and fi; = f2 = 0, where the characteristic value A, = 

—___—_.—— is double: 

(A+ Beaty OO® 
y(x) = f(x) + Cy,(2), 


where C is an arbitrary constant and y,.(a) is an eigenfunction of the equation corresponding 


to A,: 
a (A-B)(b+a) 


b 
y(az) - af [A + B(a - t)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with h(f) = 1. 
Solution: 
y(x) = f(x) + (A) + A22), 


where A, and A) are the constants determined by the formulas presented in 4.9.8. 


b 
y(az) - | (Ax + Bt + C)y(t) dt = f(a). 


This is a special case of equation 4.9.7 with g(x) = x and A(t) = 1. 
Solution: 


y(x) = f(x) + MA) x + Ad), 


where A, and Ap are the constants determined by the formulas presented in 4.9.7. 


b 
y(az) + af la —t| y(t) dt = f(x). 


This is a special case of equation 4.9.36 with g(t) = A. 


1°. The function y = y(x) obeys the following second-order linear nonhomogeneous ordinary 
differential equation with constant coefficients: 


Weak 2Ay= Ff, .(2). (1) 
The boundary conditions for (1) have the form (see 4.9.36) 
yi, (a) + yi,(b) = f(a) + f(b), 
y(a) + y(b) + (b—a)y;,(a) = f(a) + f(b) + (b- a) f(a). 


Equation (1) under the boundary conditions (2) determines the solution of the original 
integral equation. 


(2) 


2°. For A <0, the general solution of equation (1) is given by 
y(x) = C, cosh(kax) + Cz sinh(ka) + f(x) + a sinh[k(a -—t)] f(t)dt, k=V-2A, (3) 


where C', and C} are arbitrary constants. 
For A > 0, the general solution of equation (1) is given by 


y(x) = C; cos(kx) + Co sin(kx) + f(x) —k / sin[k(z —t)|f(t)dt, k=V2A. (4) 


The constants C; and C) in solutions (3) and (4) are determined by conditions (2). 
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3°. In the special case a = 0 and A > 0, the solution of the integral equation is given by 
formula (4) with 


_ , As. + cos A) — I,(A + sin d) 2 ps sin \ + I.(1 + cos A) 


cee 2+2cosA+AsinX ° ie 2+2cosr\+Asinr ” 
b b 
RoW, RSDR es : sin[k(b—t)] f(t) dt, Ie = | cos[k(b — t)] f(t) dt. 
0 0 


4.1-2. Kernels Quadratic in the Arguments x and t 


b 
7.  y(a)-r | (a? + t”)y(t) dt = f(a). 
The characteristic values of the equation: 


1 1 
At = A2 = 


13 — a3) + ,/1 (5 —a5)(b—a) 13 —a3)— ,/1@5 —a5)b—a) 


1°. Solution with A # Aj 2: 


y(a) = f(a) + Ata? + Ad), 
where the constants A; and A) are given by 


fh=AGFids= fdr) fo-d (4 feds 4 fis) 


A = ey A _ > 
* 2(TAZ—LAIAs)-2AAg 41° ~* -2(ZAZ—1AA5)—20A3 41 


b b 
fi - | f(a)dz, fr =| x’ f(x)dz, An =b"-a". 
2°. Solution with X = A; # Az and f, = fo =0: 


. F) _ 16 oa 
y(x) = f(x) + Cyi(2), yi(x) = ae + 3a)’ 


where C' is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value ,. 


3°. Solution with A = Az # A; and f, = fo =0: 


b> -—a> 


y(x) = f(x) + Cyo(x), yo(a) = a? — 5(b—a) 


where C' is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding 
to the characteristic value A. 


4°. The equation has no multiple characteristic values. 
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b 
ia | (x? - P)y(t) dt = fla). 


The characteristic values of the equation: 
1 


3@ - a8? - £05 —a)(0- a) 


Ai2 = 


1°. Solution with \ 4 Aj 9: 
y(a) = f(x) + (Ara? + Ad), 
where the constants A; and A2 are given by 


_ Ait A(GhiAs - foAt) 
~ 2 (LAAs - 53) +17 


f2 +A (Sf2A3-$fiAs) 


te (FAAS —FA3) +1” 


Ap = 


b b 
fi -| f(x) dx, ho = i x’ f(x) dz, Ay =p"_q”. 


2°. Solution with \ = A; # Az and f, = fo =0: 
3-—r1(b3 -—a?) 
3A (b-—a) ” 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


y(x) = f(x)+Cyi(x), = -yw(@) = a? + 


3°. The solution with A = Az # A, and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and yi (a) by Az and y2(x), respectively. 


4°. The equation has no multiple characteristic values. 


b 
y(a) —X | (Aa? + Bt*)y(t) dt = f(a). 


The characteristic values of the equation: 


1(A+B)A;+ Via ~ BY-A2 + 4 ABA\As 
2AB(ZA3- 4A, As) é 


A, = b"-a”. 


A12 = 


1°. Solution with A # Aj 2: 
y(a) = f(x) + MAjx? + Ad), 
where the constants A; and A) are given by 
Z Afi - ABd (3 fiAs— fod) 
AB) ($43 - fA) As) - $(A+ B)AA3 +1” 
_ Bf, - AB (3 fos - $fiAs) 
~ ABX (4A3- 1A, As) - 1(A+ B)AA3 41 


A, 


Ag 


> 


b b 
fi = i f(a)dz, f,= i, x f(x) dz. 


2°. Solution with X = A; # Az and f, = fo = 0: 
3 —, A(b? - a3) 
3r,A(b-a) ” 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value A). 


yx) = f(v)+Cy(x), — -ys(@) = a? + 
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10. 


11. 


12. 


13. 


14. 


3°. The solution with A = Az # A, and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y(x) by Az and yo(x), respectively. 


6 
4°. Solution with \ = A12 = Ax and f; = f2 = 0, where A, = GeDeae is the double 
characteristic value: 


y(x) = f(x) + Cry. (2), 


where C' is an arbitrary constant and y,.(x) is an eigenfunction of the equation corresponding 
to Ax: 
> (A-B)}-a’) 

6.A(b-a) 


yx(“) =x 


b 
y(a) —X iy (at - t?)y(t) dt = f(x). 


This is a special case of equation 4.9.8 with A = 0, B = 1, and A(t) =t. 
Solution: 
y(x) = f(x) + A(A1 + A22), 


where A, and Ap are the constants determined by the formulas presented in 4.9.8. 


b 
Oe. { (x? - xt)y(t) dt = f(z). 


This is a special case of equation 4.9.10 with A = 0, B = 1, and h(a) = a. 
Solution: 
y(x) = f(a) + A(Ei2" + Ena), 


where F, and FE) are the constants determined by the formulas presented in 4.9.10. 


b 
y(a) —X f (Bat + Ct”)y(t) dt = f(x). 


This is a special case of equation 4.9.9 with A = 0 and A(t) = t. 
Solution: 
y(x) = f(x) + (A) + A22), 


where A, and Ap are the constants determined by the formulas presented in 4.9.9. 


b 
y(a) —X | (Ba* + Cat)y(t) dt = f(x). 


This is a special case of equation 4.9.11 with A = 0 and h(x) = x. 
Solution: 
y(a) = f(a) + MA a? + Ara), 


where A, and Ap are the constants determined by the formulas presented in 4.9.11. 


b 
y(az) - | (Act + Ba? + Ca + D)y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g)(x) = Ba? + Cx + D, h(t) = 1, g(x) = 2, 
and h(t) = At. 
Solution: 
y(z) = f(x) + ALA) (Ba? + Cz + D) + Aga], 


where A; and Ap are the constants determined by the formulas presented in 4.9.18. 
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b 
15. y(x)-A | (Aa? + Bt? + Cx + Dt + E)y(t) dt = f(a). 
This is a special case of equation 4.9.18 with g,(x) = Ax? + Ca, h,(t) = 1, g(x) = 1, and 
ho(t) = Bt? + Dt +E. 
Solution: 


ya) = f(a) + Ai (Aa? + Cx) + Ad], 
where A; and Ap are the constants determined by the formulas presented in 4.9.18. 
b 
16. y(x)- | [Av + B+(Ca + D)(x - t)]y(t) dt = f(x). 
This is a special case of equation 4.9.18 with g)(x) = Ca* + (A+ D)x + B, h(t) = 1, 
g2(x) = Ca + D, and ha(t) = ++. 
Solution: 


y(a) = f(a) + MA (Ca? + Ax + Dx + B) + Ar(Cx + D)], 


where A; and Ap are the constants determined by the formulas presented in 4.9.18. 


b 
17. y(x)- a | [At+ B+(Ct+ D)\(t-2x)Jy(t) dt = f(a). 
This is a special case of equation 4.9.18 with g;(x) = 1, hi(t) = Ct? +(A+ D)t+B, g(x) = 2, 
and h2(t) = (Ct + D). 


Solution: 
y(x) = f(v) + ACA, + A2@), 


where A; and Az are the constants determined by the formulas presented in 4.9.18. 


b 
18. y(x)-A if (a —t) y(t) dt = f(a). 


This is a special case of equation 4.9.19 with g(x) = x, h(t) =—t, and m = 2. 


b 
19. y(x)-Xr | (Ax + Bt) y(t) dt = f(a). 


This is a special case of equation 4.9.19 with g(x) = Az, h(t) = Bt, and m = 2. 


4.1-3. Kernels Cubic in the Arguments zx and t 


b 
20. y(a)-A | (a? + t?)y(t) dt = f(a). 
The characteristic values of the equation: 


1 1 
A, = Az = 


14 a4) + /1 (7 —a?\(b—a) Lot _at)—,/1@7—a?\b—a) 


1°. Solution with A # Aj 2: 


y(x) = f(x) + (Aya? + Ad), 
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where the constants A; and A) are given by 


fi-d (4fidg- Ar) fo—-A(4f2A4—- 4 fi 47) 


A, = , A= 
CLARA A = NAGE. DEAR TAA) =f Ara A 


b b 
f= f f(x) dz, fi= f a f(x)dz, A, =b"-a". 
2°. Solution with X = A; # Az and f, = fo = 0: 


b7 ~q’ 
1(b—a)’ 


y(a)=f@)+Cy(x),  y@)=ar+ 
where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 


to the characteristic value \,. 


3°. Solution with A = Az # A; and f, = fo =0: 


bl =a’ 
y(x) = f(x)+Cy(a), —-yo(w) = a - T= ay 


where C' is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding 
to the characteristic value A>. 


4°. The equation has no multiple characteristic values. 


21. y(x)-Xr | @ —t)y(t) dt = f(x). 
The shatieteis values of the equation: 
: 1 
[at —b42 — (a7 —Vb-a)_ 


Ai2=4 


1°. Solution with \ 4 Aj 9: 
y(a) = f(a) + Aa? + Ad), 
where the constants A; and A) are given by 


2 fi tA (Shi Aa - Ar) G2 fo +2 (4 foAa- 4 fi Ar) 
dN (FA, Ar - & AY) +17 dN (FA\A7- 4 AJ) +1 : 


1 2 


b b 
f= f f(x) dz, fi= f a f(x)dz, An =b"-a". 


2°. Solution with X = A; # A, and f, = fo = 0: 


4—X4(b* — a’) 


y(x) = f(@)+Cy(a), ya) = a + AN (b-a) 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value A). 


3°. The solution with A = Az # A; and f; = fy = 0 is given by the formulas of item 2° in 
which one must replace A; and y(a) by Az and y2(x), respectively. 


4°. The equation has no multiple characteristic values. 
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22. 


23. 


b 
y(a) — 2X il (Aa? + Bt?)y(t) dt = f(a). 


The characteristic values of the equation: 


1(A+ B)Ayt viene — BYA2 + 4ABA\A, 


M2 = 
i 2AB (LA?-1A,A;) 


1°. Solution with A # Aj 2: 
y(a) = f(x) + MAix? + Ad), 
where the constants A; and A) are given by 


_ Afi — ABA (4 fida— Ar) 
~~ ABM (6A3- FA1As) - GM(A+ BAG +1’ 
a Bf,- ABA (4 foA4- 5 fiA7) 
AB» (743 - 5AiA7) - GAA+ BAgt 1? 


b b 
fiz f f(x) da, f= f ax f(a) dx. 


A, 


Ag 


2°. Solution with = A; # A, and f, = fo = 0: 


4—), A(b* — a+) 


yi) = fe)+Cw@), — w@)=0° + 


where C' is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


3°. The solution with A = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y;(a) by Az and y2(x), respectively. 


4°. Solution with \ = A12 = Ax and f; = f2 = 0, where A, = ati is the double 


characteristic value: 


3 (A- B)(b* - a’) 
8A(b-a) 


yx) = f(a) + Cy. (x), Yx(@) = x 


where C is an arbitrary constant and y,.(x) is an eigenfunction of the equation corresponding 
to Ax. 


b 
yla) 7 (et? — B)y(t) dt = f(a). 


This is a special case of equation 4.9.8 with A = 0, B = 1, and h(t) = t’. 
Solution: 
y(x) = f(x) + (A) + A22), 


where A; and Ap are the constants determined by the formulas presented in 4.9.8. 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


b 
y(a) —X | (Bat? + Ct?)y(t) dt = f(a). 


This is a special case of equation 4.9.9 with A = 0 and h(t) = t?. 
Solution: 
y(x) = f(x) + (A + Apa), 


where A; and Ap are the constants determined by the formulas presented in 4.9.9. 


b 
y(a) — i (Av?t + Bat*)y(t) dt = f(a). 


This is a special case of equation 4.9.17 with g(x) = x and h(x) = x. 
Solution: 
ya) = f(a) + MAia? + Ap), 


where A, and A) are the constants determined by the formulas presented in 4.9.17. 


b 
y(x) — | (Aa? + Bat”)y(t) dt = f(a). 
This is a special case of equation 4.9.18 with g;(2) = 2°, h(t) =A, g2(x) = x, and h(t) = Bt?. 
Solution: 


y(x) = f(x) + MAja? + Ada), 


where A; and Ap are the constants determined by the formulas presented in 4.9.18. 


b 
y(xz) - | (Aa? + Ba*t + Ca” + D)y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g)(x) = Ax? + C2? + D, hi (t) = 1, go(x) = 2”, 
and hy(t) = Bt. 
Solution: 
y(a) = f(x) + ALA) (Aa? + Ca? + D) + Ax’), 


where A; and Ap are the constants determined by the formulas presented in 4.9.18. 
b 
y(a) — | (Act? + Bt + Ct? + D)y(t) dt = f(a). 
This is a special case of equation 4.9.18 with g(a) = x, h(t) = At?, go(x) = 1, and ha(t) = 
Bt +Ct? +D. 


Solution: 


y(x) = f(x) + MA, x + Ad), 


where A, and Ap are the constants determined by the formulas presented in 4.9.18. 


b 
ay ‘| (et y(t) dt = f(a). 


This is a special case of equation 4.9.19 with g(x) = x, h(t) =—t, and m = 3. 


b 
y(a) — | (Ax + Bt) y(t) dt = f(x). 


This is a special case of equation 4.9.19 with g(x) = Az, h(t) = Bt, and m = 3. 
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4.1-4. Kernels Containing Higher-Order Polynomials in x and ¢ 


31. 


32. 


b 
y(az) - | (a” +t” )y(t) dt = f(x), n=1,2,... 
The characteristic values of the equation: 


1 
An + VAoArn,’ 


1°. Solution with A # Aj 2: 


1 
N12 = where A, = ——(b™!-—a"*). 
n+l 


y(x) = f(x) + (A, 2” + Ad), 
where the constants A; and A) are given by 


7 fi -ACi An — f2Ao) 
(A, - AoAdn) am 20\An +1? 


b b 
A= / fie)de, fr= | 2" f(a)de, Ay =——(O"!— a), 
a 7 n+ 
2°. Solution with A = A; # A, and f, = fo = 0: 
y(x) = f(x) + Cyi(x), y(t) = 2" + V/Aon/Ao, 


where C is an arbitrary constant and yi (x) is an eigenfunction of the equation corresponding 
to the characteristic value A). 


3°. Solution with A = Az # A; and f, = fo = 0: 
y(x) = f(x) + Cyr(a), yo(x) = 2” — / Aon /Ao, 


where C' is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding 
to the characteristic value A>. 


fo = MfrAn _ fi Aen) 


A = 
‘ Az = Ap Anyang e1" 


Ap 


4°. The equation has no multiple characteristic values. 


b 
y(a) - | (a” —t”)y(t) dt = f(x), n=1,2,... 
The characteristic values of the equation: 


1 
Mi +5 +1? 
1°. Solution with A # Aj 2: 


1/2 


1 (Ge err!yp— a) 


2nt+1 


(oo qh! Ne 


y(a) = f(x) + ACA," + Ap), 
where the constants A, and A, are given by 


_ fit Ai An — froAo) _ fa tA(froAn — fidon) 


ais Wiha BAe?" DENSA Aya DT 


b b 
1 
fi =} f(x) dz, f= f a"f@jdr Ag (Gear), 
a a n+l 
2°. Solution with A = A; # Az and f, = fo = 0: 
n L-AiAn 
y(z) = f(x) + Cy (2), MQ a a 
Ao 


where C' is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value ,. 


3°. The solution with A = A, # A; and f; = f, = 0 is given by the formulas of item 2° in 
which one must replace A; and y(x) by Az and yo(x), respectively. 


4°. The equation has no multiple characteristic values. 
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33. 


34. 


35. 


b 
y(az) - | (Ax” + Bt”)y(t) dt = f(x), n=1,2,... 


The characteristic values of the equation: 


_ (A+ B)An + V(A- BY A? + 4ABA Arn, jas 1 
= 2AB(A2 — ApArn) : 7 ntl 


ar a aot), 


X12 


1°. Solution with A # Aj 2: 
y(a) = f(x) + A(Ai2" + Ap), 
where the constants A, and A) are given by 


Hee Af, - ABN fiAn — foAo) 

' ABN2(A2 — ApAmm)— (A+ B)AAn +1’ 
af Bf2x- ABX froAn - fiAon) 
~ AB)2(A2 - ApArn) -(A+ B)AApy +1” 


b b 
Ae / tod He / 2” f(a) de. 


Ag 


2°. Solution with = A; # A, and f, = fo = 0: 


1-ArA,, 


y(x) = f(x) + Cy: (@), yi(a) =a" + AAs. 


where C' is an arbitrary constant and yi (x) is an eigenfunction of the equation corresponding 
to the characteristic value A,. 


3°. The solution with AX = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y;(x) by Az and y2(x), respectively. 


2 
4°. Solution with A= A)2 =, and f; = f2 =0, where the characteristic value \,. = (+DA, 
is double: ABA 
yee) = flo) + Cysts), yatz) =a" 


Here C is an arbitrary constant and y,(x) is an eigenfunction of the equation corresponding 
to A,. 


b 
y(xz) - | (a —t)t™ y(t) dt = f(x), m=1,2,... 


This is a special case of equation 4.9.8 with A = 0, B = 1, and h(t) =t”. 
Solution: 
y(x) = f(x) + A(A1 + A22), 


where A, and A) are the constants determined by the formulas presented in 4.9.8. 


b 
y(x) — a | (x -—t)x™ y(t) dt = f(x), m =1,2,... 


This is a special case of equation 4.9.10 with A = 0, B = 1, and h(x) = 2. 
Solution: 
y(a) = f(a) + MAia™! + Ara™), 


where A; and Ap are the constants determined by the formulas presented in 4.9.10. 
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b 
36. y(x)- | (Ac™! 4 Ba™t + Ca™ + D)y(t) dt = f(x), m=1,2,... 


This is a special case of equation 4.9.18 with gj (2) = Ag™*!4Ca™+D, h(t) =1, gl(xy=x™, 
and hy(t) = Bt. 
Solution: 
y(x) = f(z) + ALA (Av™! + Cr™ + D) + Agx™I, 


where A; and Az are the constants determined by the formulas presented in 4.9.18. 


b 
37. y(a)-r | (Act™ + Bt™! + Ct™ + D)y(t) dt = f(x), m =1,2,... 
This is a special case of equation 4.9.18 with g)(x) = x, h(t) = At™, go(x) = 1, and 
hat) = Beet! + CH" + Dz 
Solution: 


y(x) = f(e) + (A) x + Ad), 


where A, and Ap are the constants determined by the formulas presented in 4.9.18. 


b 
38. -y(a)- | (Av”t” + Ba™t™)y(t) dt = f(x), nym=1,2,...,5 n#m. 
This is a special case of equation 4.9.14 with g(x) = x” and A(t) =t™. 


Solution: 
y(x) = f(a) + AA a" + Ade”), 


where A; and Ap are the constants determined by the formulas presented in 4.9.14. 
b 
39. y(a)- | (Av”t™ + Ba™t”)y(t) dt = f(x), nym=1,2,...,5 n#m. 
This is a special case of equation 4.9.17 with g(x) = x” and h(t) =t™. 


Solution: 
y(a) = f(x) + MAia2” + Arx"™), 


where A; and Ap are the constants determined by the formulas presented in 4.9.17. 


b 
40. y(a)- | (x -—t)™ y(t) dt = f(x), m=1,2,... 
This is a special case of equation 4.9.19 with g(x) = x and A(t) = -t. 


b 
41. y(a)- | (Ax + Bt)” y(t) dt = f(x), m=1,2,... 


This is a special case of equation 4.9.19 with g(x) = Az and h(t) = Bt. 


b 
42. y(a)+A i |x — tt" y(t) dt = f(a). 


This is a special case of equation 4.9.36 with g(t) = At*. Solving the integral equation 
is reduced to solving the ordinary differential equation y"”,, + 2Ar*y = f!’,(x), the general 
solution of which can be expressed via Bessel functions or modified Bessel functions (the 
boundary conditions are given in 4.9.36). 
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43. 


b 
y(x) +A i |x — t/’"*! y(t) dt = f(x), n =0,1,2,... 


Let us remove the modulus in the integrand: 


x b 
y(a) +A i (x —t)"y(t) dt + A / (t—a)?"*"y(t) dt = f(a). (1) 


The k-fold differentiation of (1) with respect to x yields 


x b 
YP (x) + ABy i (w— tym" Ky (t) dt + 1)" AB, / (t— ayn *y() dt = fo), 


By = (2n+1)(2n)...Qn+2-k), k=1,2,...,2n41. 


(2) 


Differentiating (2) with k = 2n + 1, we arrive at the following linear nonhomogeneous 
differential equation with constant coefficients for y = y(x): 


yor?) 4 202n + 1)! Ay = FO" (2). (3) 


Equation (3) must satisfy the initial conditions which can be obtained by setting x = a in (1) 
and (2): 


b 
y(a)+A / (ta) y(t) dt = fa), 
; (4) 
y(a) + (-1)* AB / (¢-a)"* y(t) dt = f@, k=1,2,...,2n41. 


These conditions can be reduced to a more habitual form containing no integrals. To this end, 
y must be expressed from equation (3) in terms of y?"*” and f2”*”) and substituted into (4), 
and then one must integrate the resulting expressions by parts (sufficiently many times). 


4.1-5. Kernels Containing Rational Functions 


44, 


45. 


b/y 4 
y (a) - | (- + +) ae dt = f(z). 
av 


This is a special case of equation 4.9.2 with g(x) = 1/z. 
Solution: 


woy= fa)+r(2 + Aa), 


where A, and A> are the constants determined by the formulas presented in 4.9.2. 


bry 1 
ier | ( Es Jue dt = f(a). 
PG oer 


This is a special case of equation 4.9.3 with g(x) = 1/2. 
Solution: 


y(a) = f(x) + (4 + An), 


where A; and Ap are the constants determined by the formulas presented in 4.9.3. 
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46. 


47. 


48. 


49. 


50. 


51. 


b/A B 
y(x) - | (= + >) xe dt = f(x). 
Nee t 


This is a special case of equation 4.9.4 with g(x) = 1/z. 
Solution: 


y(a) = f(x) + (4 + An), 


where A, and A> are the constants determined by the formulas presented in 4.9.4. 


b A B 
sear if ( + Ju ae= fee. 


zrta t+ 


A B 
This is a special case of equation 4.9.5 with g(x) = and h(t) = ——. 
r+a t+ 


Solution: 


A 
yoy = 10a)+#( A + Aa), 


where A; and Ap are the constants determined by the formulas presented in 4.9.5. 


b/g t 
ae | (5 “ue dt = f(a). 


This is a special case of equation 4.9.16 with g(x) = x and h(t) = 1/t. 
Solution: 


y(a) = fle) + A(Ave " =), 


where A, and A) are the constants determined by the formulas presented in 4.9.16. 


b/ Ax Bt 
yla) - | (= ‘ =) ue eF@: 


This is a special case of equation 4.9.17 with g(x) = x and h(t) = 1/t. 
Solution: 


y(a) = fle) + (aie ¢ =), 


where A, and A, are the constants determined by the formulas presented in 4.9.17. 


X 6 que gore paps 
y(x) - ia fee =O = f(x). 


1 
This is a special case of equation 4.9.17 with g(x) = x + a and h(t) = ae 
Solution: 
Ay 
yx) = f(x) + A] Ai(w + a) + ; 
r+ 


where A, and A> are the constants determined by the formulas presented in 4.9.17. 


(a) af ae pee (t) dt = f(x) 0,1,2 
x)- = f(x), n,m =0,1,2,... 
‘ al (t+B™ (@w+pyr |” 
This is a special case of equation 4.9.17 with g(x) = (a + a)” and A(t) = (t+ BY™. 
Solution: 
= A} Ai(a +a)” + ee 
yl) = fa) +d] Ave +a)" + |, 


where A; and Az are the constants determined by the formulas presented in 4.9.17. 
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52. 


53. 


y(t 
yie)-2f YO at = Fa), 1l<a<o, -wo<7mdA<1. 
1 att 


Solution: 


y(a) = [ Tsinh(nT) F(T) 5, Poa) dr, 
0 


cosh(1T)-7A =? 
P(r) = i f(@)P_144,(@) da, 
1 


where P,(2) = F’ (-v, y+, 1; x(1 - x)) is the Legendre spherical function of the first kind, 
for which the integral representation 


2 ° 3) ds 
P_1,;,(cosh a) = cote (a 2 0) 
2 mT Jo »/2(cosha —coshs) 


can be used. 


@) Reference: V. A. Ditkin and A. P. Prudnikov (1965). 


ee as 2 a* y(t) 
(x* + b’)y(a) = oy RR ae a a 


This equation is encountered in atomic and nuclear physics. 
We seek the solution in the form 


a Amz 
HO) Ds Gn ane w 


mel 


The coefficients A,,, obey the equations 


m+2b os 
Ais dAm_1 = 0, Am = 0. 2 
m ( - )+ 1=0 d 0 (2) 


Using the first equation of (2) to express all A,, via Ag (Ao can be chosen arbitrarily), 
substituting the result into the second equation of (2), and dividing by Ao, we obtain 


(am _ 
i ml, (Dba va a acne Delay GB) 


It follows from the definitions of the Bessel functions of the first kind that equation (3) 
can be rewritten in the form 


XP Foie (2VX) =0. (4) 
In this sort of problem, a and ) are usually assumed to be given and 8, which is proportional 


to the system energy, to be unknown. The quantity b can be determined by tables of zeros of 
Bessel functions. In some cases, b and a are given and A is unknown. 


@) Reference: I. Sneddon (1951). 


© 1998 by CRC Press LLC 


4.1-6. Kernels Containing Arbitrary Powers 


54. 


55. 


56. 


57. 


58. 


59. 


b 
yla) — ‘| (a - t)t"y(t) dt = f(a). 


This is a special case of equation 4.9.8 with A = 0, B = 1, and A(t) = t’. 
Solution: 
y(x) = f(x) + (A) + A22), 


where A; and Ap are the constants determined by the formulas presented in 4.9.8. 


b 
iad | (a = t)x” y(t) dt = fle). 


This is a special case of equation 4.9.10 with A = 0, B = 1, and h(x) = x”. 
Solution: 
y(x) = f(x) + AEi2""' + Eye”), 


where FE and £» are the constants determined by the formulas presented in 4.9.10. 


b 
ay aX if (w" — t")y(t) dt = f(a). 


This is a special case of equation 4.9.3 with g(x) = x". 
Solution: 
y(x) = f(x) + ACA a" + Ad), 


where A; and Ap are the constants determined by the formulas presented in 4.9.3. 


b 
y(xz) - af (Aa”’ + Bt’ )t* y(t) dt = f(x). 


This is a special case of equation 4.9.6 with g(x) = x” and h(t) = t". 
Solution: 
y(x) = f(x) + AAi2” + Ad), 


where A, and Ap are the constants determined by the formulas presented in 4.9.6. 


b 
y(x) — | (Da” + Et*)x’ y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g)(%) = «”*7, hy(t) = D, go(a) = x7, and 
ho(t) = Et. 
Solution: 
y(a) = f(x) + A Aa"*7 + Ana), 


where A; and Az are the constants determined by the formulas presented in 4.9.18. 


b 
y(a) — 2X if (Ac’t! + Bat®)y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g)(a) = x”, h(t) = At", go(x) = x7, and 
ho(t) = Bt. 
Solution: 
y(@) = f(x) + Apa” + Aye”), 


where A; and Ap are the constants determined by the formulas presented in 4.9.18. 
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60. 


61. 


62. 


63. 


64. 


b 
y(a) —X | (A+ Bat + Ct#*!)y(t) dt = f(a). 


This is a special case of equation 4.9.9 with h(t) = t". 
Solution: 


y(x) = f(v) + (A, + A2@), 


where A, and A) are the constants determined by the formulas presented in 4.9.9. 


b 
y(a) —X | (At® + BaP t# + Ct"*7)y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g)(x) = 1, h(t) = At® + Ct#*7, go(x) = v°, and 
ho(t) = Bte. 
Solution: 
y(x) = f(a) + (A; + Ane”), 


where A; and Az are the constants determined by the formulas presented in 4.9.18. 


b 
y(az) - | (Aavt? + BaP t7 + Cat”)y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g|(x) = Ax® + Be®, h(t) =t7, go(x) = x", and 
ho(t) = Ct”. 
Solution: 
yx) = f(x) + MA (Ae* + Ba) + Ara], 


where A, and Ap are the constants determined by the formulas presented in 4.9.18. 


oT (a + pi)? (x + p2)" a 
y(az) - af [4 (+a)? +B Cia y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g)(x) = (a +p)", hit) = Att+q)7, g(x) = 
(x + pr)", and ho(t) = Bt + @y°. 
Solution: 


y(x) = f(x) + A[Ai(a + pi)? + Aaa + pr)*], 


where A; and Ap are the constants determined by the formulas presented in 4.9.18. 


e at+a a’ +c 
wie)-> f (4 ee +B) yo at = fw). 


A 
This is a special case of equation 4.9.18 with g\(x) = a" +a, hi() = rome G(x) = 27 +6, 


+b 


and h(t) = aa 
Solution: 
y(x) = f(x) + ATA (a" + a) + An(x7 + 0)], 


where A; and Ap are the constants determined by the formulas presented in 4.9.18. 
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4.1-7. Singular Equations 


In this subsection, all singular integrals are understood in the sense of the Cauchy principal value. 


65. 


66. 


Ay(a) + =| wwe Weg, aa ea, 
-1 


Without loss of generality we may assume that A? + B? = 1. 


1°. The solution bounded at the endpoints: 


B d 
y(v) = Af() ae Gt) fat iz) =(1 + 2)*(1- 2)", 
1 gt) t-x 


where a is the solution of the trigonometric equation 
A+ Bcot(7a) = 0 


ee 


ay dt = 0. 


on the interval 0 < a < 1. This solution y(x) exists if and only if 


2°. The solution bounded at the endpoint x = | and unbounded at the endpoint x = -1: 


Bf d 
yoo) = Apa f SOLON gay = 42)" ay", 


_ gt) t-2x 
where a is the solution of the trigonometric equation (2) on the interval -1 <a <0. 
3°. The solution unbounded at the endpoints: 


ga) f oe dt 


gt) t- + Cg(x), g(a) =(1+2)%(1-2)!, 
1 


B 
y(@) = Afte) aah 


(1) 


(2) 


(3) 


(4) 


where C’ is an arbitrary constant and a is the solution of the trigonometric equation (2) on the 


interval -1<a<0O. 


@) Reference: I. K. Lifanov (1996). 


1 1 1 
yie)-> f (5 are sap UD at = Fla, 0<2a<1. 
0 = = 


Tricomi’s equation. 
Solution: 


1 t(1—a)* (1 1 ca -2) 
YO) = Te ER | for [S2(4 ag) far] oh 


lous 


a= 2 arctan(A7) (-l<a<1),_ tan a At (-2< 8 <0), 
T 


where C is an arbitrary constant. 


@) References: P. P. Zabreyko, A. I. Kosheley, et al. (1975), F. G. Tricomi (1985). 
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4.2. Equations Whose Kernels Contain Exponential 
Functions 


4.2-1. Kernels Containing Exponential Functions 


b 
1 = -y(x) -A | (e8 + e%*)y(t) dt = f(a). 
The characteristic values of the equation: 


B 
ef — eBa + 4806 — a)(€28% — €28) 


AL2 = 


1°. Solution with A # Aj 2: 
y(a) = f(a) + MAje** + Ag), 
where the constants A, and A, are given by 


fi-A[fids-b-oOf2] Ape —_f2- MPAs ~ fidoa) 
’ 2 > 
2 [A2 —(b-a)Arg] -2Ag +1 d2 [Az —(b-a)Arg] -2Ag +1 


A,= 


b b 
f= f(x) dx, fi= [ f(a)e®* da, Ag = Glee), 


2°. Solution with A = A, # Az and f; = fo = 0: 


28b _ @2Ba 
y(x) = f(v)+Cyi(a), yi (a) =e" + (a 


where C' is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


3°. Solution with A = Az # A; and f, = fo = 0: 


26b _ p2Ba 


where C' is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding 
to the characteristic value A>. 


4°. The equation has no multiple characteristic values. 


b 
2. y(x)-Xr i (e% — e9*)y(t) dt = f(x). 
The characteristic values of the equation: 


B 


Ai2 = . 
ye eBay? — 13()— a)(e28> — ¢20a) 
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1°. Solution with A # Aj 2: 
y(a) = f(a) + MAie** + Ad), 
where the constants A; and A) are given by 
_fitrAlfids-O-af] , _ -h+AhAg-fidrp) 
2[(b—a)Arg— AB] +1" ~? P[O—a@ Arg — 3] +1 


1 


b b 
fi =| f(x) dx, f= f f@e** dx, Ag = wie 
2°. Solution with A = A; # Az and f, = fo = 0: 
1-A,A 
= _ Bx 16 
y(x) = f(x) + Cy (2), yi(z) =e + boa? 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value A). 


3°. The solution with A = Az # A, and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y;(x) by Az and yo(x), respectively. 


4°. The equation has no multiple characteristic values. 


b 
y(a) —X i (Ae%* + Be®*)y(t) dt = f(x). 
The characteristic values of the equation: 
(A+B)Agt 4 ~ BPA? + 4ABb—a)Ang 
2AB[A —(b—a)Arg| fe aS 
1°. Solution with \ 4 Aj 9: 


A12 = 


ya) = f(x) + MAje"* + Ap), 
where the constants A, and A, are given by 
7 Af, - ABA|fidg -(b- a) f2] 
AB» [Az —(b-a)Arg] -(A+ B)\Ag +1? 
a B fp - ABN fodg — fi Ar) 
AB» [Az —(b—a)Azg] -(A+ B)\Ag +1? 


A, 


Ay 


b b 
fiz f f(a) da, fi= [ f(a)e®* da. 
2°. Solution with X = A; # Az and f, = fo =0: 
1- Adj Ag 


yla) = fa) +Cy(a), na) =e + FE, 


where C' is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value A). 


3°. The solution with A = Az # A; and fi = fo = 0 is given by the formulas of item 2° in 
which one must replace A; and y;(a) by Az and y2(x), respectively. 
2 
4°. Solution with A= A) 2 =, and f; = f2 =0, where the characteristic value \,, = (As BYAs Bp 
is double: (A Byh 
> + Cc * > BS = em _¥ = z ? 
y(x) = f(x) + Cy, (2) Yx(@) = € 2A a) 


where C is an arbitrary constant and y,.(a) is an eigenfunction of the equation corresponding 
to Ax. 
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b 
y(az) - | [Ae®@*) + B) y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g)(x) = e®*, hy(t) = Ae, go(x) = 1, and 
ho(t) = B. 
Solution: 
y(x) = f(x) + MAje"* + Ad), 


where A; and Ap are the constants determined by the formulas presented in 4.9.18. 


b 
y(a) - | [AeSetut + BeSwt] y(t) dt = f(x). 


This is a special case of equation 4.9.6 with g(x) = e?* and A(t) =e". 
Solution: 
ya) = f(x) + Aye" + Ad), 


where A, and A) are the constants determined by the formulas presented in 4.9.6. 


b 
y(a) - | [Aew@**) + Bel] y(t) dt = f(x). 


This is a special case of equation 4.9.14 with g(x) = e®” and h(t) = eft, 
Solution: 
y(x) = f(a) + MAje* + Aye”*), 


where A; and Ap are the constants determined by the formulas presented in 4.9.14. 


b 
y(a) - | (Aer@*s# + Be®***) y(t) dt = f(x). 


This is a special case of equation 4.9.17 with g(x) = e®” and A(t) = et, 
Solution: 
y(x) = f(x) + M Ale” + Ape**), 


where A, and A) are the constants determined by the formulas presented in 4.9.17. 


b 
y(x) - | [Dew + Ee’"#® | y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g(x) = e*”, h(t) = D, go(x) = e”, and 
ho(t) = Ee”. 
Solution: 
y(x) = f(x) + APApe OH” + Are"“*], 


where A, and A) are the constants determined by the formulas presented in 4.9.18. 


b 
y(a) —X ‘) (Ae®@*8t 4 Bet®*5tyy(t) dt = f(x). 


This is a special case of equation 4.9.18 with g)(a) = e°”, hi(t) = Ae", go(x) = e?”, and 
h(t) = Be™. 
Solution: 
y(x) = f(r) + (Ay e** + Are”), 


where A; and Ap are the constants determined by the formulas presented in 4.9.18. 
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brn 
10. y(x)- | bs Aen] y(t) dt = f(x). 
This is a special case of equation 4.9.20 with g,(a) = e7*® and h;,(t) = Ape". 


1 co 
11. y(x)- of e|*ly(t) dt = Ae”, O0<p<1. 
0 


Solution: 
y(x) = CU +x) + Ap [We = Ie” - + J], 


where C is an arbitrary constant. 


@) Reference: P. P. Zabreyko, A. I. Kosheley, et al. (1975). 


12. y(a)+ af e*ly(t) dt = f(x). 
0 


Solution: 
y(a) = f(x) - aa ie exp(-V1 + 2A |x - tl) f(® dt 
+ (1 = a) ie exp[-V 1+ 2A(« + 1)] f(@ dt, 


where A> -5. 


@ Reference: F. D. Gakhov and Yu. I. Cherskii (1978). 


13. y(x)-A / e*ly(t) dt = 0, rA>0. 


The Lalesco—Picard equation. 
Solution: 


Ci exp(zvV1-22) + C2 exp(-zV'1 - 22) for ace oe 
y(@)= 4 Cr+ Cox for \= 
C; cos (xV/2X -1 ) + Cz sin (av 2-1 ) for \> 


Nie ce 


where C, and C} are arbitrary constants. 


@ Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971). 


14. y(a)+ af” ely(t) dt = f(x). 


1°. Solution with A > -: 


y(x) = f(x) - exp(—V1 + 2A |x-tl) f() dt. 


Tea l.. 


2°. IfAS -t, for the equation to be solvable the conditions 


he f(x) cos(ax) dx = 0, a f(x) sin(ax) dx = 0, 
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where a = \/—1 —2,, must be satisfied. In this case, the solution has the form 


2. foe) 
y(x) = f(a) - i sin(at)f(e@+t)dt,  (-oo<2<00). 
0 


In the class of solutions not belonging to L2(—oo, oo), the homogeneous equation (with 
f(x) = 0) has a nontrivial solution. In this case, the general solution of the corresponding 
nonhomogeneous equation with A < -4 has the form 


2. foe) 
y(x) = C| sin(ax) + Cz cos(ax) + f(x) - / sin(alx — t) f(@® dt. 


@) Reference: F. D. Gakhov and Yu. I. Cherskii (1978). 


b 
15. y(a)+A y erl?tly(t) dt = f(x). 


This is a special case of equation 4.9.37 with g(t) = A. 


1°. The function y = y(x) obeys the following second-order linear nonhomogeneous ordinary 
differential equation with constant coefficients: 


Une + AQA—A)y = fina) —d’ f(@). (1) 
The boundary conditions for (1) have the form (see 4.9.37) 
y,(a) + Ay(a) = fi,(a) + Af (a), 
yi(b) — Ay(b) = f.(b) — Af (). 


Equation (1) under the boundary conditions (2) determines the solution of the original 
integral equation. 


(2) 


2°. For \(2A — ) < 0, the general solution of equation (1) is given by 


y(x) = C, cosh(kax) + C2 sinh(kax) + f(x) - uA ik sinh[k(a — t)] f(t) dt, 


(3) 
k= /AA-2A), 
where C, and C} are arbitrary constants. 
For \(2A — A) > 0, the general solution of equation (1) is given by 
2A a, 
y(x) = C) cos(kx) + C2 sin(kax) + f(x) - aA / sin[k(x — t)] f() dt, 4) 
k=V/AQA-)). 
For = 2A, the general solution of equation (1) is given by 
y(x) = C\ + Coa + f(a) -4A* i (x -t) f(b) dt. (5) 


The constants C; and C} in solutions (3)—(5) are determined by conditions (2). 


3°. In the special case a = 0 and \(2A — A) > 0, the solution of the integral equation is given 
by formula (4) with 
A(kI, — XIs) A(kI, — X15) 


~ (\—A)sinp—kcos pi’ ok A) sin —k cos pt’ 


b b 
k=V/d2A-d), p=bk, I= i sin[k(b—-H|f(dt, I. = | cos[k(b — t)] f(t) dt. 
0 0 


Ci 
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16. 


brn 
ia) + [| AgexpOale-t)]uib dt = fe, -co <a<b<co. 


k=1 
1°. Let us remove the modulus in the kth summand of the integrand: 


b 


b x 
Ix(a) = / exp(relatDy(t) dt = 7 expl\x(a—t)ly(t) dt + if explAx(t—a)ly(t) dt. (1) 


Differentiating (1) with respect to x twice yields 


x b 
i =Xz / exp[Ax (x — t)]y(@ dt — Ax i exp[A;,(t — x) ]y() dt, 

a x ‘ (2) 
Ti! = 2Apy(a) + Xj, / exp[Ax (x — t)]y(t) dt + ;, i, exp[A,(t — x) ]y(t) dt, 


a x 


x 


where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2), 
we find the relation between I7’ and I: 


Tl = 2dpy(a) + ALTh, Ty, = I;,(2). (3) 


2°. With the aid of (1), the integral equation can be rewritten in the form 


ya) + S> Agly = f(a). (4) 


k=1 


Differentiating (4) with respect to x twice and taking into account (3), we find that 


Yrn(@) + Onya)+ >” AnAgTa = feg(@), On =2 > Arr. (5) 
k=1 k=1 


Eliminating the integral [,, from (4) and (5) yields 


n-1 


Yro(®) + (Fn — Ar )y(a) +S" ARAR- APM = fre(@) — V3, f (2). (6) 


k=1 


Differentiating (6) with respect to x twice and eliminating /,,_; from the resulting equation 


with the aid of (6), we obtain a similar equation whose left-hand side is a second-order linear 
n-2 
differential operator (acting on y) with constant coefficients plus the sum )> B;,J;,. If we 


k=l 
successively eliminate I,2, In-3, ..., with the aid of double differentiation, then we finally 


arrive at a linear nonhomogeneous ordinary differential equation of order 2n with constant 
coefficients. 


3°. The boundary conditions for y(x) can be found by setting x = a in the integral equation 
and all its derivatives. (Alternatively, these conditions can be found by setting x = a and x =b 
in the integral equation and all its derivatives obtained by means of double differentiation.) 


4.2-2. Kernels Containing Power-Law and Exponential Functions 


17. 


b 
yla) —r if (w -teTy(t) dt = f(a). 


This is a special case of equation 4.9.8 with A = 0, B = 1, and h(t) = e%. 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


b 
oad | (a - the y(t) dt = f(a). 


This is a special case of equation 4.9.10 with A = 0, B = 1, and h(x) = e””. 


b 
ayer | (aw — the? #*y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g,(x) = xe?, hy(t) = e“*, go(x) = e7”, and 
ho(t) = te". 


b 
y(az) - a | [A + (Ba + Ct)e” y(t) dt = f(a). 


This is a special case of equation 4.9.11 with h(x) = e7”. 


b 
y(x)—r i (x? + t)e1"* y(t) dt = f(x). 
0 


This is a special case of equation 4.9.15 with g(x) = xe?” and h(t) =e”. 


b 
yla) - | (ae? - Pe! y(t) dt = fla). 
0 


This is a special case of equation 4.9.18 with g;(x) = xe', hy(t) =, g2(x) = e””, and 
ho(t) = te". 


b 
y(a) - | (Aa”™ + Bt” )e%*8t y(t) dt = f(x), n=1,2,... 
0 


This is a special case of equation 4.9.18 with g|(x) = x"e, h(t) = Ae*, g2(x) = e®”, and 
ho(t) = Bt™e**. 


b n 
y(x) -X i bs Agtemse*trt| y(t) dt = f(z), n=1,2,... 
a | k=l 
This is a special case of equation 4.9.20 with g;,(a) = e%** and h;,(t) = A,t”* er". 
br n 
y(x)-X | bs Axatrersertrt| y(t) dt = f(z), n=1,2,... 
a -* kel 


This is a special case of equation 4.9.20 with g, (x) = Apv’*e°** and h,(t) = EArt 


b 
y(az) - | (a -t)"eY@ y(t) dt = f(a), n=1,2,... 


This is a special case of equation 4.9.20. 


b 
y(a) - | (a - t)"e%**Ft y(t) dt = f(x), n=1,2,... 


This is a special case of equation 4.9.20. 


b 
y(a) - | (Ax + Bt)"e%*Ft y(t) dt = f(x), n=1,2,... 


This is a special case of equation 4.9.20. 
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b 
29. y(a)+A i: te? y(t) dt = f(x). 
This is a special case of equation 4.9.37 with g(t) = At. The solution of the integral equation 


can be written via the Bessel functions (or modified Bessel functions) of order 1/3. 


30. y(a)+ | (a + bla — t|) exp(-[x — t|)y(t) dt = f(a). 
0 


Let the biquadratic polynomial P(k) = k* + 2(a—b+ 1)k* +2a + 2b + 1 have no real roots and 
let k = a +i be a root of the equation P(k) = 0 such that a > 0 and @ > 0. In this case, the 
solution has the form 


y(x) = f(a) + | exp(—A|x — t|) cos + ala — t)) f(t) dt 


la+(B-1PP 
ane). a 


a ie exp[—((a + t)] cos[w + a(a + t)) f@® dt, 
0 


| i exp[—A(a + t)] cos[a(a — t)] f(t) dt 
0 


4a? 


where the parameters p, 0, R, and w are determined from the system of algebraic equations 
obtained by separating real and imaginary parts in the relations 


io_ iE fp. KO=1 S10)? 
pe B-ia’ ne 8a2(3-—ia) ¢ 


@) Reference: F. D. Gakhov and Yu. I. Cherskii (1978). 


4.3. Equations Whose Kernels Contain Hyperbolic 
Functions 


4.3-1. Kernels Containing Hyperbolic Cosine 


b 
1. y(a) - | cosh(Gax)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = cosh(@x) and A(t) = 1. 


b 
2. y(a) - | cosh(Gt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = 1 and A(t) = cosh((t). 


b 
3. y(az) - | cosh[G(x — t)]y(t) dt = f(a). 


This is a special case of equation 4.9.13 with g(x) = cosh(@z) and A(t) = sinh((t). 
Solution: 
y(x) = f(x) + A| A; cosh(Bx) + Ap sinh(Bz)], 


where A; and Ap are the constants determined by the formulas presented in 4.9.13. 
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10. 


11. 


12. 


13. 


b 
y(a)-2» | cosh[G(x + t)]y(@) dt = f(x). 


This is a special case of equation 4.9.12 with g(x) = cosh(Gz) and A(t) = sinh((t). 
Solution: 
y(a) = f(a) +2 [Ai cosh(Gx) + Az sinh(Zx)| ; 


where A; and Az are the constants determined by the formulas presented in 4.9.12. 


b n 
y(a)— i) { do Ax cosh[9x (x - ohuo dt = f(a), n=1,2,... 


k=1 
This is a special case of equation 4.9.20. 


b 
ayo ‘] Se) db FG. 


cosh(Gt) 
1 
This is a special case of equation 4.9.1 with g(x) = cosh(Gx) and h(t) = ———_. 
cosh(3t) 

(@)-af eon a5 

v)- = a“). 
‘2 a cosh(Gx) ¥ 

1 

This is a special case of equation 4.9.1 with g(x) = ————— and h(t) = cosh((?t). 


cosh(Gx) 


b 
y(x)-X | cosh® (3) cosh” (ut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = cosh“ (Gx) and h(t) = cosh” (yt). 


b 

y(ax) —X i t* cosh” (Gax)y(t) dt = f(x). 

This is a special case of equation 4.9.1 with g(a) = cosh” (Gx) and h(t) = t*. 
b 

y(a) —X | x® cosh” (Bt)y(t) dt = f(x). 

This is a special case of equation 4.9.1 with g(a) = x* and h(t) = cosh" ({t). 


b 
y(az) - | [A + B(a - t) cosh(Gx)] y(t) dt = f(a). 


This is a special case of equation 4.9.10 with h(a) = cosh(Gz). 


b 
y(xz) - | [A + B(a - t) cosh(Gt)]y(t) dt = f(a). 


This is a special case of equation 4.9.8 with h(t) = cosh((t). 
— yjdt dt 
yo) df = fla). 
35 cosh[b(a — t)] t)] 
Solution with b > z|)|: 


sinh[2k(a — t)] 7 b ae 
TRE [ sinh[2b(x — t)] f@Odt, k= arceos(“*). 


@) Reference: F. D. Gakhov and Yu. I. Cherskii (1978). 


yx) = f(a) 
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4.3-2. Kernels Containing Hyperbolic Sine 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


b 
y(a2)-A i sinh(Gx)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = sinh(@z) and A(t) = 1. 


b 
y(a2)-A | sinh(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = 1 and h(f) = sinh((?t). 


b 
oe if sinh[A(a - t)ly(t) dt = f(a). 


This is a special case of equation 4.9.16 with g(x) = sinh(Gx) and h(t) = cosh((t). 
Solution: 
y(a) = f(a) +2 [Ai sinh(Gx) + Az cosh(32’)] ; 


where A; and Ap are the constants determined by the formulas presented in 4.9.16. 


b 
y(a) - | sinh[G(a + t)]y(t) dt = f(a). 


This is a special case of equation 4.9.15 with g(x) = sinh(Gx) and h(t) = cosh((t). 
Solution: 
y(x) = f(x) + A[ A; sinh(Bx) + A cosh(Bz)], 


where A; and Ap are the constants determined by the formulas presented in 4.9.15. 


br n 
yia)-d {> Ansinntay(e-oibyit)dt = fle, m= 1.2, 


k=1 


This is a special case of equation 4.9.20. 


aa 5mneo (t) dt = f(a) 
¥ ~¢ GD 


This is a special case of equation 4.9.1 with g(a) = sinh(Gz) and A(t) = anno” 


aya f° nme (t) dt = f(x) 
2 osha ee 


This is a special case of equation 4.9.1 with g(x) = and A(t) = sinh (Gt). 


1 

sinh(Gx) 
b 

y(x)-X if sinh® (Ga) sinh” (jut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = sinh” (3x) and h(t) = sinh" (jit). 


b 
y(a) —X i t® sinh” (Ga)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = sinh” (Gx) and h(t) = t*. 
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23. 


24. 


25. 


26. 


27. 


b 
y(a) — 2X il a sinh” (Bt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = x* and A(t) = sinh’ (Gt). 


b 
y(az) - | [A + B(a - t) sinh(Gt)]y(t) dt = f(a). 


This is a special case of equation 4.9.8 with h(t) = sinh(Gt). 


b 
y(az) - | [A + B(a - t) sinh(Gx)]y(t) dt = f(a). 


This is a special case of equation 4.9.10 with h(x) = sinh(Gz). 


b 
y(a) + af sinh(A|x — t])y(t) dt = f(x). 


This is a special case of equation 4.9.38 with g(t) = A. 
1°. The function y = y() obeys the following second-order linear nonhomogeneous ordinary 
differential equation with constant coefficients: 

Yao + A2A—Ny = frrw(@)—’ f@). (1) 
The boundary conditions for (1) have the form (see 4.9.38) 


sinh[ \(b — a)]y/,(b) — A cosh[ A(b — a)] 9(b) = Av(a), 


ihDO=Mleat las OL oleae, oP Oe © 


Equation (1) under the boundary conditions (2) determines the solution of the original 
integral equation. 


2°. For \(2A — A) = -k? < 0, the general solution of equation (1) is given by 


2AXr 


y(x) = C, cosh(kx) + Cy sinh(kax) + f(x) - 7 


i. sinh[k(a — t)] f(t) dt, (3) 


where C' and C} are arbitrary constants. 

For \(2.A — A) = k* > 0, the general solution of equation (1) is given by 
i 2A f[* . 
y(x) = C, cos(kx) + C2 sin(kx) + f(x) - = sin[k(a — t)] f() dt. (4) 


a 


For = 2A, the general solution of equation (1) is given by 
y(x) = Cy + Cox + f(x) - 4A’ if (a — t) f(t) dt. (5) 
The constants C and C} in solutions (3)—(5) are determined by conditions (2). 


b 
y(a) + af t sinh(A|x — t))y(t) dt = f(x). 


This is a special case of equation 4.9.38 with g(t) = At. The solution of the integral equation 
can be written via the Bessel functions (or modified Bessel functions) of order 1/3. 


© 1998 by CRC Press LLC 


28. 


29. 


b 
y(xz) + A ’) sinh? (A|x — t|)y() dt = f(a). 


Using the formula sinh? 3 = ; sinh 3G — 3 sinh (3, we arrive at an equation of the form 4.3.29 
with n = 2: 


b 
y(x) + if [4A sinh(3A\a — |) — 3A sinh(A|x - t)] yd) dt = f(a). 


brn 
y(a) + i bs A, sinh(A,|x - a) y(t) dt = f(z),  -0<a<b<oo. 


k=1 
1°. Let us remove the modulus in the kth summand of the integrand: 


b 
sinh[\;.(x—t)]y(t) dt + i sinh[\;.(t—2) ]y(t) dt. (1) 


x 


x 


b 
I,(a) = / sinh(\;|x—t) y(t) dt = / 


Differentiating (1) with respect to x twice yields 


x b 
Ee dX / cosh[A;,(a — t)]y(t) dt — Az | cosh[A;,.(t — x) ]y(t) dt, 
Tl = 2dpy(a) + ') sinh[A;,(a — t) y(t) dt + Z i sinh[\;.(t — x) ]y(t) dt, 


a x 


where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2), 
we find the relation between J/’ and I;: 


Tl = 2dpy(ax) + Nh, Ty = I,(2). (3) 
2°. With the aid of (1), the integral equation can be rewritten in the form 


ya) + S> Agly = f(a). (4) 


k=1 


Differentiating (4) with respect to x twice and taking into account (3), we find that 


Yro(@) + Ony(a)+ S> ARATE = flo(Z), In =2 > Agrr. (5) 
k=l k=l 
Eliminating the integral [,, from (4) and (5) yields 
n-1 
Yor) + (On — ry )y(a) + > ARR ARM = flew) — Mf (@)- (6) 
k=l 


Differentiating (6) with respect to x twice and eliminating /,,_; from the resulting equation 
with the aid of (6), we obtain a similar equation whose left-hand side is a second-order linear 


n-2 
differential operator (acting on y) with constant coefficients plus the sum 5> B,J. If we 


k=l 
successively eliminate I», I,-3, ..., with the aid of double differentiation, then we finally 
arrive at a linear nonhomogeneous ordinary differential equation of order 2n with constant 
coefficients. 


3°. The boundary conditions for y(x) can be found by setting x = a in the integral equation 
and its derivatives. (Alternatively, these conditions can be found by setting 7 = a and x = b 
in the integral equation and all its derivatives obtained by means of double differentiation.) 
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4.3-3. Kernels Containing Hyperbolic Tangent 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


b 
yla) ‘| tanh(Bx)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = tanh(Gx) and A(t) = 1. 


b 
y(a) - | tanh(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = 1 and A(t) = tanh((t). 


b 
y(az) - | [A tanh(Gz) + B tanh(Gt)]y(t) dt = f(a). 


This is a special case of equation 4.9.4 with g(x) = tanh(Gz). 


@)-af © M2) see) at = $0) 
4 anh ee 


This is a special case of equation 4.9.1 with g(x) = tanh(Gx) and A(t) = Tenn” 


caf am ay at = fee) 
¥ is tanh(Gx) ” > ° 


This is a special case of equation 4.9.1 with g(x) = and A(t) = tanh((t). 


1 
tanh(Gx) 


b 
y(x)-X i tanh* (Gx) tanh” (jt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = tanh“ (32) and A(t) = tanh" (pt). 


b 
y(x)-X if t® tanh”’(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = tanh"’(@z) and h(t) = t*. 


b 
y(a) —X ih a® tanh" (Gt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = x* and h(t) = tanh"(t). 


b 
y(xz) - af [A + B(a — t) tanh(Gt)]y(t) dt = f(a). 


This is a special case of equation 4.9.8 with h(t) = tanh(@t). 


b 
y(x) — | [A + B(x - t) tanh(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(a) = tanh(Gz). 
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4.3-4. Kernels Containing Hyperbolic Cotangent 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


b 
yla) — if coth(3x)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = coth(Gx) and A(t) = 1. 


b 
y(a) - | coth(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = 1 and A(t) = coth(t). 


b 
y(az) - | [A coth(Gx) + B coth(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.4 with g(x) = coth(Gz). 


@-af © S882) se) at = Fee) 
¥ oh 


This is a special case of equation 4.9.1 with g(x) = coth(Gx) and A(t) = coth(@b)” 


@-af Raman Se NEE ee 
¥ a coth(x) ” 7 : 


This is a special case of equation 4.9.1 with g(x) = and A(t) = coth((t). 


1 
coth(Gx) 


b 
y(x)-X | coth*(32) coth” (jut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = coth* (32) and A(t) = coth™ (it). 


b 
y(a) —X if t® coth”’(3x)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = coth"(zx) and h(t) = t*. 


b 
y(a) —X ih a® coth’(St)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = x* and h(t) = coth"(t). 


b 
y(az) - af [A + B(a - t) coth(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with h(t) = coth(@t). 


b 
y(x) — | [A + B(a - t) coth(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(a) = coth(Gz). 
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4.3-5. Kernels Containing Combination of Hyperbolic Functions 


50. 


51. 


52. 


53. 


b 
y(x)-X | cosh® (3a) sinh” (jut)y(t) dt = f(a). 
This is a special case of equation 4.9.1 with g(x) = cosh“ (Gx) and h(t) = sinh” (jt). 


b 
y(a2)-A | [A sinh(az) cosh(Gt) + B sinh(yx) cosh(dt)]y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g,(x) = sinh(ax), h,(t) = A cosh(Zt), go(x) = 
sinh(yx), and h2(t) = Bcosh(6t). 


b 
y(ax) -X | tanh* (yx) coth™ (yut)y(t) dt = f(x). 
This is a special case of equation 4.9.1 with g(x) = tanh’ (yz) and h(t) = coth™ (it). 


b 
y(a2)-A if [A tanh(ax) coth(Gt) + B tanh(yx) coth(dt)]y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g;(x) = tanh(ax), h)(t) = A coth(Zt), go(x) = 
tanh(yx), and h2(t) = Bcoth(dt). 


4.4. Equations Whose Kernels Contain Logarithmic 


Functions 


4.4-1. Kernels Containing Logarithmic Functions 


1. 


b 
yie)-df Iincyarytt) dt = fla. 


This is a special case of equation 4.9.1 with g(x) = In(yx) and A(t) = 1. 


b 
ayer | In(yt)y(t) dt = f(2). 


This is a special case of equation 4.9.1 with g(x) = 1 and A(f) = In(?). 


b 
y(az) - | (In 2 — In t)y(t) dt = f(a). 


This is a special case of equation 4.9.3 with g(x) = Inz. 


> In(yx) 7 
yio)-f Tap i at = Fla). 


This is a special case of equation 4.9.1 with g(x) = In(yx) and A(t) = hop’ 
ny 


> In(yt 
yie)- f OO y(t) at = fla). 
A nye 


1 
This is a special case of equation 4.9.1 with g(x) = Tae) and A(t) = In(yt). 
n(yx 
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b 
6. yie)->f In* (yar) In” (ut y(t) dt = f(@). 


This is a special case of equation 4.9.1 with g(x) = In‘ (yx) and A(t) = In” (yt). 


4.4-2. Kernels Containing Power-Law and Logarithmic Functions 


b 
“ie yie)-d fe m™ e)ylb) dt = fla. 


This is a special case of equation 4.9.1 with g(x) = In” (yx) and h(t) = t*. 


b 
8. wie)-dfa* n™ (ty dt = fla. 
This is a special case of equation 4.9.1 with g(x) = z* and h(t) = In™ (yt). 


b 
9, y(xz) - | [A + Bi -t) In(yt)Jy(@) dt = f(a). 


This is a special case of equation 4.9.8 with h(t) = In(7?). 


b 
10. y(x)- | [A + Bia - t) In(yx)] y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(x) = In(yz). 


b 
11. y(x)- | [A + (Ba + Ct) In(yt)]y( dt = f(a). 


This is a special case of equation 4.9.9 with h(t) = In(7?). 


b 
12. y(x)- | [A + (Ba + Ct) In(yx)]y(@) dt = f(a). 


This is a special case of equation 4.9.11 with A(x) = In(yz). 


b 
13. yle)-df [Ae in (Bx) + Ba n'(yt)ly(t) at = fe) 


This is a special case of equation 4.9.18 with g)(2) = In" (Gx), hy(t) = At”, g(x) = «*, and 
ho(t) = Bin'(yt). 


4.5. Equations Whose Kernels Contain Trigonometric 
Functions 


4.5-1. Kernels Containing Cosine 


b 
1. y(a) - | cos(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = cos(Gx) and A(t) = 1. 
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b 
i@=> | cos(Bt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = cos(t). 


b 
Hee i cos[/3(x - t)]y(t) dt = f(a). 


This is a special case of equation 4.9.12 with g(x) = cos(@x) and A(t) = sin(Gt). 
Solution: 


y(a) = f(x) +2 [Ai cos(Gx) + Ag sin(3x)| . 


where A, and A) are the constants determined by the formulas presented in 4.9.12. 


b 
ee rt cos[/3(x + t)ly(t) dt = f(a). 


This is a special case of equation 4.9.13 with g(x) = cos(@x) and h(t) = sin(Gt). 
Solution: 


y(x) = f(a) +2 [Ai cos(Gx) + Ao sin(3x)| . 


where A, and Ap are the constants determined by the formulas presented in 4.9.13. 


y(a2)-A ‘ - cos(xt)y(t) dt = 0. 
0 


Characteristic values: ) = +,/2/7. For the characteristic values, the integral equation has 
infinitely many linearly independent eigenfunctions. 
Eigenfunctions for \ = +,/2/7 have the form 


2 Co 
yu(z) = f(a) +f — | f(t) cos(axt) dt, (1) 
0 
where f = f(x) is any continuous function absolutely integrable on the interval [0, oo). 
Eigenfunctions for \ = —,/2/7 have the form 
2 Co 
yl) = f(a)-\/— | f®cos(at) dt, (2) 
0 


where f = f(x) is any continuous function absolutely integrable on the interval [0, oo). 
In particular, from (1) and (2) with f(a) = e*” we obtain 


ax [2 a {2 
Yr(@) = € + See for \=+ a 


Ci 2 a S 2 
a a alla | ere a cag | 


where a is any positive number. 


@) Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971). 
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10. 


11. 


12. 


13. 


14. 


y(a) - rf cos(xt)y(t) dt = f(x). 
0 


Solution: 
f(x) A 
j22e  geee 
roo ok 


YX) = 


where \# +,/2/n. 


‘O) Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971). 


i cos(at) f(t) dt, 
0 


br n 
yie)- f { > Ap coslBa(x - ohuo dt=fle), n=1,2... 


k=1 


This equation can be reduced to a special case of equation 4.9.20; the formula cos[G(« —t)] = 
cos(Gx) cos(Gt) + sin(Gx) sin(Gt) must be used. 


(a) - f PO? ake ges 
a a cos((3t) ” ae 


1 
This is a special case of equation 4.9.1 with g(x) = cos(Gx) and A(t) = cosa) 


> cos(Bt) 7 
y(a@)-A y(t) dt = f(x). 
a cos(3x) 


1 
This is a special case of equation 4.9.1 with g(x) = ———— and A(t) = cos(3t). 
cos(Gx) 


b 
y(x) — | cos” (Bx) cos™ (pt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = cos*(Bx) and h(t) = cos™ (jut). 


b 
yla) — i] t* cos(Ba)y(t) dt = fla). 


This is a special case of equation 4.9.1 with g(a) = cos” (3x) and h(t) = t*. 


b 
ies i x* cos” (Gt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = x* and h(t) = cos’ (Gt). 


b 
y(az) - a | [A + B(a - t) cos(Bx)] y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(x) = cos(Gz). 


b 
y(x) - | [A + B(x — t) cos(Bt)] y(t) dt = f(x). 


This is a special case of equation 4.9.8 with h(t) = cos(Gt). 
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4.5-2. Kernels Containing Sine 


b 
15. y(x)- | sin(Gx)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = sin(Gx) and A(t) = 1. 


b 
16. y(x)- | sin(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = 1 and A(f) = sin(t). 


b 
17. y(x)- | sin[G(a — t)]y(t) dt = f(x). 


This is a special case of equation 4.9.16 with g(x) = sin(Gx) and h(t) = cos((t). 
Solution: 


y(x) = f(a) +r [Ai sin(Gx) + A, cos(3.x)] ; 


where A, and Ap are the constants determined by the formulas presented in 4.9.16. 


b 
18. y(x)- | sin[G(a + t)]y(t) dt = f(x). 


This is a special case of equation 4.9.15 with g(x) = sin(Gzx) and h(t) = cos((t). 
Solution: 


y(x) = f(x) + A[ Aj sin(Bx) + Az cos(Bz)], 


where A, and A) are the constants determined by the formulas presented in 4.9.15. 


19. y(x)- a | sin(xt)y(t) dt = 0. 
0 


Characteristic values: ) = +,/2/z. For the characteristic values, the integral equation has 
infinitely many linearly independent eigenfunctions. 
Eigenfunctions for \ = +,/2/7 have the form 


Y(x) = f(x) + ‘eae f(@ sin(zt) dt, 
mT JO 


where f = f(x) is any continuous function absolutely integrable on the interval [0, oo). 
Eigenfunctions for \ = —,/2/7 have the form 


2 co 
y-(x) = f(x) - /2 i. Ff (¢) sin(at) dt, 


where f = f(x) is any continuous function absolutely integrable on the interval [0, oo). 


@ Reference: M. L. Krasnoyv, A. I. Kisilev, and G. I. Makarenko (1971). 


20. y(a)- af” sin(xt)y(t) dt = f(x). 
0 


Solution: fa) ‘ 2 
x . 
y(x) = [2x sa ae ay | sin(xt) f(t) dt, 


0 


where A\#+,/2/z. 


@) References: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971), F D. Gakhov and Yu. I. Cherskii (1978). 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


br n 
yie)-> f { S> Ag sin Bg(a - o}yie dt=f@), n=1,2,.. 
2 k=1 


This equation can be reduced to a special case of equation 4.9.20; the formula sin[G(x —t)] = 
sin(Gx) cos(Gt) — sin(Gt) cos(Gx) must be used. 


Gos 
oer ‘| ee dbp): 


sin(Gt) 
1 
This is a special case of equation 4.9.1 with g(x) = sin(Gx) and h(t) = — : 
sin(Gt) 
> sin(Gt) 
yie)-r fF yn at = fla. 
a sin(Gx) 
1 
This is a special case of equation 4.9.1 with g(a) = ———— and A(t) = sin ((t). 


sin(Gx) 


b 
ie | sin*(Gx) sin (yt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = sin*® (Gx) and h(t) = sin” (jut). 


b 
ia i t* sin™(Ga)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = sin™ (3x) and h(t) = t*. 


b 
yla) -d | x* sin” (Gt)y(t) dt = fla). 


This is a special case of equation 4.9.1 with g(a) = x* and h(t) = sin’ (Gt). 


b 
y(az) - | [A + B(a - t) sin(Gt)]y(t) dt = f(a). 


This is a special case of equation 4.9.8 with h(t) = sin(Gt). 


b 
y(xz) - | [A + B(x - t) sin(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with A(x) = sin(Gz). 


b 
y(a) + af sin(A|x — t|)y(t) dt = f(a). 


This is a special case of equation 4.9.39 with g(t) = A. 


1°. The function y = y(x) obeys the following second-order linear nonhomogeneous ordinary 
differential equation with constant coefficients: 


Yorn + AQA+ NY = firn(@) +H” f(a). (1) 

The boundary conditions for (1) have the form (see 4.9.39) 
sin[\(b — a)]_97,(b) — A cos[A(b — a)]_(b) = Av(a), 

sin[A(b— a)]p,(a) + A cos[A(b— a)]ip(a) = —Ay(b), 


Equation (1) under the boundary conditions (2) determines the solution of the original 
integral equation. 


p(x) = ya) - f(r). 2) 
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30. 


31. 


32. 


2°. For \(2A + \) =—k? < 0, the general solution of equation (1) is given by 
: 2A f* , 
y(a) = C; cosh(kx) + Cz sinh(kx) + f(x) - er / sinh[A(a — t)] f(t) dt, 


where C', and C are arbitrary constants. 
For \(2A + \) = k? > 0, the general solution of equation (1) is given by 


x 


y(x) = C) cos(ka) + Cy sin(kax) + f(x) - uA / sin[k(x — t)] f(t) dt. 


For = 2A, the general solution of equation (1) is given by 
y(a) = C) + Cra + f(x) + 4A” i (x -t) f(t) dt. 


The constants C; and C) in solutions (3)—(5) are determined by conditions (2). 


b 
y(a) + af t sin(A|x — t))y(t) dt = f(x). 


(3) 


(4) 


(5) 


This is a special case of equation 4.9.39 with g(t) = At. The solution of the integral equation 


can be written via the Bessel functions (or modified Bessel functions) of order 1/3. 


b 
y(a)+ A | sin? (A|ax — t))y(t) dt = f(x). 


Using the formula sin? 3 = -4 sin 3 + 3 sin 3, we arrive at an equation of the form 4.5.32 


with n = 2: 


b 
y(x) + if [-4A sin(3Alz -¢]) + ZA sina - t)] yd dt = f(z). 


brn 
y(a) + | bs Ax sin(Az|x - w y(t) dt = f(x), -0o0 <a<b<o. 


k=1 


1°. Let us remove the modulus in the kth summand of the integrand: 


b 


b az 
Iy(a) = / sin(Ag|z — t)y@ dt = / sin[A;,(a — t)] y(t) dt + i sin[A;(t — x) ]y(@) dt. 


Differentiating (1) with respect to x twice yields 


x b 
I =. f cost Axe Dlylt)dt— dxf cos[A;,(t — x) ]y(£) dt, 


x b 
Tl = 2dpy(a) - rj, / sin[A;.(a — t)]y(t) dt — XX i sin[A\;,(t — x) ]y(d) dt, 


a x 


(1) 


(2) 


where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2), 


we find the relation between I7’ and I: 


Ti = 2Apy(a) - 2. Ie, Ty = I, (2). 
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(3) 


33. 


2°. With the aid of (1), the integral equation can be rewritten in the form 


ya) + S~ Agly = f (2). 


k=1 


Differentiating (4) with respect to x twice and taking into account (3), we find that 


rele) + ony(®)— > Apr ln = f(@), On =2S_ AbAr. 
k=1 k=1 


Eliminating the integral J,, from (4) and (5) yields 


n-1 
Yor(@) + (On +r, )Y(@) +S” AR, — Ape = fh (@) + Vj, f(). 
k=1 


(4) 


(5) 


(6) 


Differentiating (6) with respect to x twice and eliminating /,,_; from the resulting equation 
with the aid of (6), we obtain a similar equation whose left-hand side is a second-order linear 


n-2 


differential operator (acting on y) with constant coefficients plus the sum 5> B;,J;,. If we 


k=l 
successively eliminate I,2, In_3, ..., with the aid of double differentiation, then we finally 
arrive at a linear nonhomogeneous ordinary differential equation of order 2n with constant 


coefficients. 


3°. The boundary conditions for y(x) can be found by setting x = a in the integral equation 
and all its derivatives. (Alternatively, these conditions can be found by setting 7 = a and x =b 
in the integral equation and all its derivatives obtained by means of double differentiation.) 


°° sin(a — t) : 
uaa i She =) W(t) dt = f@. 
-co «Ott 


Solution: 
CO 


r sin(x — t) Ee 
see a f@ dt, A# ae 


@ Reference: F. D. Gakhov and Yu. I. Cherskii (1978). 


yx) = f(a) + 


4.5-3. Kernels Containing Tangent 


34. 


35. 


36. 


b 
yla) - i tan(3x)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = tan(Gx) and A(t) = 1. 


b 
ee. yl tan((3t)y(t) dt = f(@). 


This is a special case of equation 4.9.1 with g(x) = 1 and h(£) = tan(t). 


b 
y(xz) - | [A tan(Ga) + B tan(Gt)]y(t) dt = f(a). 


This is a special case of equation 4.9.4 with g(x) = tan(Gz). 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


Qa / MIE a ies cs) 
# a tan(Bty ” muting 


1 
This is a special case of equation 4.9.1 with g(x) = tan(Gx) and h(t) = ———_. 
tan(Gt) 


(a) - | + NOD deer) 
# a tan(Ga)” ane 


This is a special case of equation 4.9.1 with g(x) = and A(t) = tan(Gt). 


1 
tan(Gx) 


b 
ee | tan*(3x) tan” (yt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = tan*(Gx) and A(t) = tan” (ut). 


b 
yla) ~ t* tan™(Ba)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = tan” (Gx) and h(t) = t*. 


b 
aX | x* tan ((3t)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = x* and h(t) = tan" ((t). 


b 
y(az) - | [A + B(a - t) tan(Gt)]y(t) dt = f(a). 


This is a special case of equation 4.9.8 with h(t) = tan((t). 


b 
y(az) - | [A + B(x - t) tan(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(x) = tan(Gz). 


4.5-4. Kernels Containing Cotangent 


44. 


45. 


46. 


b 
aya i cot(Ba)y(t) dt = f(z). 


This is a special case of equation 4.9.1 with g(x) = cot(Gx) and h(t) = 1. 


b 
yla) —r | cot(Bt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = 1 and h(£) = cot(t). 


b 
y(xz) - | [A cot(Gx) + B cot(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.4 with g(x) = cot(Gz). 
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47. y(a) su fe (t) dt = fla) 
Bs Ge es cot(Bt) 7 a fae 


1 
This is a special case of equation 4.9.1 with g(x) = cot(Gx) and h(t) = ———_. 
cot(Gt) 


48. y(x) Ae SOD ue EF eS) 
a Ee a Coton)” Sa 


This is a special case of equation 4.9.1 with g(x) = and A(t) = cot(Gt). 


1 

cot(Gx) 
b 

49. y(a)-Ar | cot” (Ga) cot” (ut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = cot*(8x) and h(t) = cot” (yt). 


b 
50. y(a)-A | t® cot™ (Bx)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = cot’ (Gx) and h(t) = t*. 


b 
51. y(a)-A i a® cot™(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(z) = x* and h(t) = cot’ (t). 


b 
52. y(ax)- | [A + B(a — t) cot(Gt)]y(t) dt = f(a). 


This is a special case of equation 4.9.8 with h(t) = cot(t). 


b 
53. y(a)- | [A + B(a - t) cot(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(x) = cot(Gz). 


4.5-5. Kernels Containing Combinations of Trigonometric Functions 


b 
54. y(a)-X i) cos" (32) sin™ (ut) y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = cos*(3zx) and A(t) = sin” (jut). 


b 
55. y(x)- | [A sin(ax) cos(Bt) + B sin(yx) cos(dt)] y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g|(x)=sin(azx), h,(t)=A cos(Gt), g2(x) =sin(yx), 
and h2(t) = Bcos(6t). 


b 
56. y(a)-A | tan’(yx) cot” (yt)y(t) dt = f(a). 
This is a special case of equation 4.9.1 with g(x) = tan* (yx) and h(t) = cot” (yt). 


b 
57. y(a)-A / [A tan(ax) cot(Gt) + B tan(yx) cot(dt)]y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g|(x)=tan(ax), hy (t)=A cot(3t), go(x)=tan(yx), 
and h2(t) = Bcot(dt). 
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4.5-6. A Singular Equation 


B fr t-2 
58. Ay(x)- — i cot(———) y(t) dt=f(«), O<a<2r. 
20 0 2 


Here the integral is understood in the sense of the Cauchy principal value. Without loss of 
generality we may assume that A? + B? = 1. 
Solution: 


Bap 7k Be. fee 
ya) = Af(@)+ = i cot(—S*) faydt + <— Psat 


@) Reference: I. K. Lifanov (1996). 


4.6. Equations Whose Kernels Contain Inverse 
Trigonometric Functions 


4.6-1. Kernels Containing Arccosine 


b 
1. y(a) - | arccos(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = arccos(@x) and A(t) = 1. 


b 
2. y(az)-A | arccos(Gt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = 1 and h(f) = arccos((t). 


3 yaya f MBE yey ade = fee) 
BE Ja, arcoos(aty 27" = 


This is a special case of equation 4.9.1 with g(x) = arccos(3x) and h(t) = ————__. 
arccos(3t) 


> arccos(3t) 
4. y(a) - | —— y(t) dt = f(x). 
a arccos(Gx) 


This is a special case of equation 4.9.1 with g(x) = and A(t) = arccos((t). 


1 
arccos(Gx) 


b 
5. y(x)—- Xr i arccos” (32) arccos™ (ut) y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = arccos*(3x) and h(t) = arccos’” (ut). 


b 
6. = -y(a)-A | t® arccos™(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = arccos™ (Gz) and A(t) = tf: 


b 
7.  y(a)-X if a® arccos™(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = x* and h(t) = arccos’((t). 
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b 
y(az) - | [A + B(a - t) arccos(Gx)] y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(x) = arccos(Gz). 


b 
y(az) - a | [A + B(a - t) arccos(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with h(t) = arccos((3t). 


4.6-2. Kernels Containing Arcsine 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


b 
y(a2)-A | arcsin(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = arcsin(@x) and h(t) = 1. 


b 
y(a2)-A if arcsin(Gt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = 1 and A(t) = arcsin((t). 


aya mens) (t) dt = fla) 
us a arcsin(Gt) y ~ ° 


1 


This is a special case of equation 4.9.1 with g(x) = arcsin(@x) and h(t) = arose. 


b * 
Waar Ul ON de Fe). 


arcsin(Gx) 


This is a special case of equation 4.9.1 with g(x) = and A(t) = arcsin ((t). 


arcsin(3x) 


b 
y(az)-A | arcsin* (Ga) arcsin™ (yt) y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = arcsin® (Gx) and h(t) = arcsin” (yt). 


b 
y(a) —X | t® arcsin™ (Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = arcsin™ (Gx) and h(t) = i 


b 
y(a) — Xd di a® arcsin™ (Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = x* and h(t) = arcsin’™(t). 


b 
y(az) - | [A + B(a - t) arcesin(Gt)]y(t) dt = f(a). 


This is a special case of equation 4.9.8 with h(t) = arcsin((3t). 


b 
y(xz) - a | [A + B(x - t) arcsin(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with A(x) = arcsin(Gz). 
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4.6-3. Kernels Containing Arctangent 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


b 
y(a2)-A if arctan(Gx)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = arctan(@x) and A(t) = 1. 


b 
y(az)-A i) arctan(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = 1 and h(é) = arctan(Gt). 


b 
y(x)- Xr | [A arctan(Gax) + B arctan(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.4 with g(x) = arctan(Gz). 


(aya [> meanlbe) (t) dt = f(x) 
Q a arctan(3t) is 7 . 


1 


This is a special case of equation 4.9.1 with g(a) = arctan(Gx) and A(t) = wmeenGD: 


yla) tc ED dee): 


arctan(3x) 


This is a special case of equation 4.9.1 with g(x) = and A(t) = arctan((t). 


1 
arctan(G) 
b 
y(a2)-A | arctan’ (Gx) arctan” (ut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = arctan*(Gx) and h(t) = arctan’”” (ut). 


b 
y(a) —X i t® arctan™ (3x)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = arctan™ (Gx) and h(t) = i 


b 
y(a) — 2X ‘| a® arctan” (3t)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = x* and A(t) = arctan’ (t). 


b 
y(az) - | [A + B(a - t) arctan(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with A(t) = arctan((Gt). 


b 
y(az) - | [A + B(a - t) arctan(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(x) = arctan(Gzx). 
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4.6-4. Kernels Containing Arccotangent 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


b 
y(a2)-A if arccot(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = arccot(Gx) and A(t) = 1. 


b 
y(a2)-A i) arccot(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = 1 and h(¢) = arccot(Gt). 


b 
y(x)—-X | [A arccot(Gx) + B arccot(Gt)]y(t) dt = f(a). 


This is a special case of equation 4.9.4 with g(x) = arccot(Gz). 


yap meet) (t) dt = f(a) 
a a arccot(Bt) 2 7 ; 


1 


This is a special case of equation 4.9.1 with g(a) = arccot(Gx) and h(t) = qecosD: 


b 
yla) | ONE ate f@): 


arccot(Bx) 


This is a special case of equation 4.9.1 with g(x) = and A(t) = arccot((t). 


arccot(Gx) 


b 
y(a) — 2X | arccot”(3x) arccot™ (ut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = arccot*(Gx) and h(t) = arccot’”” (ut). 


b 
y(a) —X i t® arccot™ (3x)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = arccot™ (Gx) and h(t) = t*. 


b 
y(a) —X ‘| a® arccot™ (3t)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = x* and h(t) = arccot’”(3t). 


b 
y(az) - | [A + B(a - t) arccot(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with h(t) = arccot(Gt). 


b 
y(az) - | [A + B(a - t) arccot(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(x) = arccot(Gzx). 


© 1998 by CRC Press LLC 


4.7. Equations Whose Kernels Contain Combinations of 
Elementary Functions 


4.7-1. Kernels Containing Exponential and Hyperbolic Functions 


b 
1 = y(x) -A fi e4@) cosh[3(ax — t)] y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g(x) = e“” cosh(x), h(t) = e#* cosh(t), 
go(x) = e#*” sinh(Gxr), and h2(t) = -eH* sinh(Gt). 


b 
2. y(a)-r | e@) sinh[ B(x — t)]y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g)(x) = e“” sinh(Gx), h(t) = e¥* cosh(t), 
g2(x) = e#* cosh(Bx), and h2(t) = -e" sinh(3t). 


b 
3. y(a)-rA } te“@) sinh[3(a — t)]y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g;(x) = e“” sinh(Gx), h,(t) = teH* cosh(t), 
go(x) = e#* cosh(Gx), and h(t) = -te“® sinh(t). 


4.7-2. Kernels Containing Exponential and Logarithmic Functions 


b 
4. y(a)-Xr | et In(Gax)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = In(Gzx) and h(t) = eX". 


b 
5. y(az) - | e4* In(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = e“” and A(t) = In(t). 


b 
6 y(a)-A y e@) In(Bx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = e“” In(Gx) and h(t) = e*?. 


b 
7.  y(a)-r i e(@) In(3t)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = e“* and h(t) = e*® In(G¢). 
b 
8. -y(w)-A | e“(@ (In x - In t)y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g(x) = e* Inz, hy(t) = e**, go(x) = e#”, and 
ho(t) = -e* Int. 
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b? - a? 


2a 


Solution with a > 0, b > 0, and x > 0: 


9. y(a) + 1% : exp (-a|in | ) y(t) dt = f(a). 


yx) = f(x) + tea a exp( blin | FO dt. 


(@) Reference: F. D. Gakhov and Yu. I. Cherskii (1978). 


4.7-3. Kernels Containing Exponential and Trigonometric Functions 


b 
10. y(x)- a | et cos(Bx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = cos(Gx) and h(t) = e“*. 


b 
11. y(x)- | e#” cos(Bt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = e“* and h(t) = cos((t). 


12. y(x)-A i e4@) cos(xt)y(t) dt = f(x). 
0 
Solution: 


y(2) = ! = <5 \S | cH®D cos(xt) f(t) dt, A#4V2/t. 
nD 2 0 


b 
13. y(a)-A i e429 cos[3(a — t)]y(t) dt = f(x). 


This is a special case of equation 4.9.18 with gi(x) = e* cos(Gx), h(t) = e* cos(Zt), 
go(x) = e#*” sin(Gx), and ha(t) = e“* sin(t). 


b 
14. y(x)- | et sin(Bax)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = sin(Gz) and h(t) = e“*. 


b 
15. y(x)- | e4* sin(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = e“” and A(t) = sin(Gt). 


16. y(x)-Ar | e@) sin(xt)y(t) dt = f(x). 
0 
Solution: 


y(x) = ! = i | e(@ sin(at) f(t) dt, N#+4/2/n. 
=e mea 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


b 
iad fl eM sinfG(a — t)ly(t) dt = fla). 


This is a special case of equation 4.9.18 with gi(x) = e“* sin(@x), hi(t) = e* cos(Zt), 
go(x) = e#*” cos(Gx), and hz(t) = -eH* sin(Bt). 


b n 
y(a) -» | ey do Ax sin[ x(a - oly dt = f(x),  n=1,2,... 


k=1 


This is a special case of equation 4.9.20. 


b 
ued if te“ sin[ (a - t)]y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g,(x) = ce“ sin(Gx), h,(t) = te* cos(Zt), 
go(x) = e#* cos(Gx), and h2(t) = -te® sin(Gt). 


b 
Ge / wel sin B(a - t)ly(t) dt = f(a). 


This is a special case of equation 4.9.18 with 9\(z) = re“ sin(Gx), hi (t) = e¥* cos(Bt), 
go(x) = xe cos(Bx), and h2(t) = —e! sin(3t). 


b 
One | e* tan(Ba)y(t) dt = fla). 


This is a special case of equation 4.9.1 with g(x) = tan(Gx) and A(t) = e””. 


b 
sed | e"® tan((3t)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = e“*” and A(t) = tan(Gt). 


b 
eed | eX tan(Gar) — tan((3t)|y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g;(x) = e“* tan(Gz), hi(t) = e#*, go(x) = e#*, 
and h(t) = —e" tan(3t). 


b 
ee. ‘ eH cot(Ga)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = cot(Gx) and h(t) = e“*. 


b 
yla) -d | eH cot((3t)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = e“* and A(t) = cot(Bt). 


4.7-4. Kernels Containing Hyperbolic and Logarithmic Functions 


26. 


b 
y(x) — 2 i cosh* (Bx) In” (ut)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = cosh*(3x) and h(t) = In (jit). 
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b 
27. y(a)-X | cosh® (Bt) In™ (ux)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = In"’(jux) and A(t) = cosh*(t). 


b 
28. y(a)-A | sinh® (Gx) In™ (ut)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = sinh’ (Gz) and h(t) = In" (ut). 


b 
29. y(a)-A if sinh® (Bt) In™ (ux)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = In” (ux) and h(t) = sinh*((t). 


b 
30. y(a)-Xr | tanh* (Gx) In” (jt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = tanh“ (32) and A(t) = In” (ut). 


b 
31. y(a)-A | tanh® (Bt) In™(ux)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = In” (zx) and h(t) = tanh’ (Gt). 


b 
32. y(a)-Xr i coth*(Gx) In” (yt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = coth* (32) and A(t) = In” (ut). 


b 
33. y(a)-A i coth* (At) In™(yx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = In (sur) and A(t) = coth*(t). 


4.7-5. Kernels Containing Hyperbolic and Trigonometric Functions 


b 
34. y(a)-A | cosh® (3) cos™ (jut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = cosh“ (Gx) and h(t) = cos™ (yt). 


b 
35. y(a)-Xr | cosh* (3t) cos” (jux)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = cos™ (x) and h(t) = cosh’ (Gt). 


b 
36. y(a)-Ar | cosh® (3x) sin” (jut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = cosh“ (Gx) and h(t) = sin™ (yt). 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


b 
y(x)-X | cosh* (Bt) sin” (yux)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = sin” (yx) and A(t) = cosh“ (Gt). 


b 
y(x)-X | sinh® (Gx) cos™ (ut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = sinh“ (Gx) and h(t) = cos™ (yt). 


b 
y(x)-X / sinh® (Bt) cos” (yx) y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = cos™ (x) and h(t) = sinh” (Gt). 


b 
y(x)—-X i sinh® (Ba) sin™ (jut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = sinh“ (Gx) and A(t) = sin™ (yt). 


b 
y(x)-X i sinh® (Bt) sin” (jrx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = sin” (yx) and A(t) = sinh’ (t). 


b 
y(x)-X | tanh* (3x) cos” (ut)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = tanh“ (32) and h(t) = cos” (ut). 


b 
y(x)-X | tanh* (Gt) cos” (ux)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = cos™ (x) and h(t) = tanh*(3t). 


b 
y(x)-X i tanh* (3x) sin” (yt) y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = tanh’ (Gx) and A(t) = sin™ (ut). 


b 
y(x)-X yf tanh*(t) sin" (ux)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = sin” (yx) and h(t) = tanh“ (t). 


4.7-6. Kernels Containing Logarithmic and Trigonometric Functions 


46. 


b 
yla) i cos*(3x) In” (yt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = cos*(Bzx) and A(t) = In™ (ut). 


© 1998 by CRC Press LLC 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


b 
yla) | cos* (at) In (yux)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = In” (zx) and h(t) = cos* (Gt). 


b 
y(ae)—d | sin* (Gx) In™(yt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = sin*(Gx) and h(t) = In"(ut). 


b 
y(a)—r if sin*(t)In™ (x)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = In" (ua) and h(t) = sin’ (Gt). 


b 
yla) —r | tan*(32) In” (j1t)y(t) dt = fle). 


This is a special case of equation 4.9.1 with g(a) = tan*(Gx) and A(t) = In" (yt). 


b 
yla) — if tan (Bt) In"™(jux)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = In" (ya) and h(t) = tan* (Gt). 


b 
y(x)-X | cot*(Gx) In™ (jut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = cot*(Gx) and A(t) = In™ (yt). 


b 
y(a) — | cot® (Gt) In™(px)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = In" (sua) and h(t) = cot*(Gt). 


4.8. Equations Whose Kernels Contain Special 


Functions 


4.8-1. Kernels Containing Bessel Functions 


1. 


b 
yla) - | TA(Be)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = J,(Gx) and h(t) = 1. 


b 
aye | J(Bt)y(t) dt = fle). 


This is a special case of equation 4.9.1 with g(x) = 1 and A(t) = J_((t). 


y(a) + af tJ, (at)y(t) dt = f(x), y> -t. 
0 


Solution: 
(x) = IED on OS 
sis alas ate Chama We Oe 


T 
— 


‘e tJ (at) f()dt, A+ 
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10. 


11. 


12. 


13. 


14. 


15. 


yie)+0] J, 2vat) yt) at = Fe 
0 


By setting x = 52, t= xT, y(x) = Y(z), and f(x) = F(z), we arrive at an equation of the 
form 4.8.3: 


Y(z)+X ie TI A2T)Y (7) dt = F(z). 
0 


b 
yla) —r | [A+ B(x -t)J,(St)ly(t) dt = f(z). 


This is a special case of equation 4.9.8 with h(t) = J,((t). 


b 
ioe | [A + B(w-t)J,(3x)ly(t) dt = f(a). 


This is a special case of equation 4.9.10 with h(x) = JL(Ga). 


b 
und if [AJ,,(ax) + BJ, (Bt)ly(t) dt = f(a). 


This is a special case of equation 4.9.5 with g(x) = AJ,,(ax) and h(t) = BJ, (Gt). 


b 
y(x) - | [AJ (x) JIL) + BIL) IpOly@ dt = f(x). 


This is a special case of equation 4.9.17 with g(x) = J,,(x) and h(t) = J, (@). 


b 
ule) ¥y(Beyylt) dt = fla. 
This is a special case of equation 4.9.1 with g(x) = Y,(Gzx) and A(t) = 1. 


b 
vie)-Af Y(Bbytt) at = Fee) 
This is a special case of equation 4.9.1 with g(x) = 1 and A(t) = Y_((t). 


b 
ier | [A+ B(w-#)Y,(Bt)ly(t) dt = f(a). 


This is a special case of equation 4.9.8 with h(t) = Y_((t). 


b 
ee ‘| [A+ Ble - t)Y,(2)ly(t) dt = fla). 


This is a special case of equation 4.9.10 with h(a) = Y,,(Gz). 


b 
een if [AY,, (ax) + BY, (Bt)ly(t) dt = fla). 


This is a special case of equation 4.9.5 with g(x) = AY,,(ax) and h(t) = BY,((t). 


b 
y(a)- i [AY, (x) ¥,(t) + BY, (x) YL Oly@ dt = f(x). 


This is a special case of equation 4.9.14 with g(x) = Y,,(x) and h(t) = Y_(¢). 


b 
y(a)- 2» ‘| [AY, (x) YL) + BYL(@)Y,Oly@ dt = f(x). 


This is a special case of equation 4.9.17 with g(x) = Y,,(x) and h(t) = Y_(¢). 
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4.8-2. Kernels Containing Modified Bessel Functions 


b 
ie: Gen | I,(Bx)y(t) dt = fie). 


This is a special case of equation 4.9.1 with g(x) = I, (Gx) and A(t) = 1. 


b 
17. y(w)-2 i 1, (Bt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = 1 and A(t) = I,,(6t). 


b 
18. y(x)- | [A + B(x - t) IL (Bb) y( dt = f(a). 


This is a special case of equation 4.9.8 with h(t) = I, (Gt). 


b 
19. y(x)- | [A + B(x - t) IL (Bx)]y() dt = f(x). 


This is a special case of equation 4.9.10 with h(a) = I, (Gz). 


b 
20. y(a)- | [AI,,(ax) + BI, (Bt)]y(t) dt = f(x). 


This is a special case of equation 4.9.5 with g(x) = AI,,(ax) and A(t) = BI, ({t). 


b 
21. y(x)- | [Al (@)I.() + BLL (x) IL) y(t) dt = f(x). 


This is a special case of equation 4.9.14 with g(x) = I,,(x) and h(t) = I (#). 


b 
22. y(x)- | [Al (x@)IL() + BIL(«)I Oy) dt = f(x). 


This is a special case of equation 4.9.17 with g(x) = I,,(x) and h(t) = I, (#). 


b 
23, y(x)-2r if K,(Bx)y(t) dt = fie). 


This is a special case of equation 4.9.1 with g(a) = K,(@zx) and h(t) = 1. 


b 
24. y(a)-r i K,(Bt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = K,((t). 


b 
25. y(x)- | [A + B(x - 1) K,(Bt)]y() dt = f(a). 


This is a special case of equation 4.9.8 with h(t) = K,((t). 


b 
26. y(x)- a | [A + B(a - t)K,(Bx)]y(t) dt = f(a). 


This is a special case of equation 4.9.10 with h(a) = K,(Gz). 
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b 
27. y(a)- | [AK, (ax) + BK, (Bt)ly(t) dt = f(x). 


This is a special case of equation 4.9.5 with g(x) = AK,,(ax) and A(t) = BK, ({t). 


b 
28. y(a)- | [AK (x) Kt) + BK(x)KL(®)ly@ dt = f(x). 


This is a special case of equation 4.9.14 with g(x) = K(x) and h(t) = K_(#). 


b 
29. y(x)- | [AK (a) KL) + BK (a) K,,()ly@® dt = f(x). 


This is a special case of equation 4.9.17 with g(x) = K(x) and h(t) = K_,(t). 


4.9. Equations Whose Kernels Contain Arbitrary 
Functions 


4.9-1. Equations With Degenerate Kernel: K (a, t) = gi(x)hi(t) +--+ + gn(a)hn(t) 


b 
1. wie)-> f gla)h(t)y(t) dt = flv). 


1°, Assume that \ # ( I ” ght) at) 


Solution: 


b -l b 
y(a) = f(z) +Akg(z), where k= (1-0 / g(t)h(t) it) | A(t) f(t) dt. 


2°. Assume that \ = ( [ ° ght) at). 


b 
For / h(t) f(@® dt = 0, the solution has the form 


y = f(a) + Cg), 


where C is an arbitrary constant. 


b 
For / h(t) f(® dt # 0, there is no solution. 


The limits of integration may take the values a = —oo and/or b = ov, provided that the 
corresponding improper integral converges. 


b 
2 y(e)-A/ tg(e) + giblyit) at = Fe. 
The characteristic values of the equation: 


1 1 
= ——————, = —__——., 
+ VO-on " gn-VO-ag 


where 


b b 
n= | g(x) dx, n= | g (2) dx. 
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1°. Solution with A # Aj 2: 
y(x) = f(x) + ATA; g(a) + Ad], 
where the constants A; and A) are given by 


se fi -Alfig: -— (6-4) fo] dee fo —- ACh — fige) 
[gi —(b-a)go|A? - 2g) 41° [of —(b-a)go|* -2g)A 41? 
b b 
ie i fide, fre i) flag(a) de. 


2°. Solution with X = A; # Az and f, = fo =0: 


92 
b-a’ 
where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 


to the characteristic value ,. 


3°. Solution with A = Az # A; and f, = fo =0: 


ya) = fla) +Cyr@), ype) = gla)- |, 


where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding 
to the characteristic value A>. 


y(x) = f(x) + Cy: (@), yi(x) = g(x) + 


4°. The equation has no multiple characteristic values. 


b 
y(a)- 2» | [g(x) - g@ y(t) dt = f(x). 


The characteristic values of the equation: 


1 1 
a oe 


JV@-O-On ~~ VR-O-aH 


where ; ; 
Ne / g(a) dz, = / g (2) dx. 
1°. Solution with \ # 42: : : 
y(x) = f(x) + ALA; g(a) + Ad], 
where the constants A; and A) are given by 


_ fitAlfign-O-a fr] _ —fo+rACfom — fig) 
= 2 2 ’ Ay = 2 2 > 
[(b-a)go— gi] +1 (b-a)g2 — gi] +1 


b b 
f= f f(x) dz, f= [ f(x)g(a) da. 


2°. Solution with \ = A; # A, and f, = fo = 0: 


A| 


1- v1 gi 

A(b = a) ; 

where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value 1. 


y(z) = f(x) + Cy:(@), yi(@) = g(x) + 


3°. The solution with AX = Az # A, and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y;(x) by Az and y2(x), respectively. 


4°. The equation has no multiple characteristic values. 
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b 
yla) | [Ag(a) + Bg(t)ly(t) dt = fle). 


The characteristic values of the equation: 


_ (A+ B)gi + V(A- BY g? + 4AB(b- a) 
= 2AB[gi - (b- a)go] 


b b 
oe / g(e)dx, go = / P(e) de. 


1°. Solution with A # Aj 2: 


A12 


> 


where 


y(x) = f(x) + ATAi g(a) + Ad], 
where the constants A, and A, are given by 


Af; -AABLfigi-(b-a) fr] fit Bfp-AAB(frgi— fig2) 
AB[g; —(b-a)g2)\2-(A+ B)giA+1 ° ? AB[g; —(b-a)g2|\2-(A+ B)giA+1 ‘ 


b b 
f= f f(x) dz, f= [ f(x)g(a) da. 


A, = 


2°. Solution with X = A; # Az and f = fo =0: 


1-A\Aq 


y@)= f@)+Cy@), — n(@)=9(@) + 7 GG 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value A,. 


3°. The solution with AX = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y;(x) by Az and yo(x), respectively. 


2 
4°. Solution with A = A;2 =A, and f = f2 =0, where the characteristic value \,. = ———~— 
(A+B)g 
is double: re 
y(x) = f(x) + Cy(@), yx) = glx) - a 


Here C is an arbitrary constant and y,.(x) is an eigenfunction of the equation corresponding 
to Ax. 


b 
yla) - | [g(x) + hit)ly(t) dt = f(@). 


The characteristic values of the equation: 


Spt V(s1 — 53)? +4(b-a)sp 
2[s183 — (b— a)s2] ; 


Ai2 = 


where 


b b b 
=| g(x) dx, »= | g(x)h(x) dx, a= | h(x) dz. 


a 
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1°. Solution with A # Aj 2: 
y(x) = f(x) + ALA; g(a) + Ad], 
where the constants A; and A) are given by 


fi —ALfis3 —(b- a) fo] fo -— AC fos — fis2) 


1 Ts1s3 -(b—a)a)A?— (61 +)A4+1? ~ 2 [5153 -(b—a))2— (5, + 53)A41’ 
b b 
fi=f farae, fr= [ feoynayae 


2°. Solution with X = A; # Az and f, = fo =0: 


1 — X18 
A, (b—a) : 


where C' is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


yr) = f(a)+Cy(a), yi (@) = g(a) + 


3°. The solution with A = Az # A, and f; = fy = 0 is given by the formulas of item 2° in 
which one must replace A; and yi) (a) by Az and y2(x), respectively. 


2 
4°. Solution with \ = A;2 = A, and fi = f2 = 0, where the characteristic value ,. = : 
S1 + 83 
is double: 
5S] —-83 
y(x) = f(x) + Cys (x), Yx(@) = g(x) - . 
2(b-a) 
Here C is an arbitrary constant and y,.(x) is an eigenfunction of the equation corresponding 
to A,. 


b 
y(a)-» i [Ag(x) + Bg(t)|h(t) y(t) dt = f(x). 


The characteristic values of the equation: 


_ (A+ B)s, + V/(A- BY’ sf + 4ABsy52 


» 
2AB(s? — 5982) 


> 


where ‘ : , 
So = / h(x)dx, s,= / g(a)h(a)dz, s= | g (x)h(x) dx. 
1°. Solution with oe y12! : : 
y(x) = f(x) + ALA; g(a) + Ad], 
where the constants A, and A) are given by 


= Af; - ABX(fisi — f2s0) 2 Bfy- ABX farsi — fis2) 
AB(s} — s9s2)\* —(A + B)s,\ +1? : AB(s? — soso)? - (A+ B)sjA +1? 


b b 
fi=f fonaac f= [ fe@gayncayae, 


2°. Solution with A = A, # Az and f; = fo = 0: 


A, 


1- A, As} 
A, Aso 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value A). 


y(x) = f(x) + Cy: (@), yi(x) = g(x) + 
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3°. The solution with A = Az # A, and f; = fo = 0 is given by the formulas of item 2° in 
which one must replace A; and yi) (a) by Az and y2(x), respectively. 


2: 
4°. Solution with A = A). =A, and f; = f2 =0, where the characteristic value X,. = Gabi 


is double: 
y(x) = f(x) + Cy. (2), 
where C is an arbitrary constant and y,.(x) is an eigenfunction of the equation corresponding 


to A... Two cases are possible. 
(a) If A# B, then 44 Bsys) = -(A- BY st and 


(A- B)s 


Ya(@) = g(@) - — re 


(b) If A = B, then, in view of 44 Bsos. = -(A-— By st = 0, we have 


g(x) for so #0 and sy) = 0, 
Yx(@) = 1 for so = 0 and s, #0, 
Cig(a)+C2 for so = s) = 0, 


where C and C} are arbitrary constants. 


b 
y(a@) - | [Ag(x) + Bg(t) + C]h() y(t) dt = f(x). 


The characteristic values of the equation: 


(A+ B)s, +Csy + V (A— BY2s? + 2(A + B)C's} 59 + C282 + 44 Bos 
2AB(si — sos2) ; 


A12 = 


where 


b b b 
»= | h(x) da, =| g(x)h(x) dx, a= | gf (a)h(x) dx. 


a 


1°. Solution with \ 4 Aj 9: 
y(x) = f(x) + ALA; g(a) + Ad], 
where the constants A, and A) are given by 


= Af, - ABX(fisi — f250) 
AB(s; — 8082)\? —[(A + B)s1 + C'so]A + 1” 
fa Ci fi+ Bf,- ABN frsi — fisz) 
AB(s? — sos2)\* — [(A + B)s1 + Csp]A + 1? 


A| 


Az 


b b 
= / OO ae i f(a)gla)h(2) de. 


2°. Solution with A = A; # Az and f, = fo = 0: 


1 — , As, 


y(x) = f(x) + Cy: (2), yi(@) = g(x) + \, Aso 


where C is an arbitrary constant and y;(z) is an eigenfunction of the equation corresponding 
to the characteristic value A). 
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3°. The solution with A = Ay # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y;(a) by Az and y2(x), respectively. 


4°. Solution with \ = Ay2 = A, and fi = f2 = 0, where the characteristic value A, = 


eee eee 
ALBaeey 


y(x) = f(x) + Cy. (2), 
where C is an arbitrary constant and y,.(x) is an eigenfunction of the equation corresponding 


to A,.. Two cases are possible. 
(a) If As, —(Bs, + Cs) # 0, then 4As9(Bsp + C's,) = -[(A— B)s, — Co]? and 


_ (A—- B)s, — C's 
Yx(X) = g(x) Asp . 
(b) If (A—B)s, = Cs, then, in view of 4.Asp(Bs + C's,) = -[(A— B)s, — C'so]* = 0, we 
have 
g(x) for so #0 and Bs; =—-C's,, 
Yx(X) = L _ for so =O and Bs) #-Cs,, 
Cig(z)+C2 for so =O and Bs, =-C's), 


where C; and GC; are arbitrary constants. 


b 
yla) | [A+ Bla -t)h(t)ly(t) dt = fl). 


The characteristic values of the equation: 


_ A(b—a) + V[A@—a) —2Bhi P + 2Bhol AM — a) — 2Bhy] 


At2 B{A(b—a)[2h, -— & + ah] — 2B(h? = hohr)} ; 


where : 


b b 
ho = j h(a)dz, hy = / xh(x)dx, hz = | x’ h(x) dx. 


a 


1°. Solution with A # Aj 2: 
y(x) = f(x) + (A; + A2z), 


where the constants A, and A, are given by 


7 fi-d [BC fihi + faha) -— 5 Afo(b? - a7) 

~ BL{Ab-a) [hy — 464 @ho] — Bh} - hoha)$ 2 + A@—a)AF 1? 
a fx - MAO - a) fo — B(fiho + far] 

~ B{A(b—a) [hy — 4(6 + a)ho] — BCA? — hohz)} 2 + A(b—a)A +17 


A, 


Ag 


b b b 
fizaf flayde-B | xf (x)h(ax) daz, fi=B f f(~h(x) dz. 


2°. Solution with X = A; # A, and f, = fo = 0: 


2-2), [Abb-a)- Bhy] 


UG TCU) AGH Ne pay ORM 


where C’ is an arbitrary constant, and y;(a) is an eigenfunction of the equation corresponding 
to the characteristic value A). 
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3°. The solution with A = Az # A, and fi = fo = 0 is given by the formulas of item 2° in 
which one must replace A; and yi (a) by Az and y2(x), respectively. 
2 


4°. Solution with A = Ay 2 =A, and f; = f2 = 0, where the characteristic value A, = AG-a 
-a 


(A # 0) is double: 
y(x) = f(x) + Cy. (2), 
where C’ is an arbitrary constant, and y,.() is an eigenfunction of the equation corresponding 


to A,.. Two cases are possible. 
(a) If A(b-a)-2Bh, #0, then 


A(b-a)-2Bh, 
A —a)—-2Bhy 


Yyx(x) = 1 


(b) If A(b— a) —2Bh, = 0, then, in view of ho[A(b* — a?) —2Bh] = 0, we have 
1 for ho #0 and A(b? - a) = 2Bho, 
Yx(L) = 4 x for ho = 0 and A(? - a”) #2Bho, 
C1 +Cox for ho = 0 and A(b? - a?) = 2Bho, 


where C' and C} are arbitrary constants. 


b 
y(xz) - | [A + (Ba + Ct)h(t)]y() dt = f(x). 


The characteristic values of the equation: 


ae A(b—a)+(C + B)hi +VD 
'* BLAG—a)[2hi — (6 + a)hol + 2C(R2 — hoha)}’ 
D =[A(b-a)+(C-— B)hi fF + 2Bho[ AW - a7) + 2Cho], 


where 


b b b 
ho = / h(x) dz, hy = / xh(x)dz, ho = ‘i x’ h(x) dx. 
1°. Solution with \ 4 Aj 9: 
y(a) = f(x) + ACA; + A22), 


where the constants A; and A2 are given by 


A, =A" {fi-d [Bhi - Choro - 340-0) fo] }, 
Ap = AT {fp-A[AO-a)fo-Bfiho+Cfrri]}, 
A = B {A(b-a) [hi — $(b + a)ho| + Ch} —hoh2)} ° + [A(b-a) + (B+ Ohi JA + 1, 


b b b 
fi -4[ flayde+c f xf (x)h(x) dx, f= B f f(a)h(a) da. 


2°. Solution with A = A; # Az and f, = fo = 0: 


2-2), [A(b-a) +Chy] 


yl) = f@)+Cy@), — w@=1+ aaa 


where C is an arbitrary constant and y;(z) is an eigenfunction of the equation corresponding 
to the characteristic value A). 
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3°. The solution with A = Az # A, and f; = fy = 0 is given by the formulas of item 2° in 

which one must replace A; and yi (a) by Az and y2(x), respectively. 

4°. Solution with A = Ay2 = A, and fi; = f2 = 0, where the characteristic value A, = 
2 


AC 1D LO, is double: 


y(x) = f(x) + Cy.(a), 


where C is an arbitrary constant and y,.(x) is an eigenfunction of the equation corresponding 
to A,.. Two cases are possible. 


(a) If A(b—a) +(C — B)hy #0, then 
_ | Ae=a) +(C= Byhi 
UO Pa) ECTS 


(b) If A(b— a) +(C — B)hy = 0, then, in view of ho[A(b? — a?) + 2Cha] = 0, we have 
1 for ho #0 and A(b? — a?) = -2Cho, 
Y (x) = Lo] for ho = 0 and A(b? - a”) #-2Cho, 
C1 +Cox for ho =O and A(b? - a?) = -2Cho, 


where % and CG; are arbitrary constants. 


b 
10. y(x)- | [A + B(a - t)h(ax)] y(t) dt = f(a). 


The characteristic values of the equation: 


y= Ae-o+ V[A@— a) +2Bh 2 —2Bhol[A® — a2) + 2Bhy] 
a Bi hol A(e — a2) + 2Bho] —2hi[A(b—a) + Bhi} : 


where : ‘ : 
ho = : h(x) dz, hy = i xh(x)dz, hz = ‘i x’ h(x) dx. 
1°. Solution with A # A412: 
y(x) = f(x) +A, AE) + (BE\2 + Ey)h(2)], 
where the constants EF and FE) are given by 
E, =A" [fi +rB(fihi - foho)], 


Ey = BAT {-f2 + Af2[A@—a) + Bhi] + Afi [4A - a7) + Bho] }, 
A =B {ho [5A - a’) + Bhy] — hi [A(b-a) + Bhi} 7 — A(b-a)A + 1, 


b b 
n= f(a) da, fi= [ xf (a) dx. 


2°. Solution with X = A; # A, and f, = fo = 0: 


1—\\[A(b—a) + Bhi] 


lis A(x), 


y(x) = f(x) + Cy(a), yi(“4) = A+ Bah(x) + 


where Cis an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value A). 
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3°. The solution with A = Az # A; and f; = fy = 0 is given by the formulas of item 2° in 
which one must replace A; and yi (a) by Az and y2(x), respectively. 


4°. Solution with A = X12 = Ax and f; = f2 =0, where the characteristic value A, = si 
(A # 0) is double: 

y(x) = f(x) + Cy. (x), 
where C is an arbitrary constant and y,.(a) is an eigenfunction of the equation corresponding 


to ,.. Two cases are possible. 
(a) If A(b—a) #-2Bhy,, then 


A(b—a) +2Bh, 


Yx(x) = A+ Bah(a) Tho 


h(a). 


(b) If A(b— a) = -2Bhy, then, in view of ho[ A(b? — a”) + 2Bhy] = 0, we have 


A+ Barh(2) for ho # 0 and A(b? — a*) = -2Bho, 
Yx(@) = ¢ h(x) for ho = 0 and A(t? —a*) #-2Bh», 
C\[A+ Bxh(x)]+C2h(x) for ho = 0 and A(b? — a?) =-2Bho, 


where C and C} are arbitrary constants. 


b 
ll. = y(x)- | [A + (Ba + Ct)h(x)ly(t) dt = f(x). 
The characteristic values of the equation: 


7 A(b—a)+(B+C)hi +VD 
~ C{2h [Ab — a) + Bhi] — ho[A(? — a2) + 2Bhy]}’ 
D =[A(b-a) + (B-C)hi + 2CAo [A — a7) + 2Bhy], 


M12 


where : 


b b 
ho = ) h(a) dz, hy, = / xh(x)dx, hz = / x’ h(x) dx. 


a 


1°. Solution with A # Aj 2: 
y(x) = f(x) +A| AE) + (BE\x + Ey)h(2)], 
where the constants EF; and E> are given by 
E, = A"[fi-AC(fili - foho)l,. 


By =CAT{ fy -Afo[A(b— a) + Bhi] — Afi [5 AW’ — a7) + Bho] }, 
A = C{hi[Ab- a) + Bhi] -ho[} AW’ - a7) + Bhg] }? -[A(b- a) + (B+ Cy) + 1, 


b b 
fi= i f(a)dz,  fr= / xf (x) dx. 


2°. Solution with X = A; # A2 and f, = fo = 0: 


~ _ A(b— Bh 
IOs: wena ~ a nee), 


where C is an arbitrary constant and y;(z) is an eigenfunction of the equation corresponding 
to the characteristic value A). 
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3°. The solution with A = Az # A; and f; = fy = 0 is given by the formulas of item 2° in 
which one must replace A; and y(a) by Az and y2(x), respectively. 


4°. Solution with A = A; 2 = A, and f; = jf. = 0, where the characteristic value A, = 


2 . 
Ab—a)+(B+O)h, (A # 0) is double: 


y(a) = f(a) + Cy.(2), 


where C is an arbitrary constant and y, (x) is an eigenfunction of the equation corresponding 
to A,.. Two cases are possible. 
(a) If A(b-a) + Bh, # Chi, then 


A(b-a)+(B-C)hy 


Yx(x) = A+ Bah(a) h(a). 


2ho 
(b) If A(b—a) + Bh, = Ch, then, in view of ho[A(b* — a?) + 2Bhz] = 0, we have 
A+ Barh(2) for ho #0 and A(b? - a*) = -2Bho, 
Yx(a) = 4 h(a) for ho = 0 and A(t? —a*) #-2Bh», 


C,[A+ Brh(x)]+Cyh(x) for ho = 0 and A(b? — a2) =-2Bho, 


where CG and Cc are arbitrary constants. 


b 
12, y(a)-A i Lg(x)gt) + h(x)\h@y@) dt = f(x). 
The characteristic values of the equation: 


4 $1 +53 + \/(s1 — 53)? + 485 $1 + 53 — \/(s1 — $3)? + 485 
1= 2= 


2(s183 — $3) 2(s183 — $3) 


> 


where 


b b b 
Ss] =} g(x) dx, »= | g(x)h(x) dx, a= | h?(x) dex. 


1°. Solution with A # Aj 2: 
y(x) = f(x) + ATA g(a) + Anh(2)], 
where the constants A, and A) are given by 


fi —ACfis3 — 252) Agi fo —ACfasi — fis2) 


na (8183 — 83) A? —(s) +53)A +17 a (s1 $3 —85)A2 —(s1 + 3)A 417 


b b 
ie f(x)g(x) da, f= [ f(x)h(a2) dx. 


2°. Solution with \ = A; # A, and f, = fo = 0: 


1- As 
A182 


y(x) = f(w)+Cyi(a), —-yi(w) = g(a) + h(x), 


where C' is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value A). 


3°. The solution with AX = A, # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A, and yi (a) by Az and y2(x), respectively. 


4°. Solution with A = X12 = A, and f; = f2 = 0, where the characteristic value X,. = 1/s; is 
double: 5 i 
y(a) = f(x) + Cig(z) + Crh(a), 


where Cj and Ch are arbitrary constants. 
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13. 


14. 


b 
y(a)-» | Lg(x)g(t) - h(x)h(t)]y() dt = f(x). 


The characteristic values of the equation: 


ee $1 — $3 + \/(s) + 53)? — 485 
L= 


2(s} — 5153) 


$1 — $3 — \/(s1 + $3)? — 455 
Ad = , 


2(s5 — 8183) 


? 


where ‘ F ; 
s| = i; g(a)dz, s= y; g(a)h(a) dx, $3 = i h>(x) dx. 
1°. Solution with \ 4 Aj 9: 
y(x) = f(x) + ATA g(a) + Aph(2)], 
where the constants A, and A) are given by 


dese fi + ACfiss — f252) ts —fo + A(fosi — fsa) 
; (s} — 5153)A? —(s; —3)A +1? zs (s} — s153)A? —(s, —$3)A +1” 


b b 
f= f f(x)g(x) dx, f= [ f(x)h(2) dx. 


2°. Solution with X = A; # Az and f; = fo = 0: 


1-r, 


S] 
h 
ae (2), 


yu) = f(a)+Cy(a), yi (@) = g(a) + 
where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


3°. The solution with A = Az # A, and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y(x) by Az and yo(x), respectively. 


2 
4°. Solution with \ = A12 = Ax and f; = f2 = 0, where the characteristic value \,, = ——— 
S] — 83 
is double: Ses 
1 
y(x) = f(x) + Cy, (2), Yx(%) = g(x) - Ds h(x), 


where C is an arbitrary constant and y,.(a) is an eigenfunction of the equation corresponding 
to Ax. 


b 
y(a)- 2» | [Ag(x)g(t) + Bhix)h()]y@ dt = f(x). 


The characteristic values of the equation: 


_ As; + Bs; + \/(As) — Bs3)? + 4ABs3 


- 2AB(s183— $2) 


’ 


where ‘ F ‘ 
51 =| g(x)dx, sy -| g(x)h(x) dx, 3 =| h(a) dx. 
1°. Solution with \ 4 Aj 9: 


y(x) = f(x) + ATA g(x) + Agh(x)], 
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where the constants A, and A) are given by 


Af} - AAB(fi 83 - F282) 


2 B fy — A\AB(fr51 — fis2) 
AB(s153 — s3)\? — (As; + Bs3)A + 1’ 


A = 
: AB(s153 — 82)? — (As; + Bs3)\ +1’ 


Ag 


b b 
ff f(x)g(x) dz, f= [ f(x)h(a) da. 


2°. Solution with A = A; # Az and f = fo = 0: 

1-),As 

ya) = f(a)+Cy(a), —-yr(a) = g(a) + —*"" aa), 
A, Asy 


where C' is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value A). 


3°. The solution with A = Az # A; and fi = f. = 0 is given by the formulas of item 2° in 
which one must replace A; and y;(x) by Az and y2(x), respectively. 
2 


4°. Solution with X= A, =A, and f; = f2 =0, where the characteristic value \,, = ————— 
, As; + Bs; 


is double: 
y(x) = f(x) + Cy.(2), 
where C is an arbitrary constant and y,.(a) is an eigenfunction of the equation corresponding 
to A... Two cases are possible. 
(a) If As; # Bs3, then 4A Bs; = -(As; — Bs3)’, AB < 0, and 
As) — Bs3 
yx(x) = g(x) - ay 
(b) If As; = Bs3, then, in view of sy = 0, we have 
ys(x) = Cig(x) + Coh(x), 


where C and C} are arbitrary constants. 


h(x). 


b 
15. y(a)-A i [g(x)h(t) + h(x)g@ly(t) dt = f(x). 
The characteristic values of the equation: 


1 1 


Ay = ———, _ » = —_— 
S| + ./5253° 81 — \/8283 


where 


b b b 
Ss} - | h(x)g(x) da, a= | h?(x) dx, a= | g (x) dx. 


1°. Solution with \ 4 Aj 9: 


y(x) = f(x) + A[A1 g(x) + Arh(x)], 
where the constants A, and A) are given by 


Ae fi -ACfisi — f252) He 2 f2—AMfrosi — fiss) 


~ (s?—s)83)\2—2sA41? “* (6? —5p53)\2—25,A41” 
b b 
f= f famaar f= | peogayae. 
2°. Solution with A = A; # Az and f = fo = 0: 
y(x) = f(x) + Cy (2), yi(x) = g(x) + (2 h(x), 


where C' is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value A). 
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3°. Solution with A = Az # A; and f, = fo =0: 


y(x) = f(x) + Cyr(a), y2(@) = g(x) - (2 A(x), 


where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding 
to the characteristic value A>. 


4°. The equation has no multiple characteristic values. 


b 
16. y(a)-A | [g(x)h(t) - h(x)g(t)ly(t) dt = f(x). 


The characteristic values of the equation: 


where 


b b b 
S| = i h(x)g(a) dz, sy = i hW(2)dz, 3 = / g(a) dx. 


a 


1°. Solution with A # Aj 2: 
y(x) = f(x) + ATA) g(a) + Arh(2)], 
where the constants A; and A2 are given by 


_ ft rAGisi~fre) 4 _ afr AG281 — fiss) 


(s283-—s7)A2 +1” (283 — s7)A? + 1 


b b 
fie / f@)ha)de, fy = i f(@)g(a) de. 


A, 


’ 


2°. Solution with X = A; # Az and f, = fo = 0: 


’ 


z 
\/ 8? — $983 —8 
aaa ' a(x) 
$2 


yx) = f(a) + Cy(a), yi(@) = g(a) + 
where C' is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value A). 


3°. Solution with A = Az # A; and f, = fo =0: 


yx) = f(x) + Cyp(a), y2(a@) = g(x) - 


) 


2 
\/ 8* — $983 +S 
Neds Se ' a(x) 
$2 


where C' is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding 
to the characteristic value A>. 


4°. The equation has no multiple characteristic values. 
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17. 


18. 


b 
y(a)-» | [Ag(x)ht) + Bh(x)g()]y(@) dt = f(x). 


The characteristic values of the equation: 


_ (A+ B)s; + V/(A- BY? + 4ABs083 


Xr > 
re 2.AB(s? — 5953) 


where f ‘ . 
Ss, = [ h(x)g(x) dz, = ‘) h?(x) dz, 3= | g(x) dz. 
1°. Solution with \ 4 Aj 9: 
y(x) = f(x) + ATA g(a) + Anh(2)], 
where the constants A; and A) are given by 


a Af; -AAB(fisi — fos2) 2 B fy - X\AB(fasi — fis3) 
AB(s} — 8)83)\* -(A + B)s,\ +1? : AB(s? — 8983)? -(A+ B)s;A +1? 


b b 
Riz / HSAs. Yee ‘- rere 


A, 


2°. Solution with A = A; # A, and f, = fo = 0: 


1-, As; 


aes A(x), 


yx) = f(a)+Cy(a), yi (@) = g(a) + 
where C' is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value A). 


3°. The solution with A = A, # A; and f; = f, = 0 is given by the formulas of item 2° in 
which one must replace A; and yi) (a) by Az and yo(x), respectively. 


2 
4°. Solution with A = A). =, and f; = f2 =0, where the characteristic value ,.= ———— 
; (A+ B)s, 
is double: (A-B) 
— B)s 
yx) = f(x)+Cys(a), ——-yx(a) = g(a) - ———"" ha). 
2.As> 


Here C is an arbitrary constant and y,.(x) is an eigenfunction of the equation corresponding 
to Ax. 


b 
y(a)- 2» | [gi(x)hi(t) + g2(x)ho(t)y(t) dt = f(x). 


The characteristic values of the equation A; and Az are given by 


si +82 + V/(si1 — 822)? + 4812591 


AL2 = 
2(81 1822 — 812821) 


> 


provided that the integrals 


b b b b 
ae if ONC EMCEE | OC re i OC Te | Ore 


are convergent. 
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19. 


1°. Solution with A # Aj 2: 


y(x) = f(x) + ATA gi (a) + Argo(2)], 
where the constants A; and A) are given by 


fi —ACfis22 — fosi2) = fo -ACfasui — fisai) 


le >= 
(811 $22 — $12S21)A? — (S11 + S22)A + 1? (S11 $22 — $12S21)A? — (S11 + S22)A + 1” 


b b 
ee i fGn@ides. f= / fayho(a) de. 


2°. Solution with X = A; # 2 and f, = fo = 0: 


yx) = f(x) + Cy(a), 


where C is an arbitrary constant and yi (x) is an eigenfunction of the equation corresponding 
to the characteristic value A): 


1-A\s Ms 
ye) = gia) + a 2) = g(a) + —_—> 


M1 A1 822 soe). 


3°. The solution with AX = Az # A, and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y;(x) by Az and yo(x), respectively. 


2 
S11 + S22 


4°. Solution with A = X12 = Ax and f; = f2 = 0, where the characteristic value \,. = 


is double (there is no double characteristic value provided that s}; = —s2): 
y(x) = f(x) + Cy, (2), 


where C is an arbitrary constant and y,.(x) is an eigenfunction of the equation corresponding 
to A,.. Two cases are possible. 
(a) If sy, # Sy, then sjy =—4(s11 — $22)°/s21, S21 #0, and 


— 822 
922). 
S12 Z 


Si] 
Yx(@) = gi (x) - 5) 


Note that in this case, sj2 and s2; have opposite signs. 
(b) If sy; = so2, then, in view of sj2521 = -F(si1 — sy)? = 0, we have 


gi(a) for sj. #0 and s); = 0, 
Yx(X) = g2(x) for sj. = 0 and gs); #0, 
Cigi(@) + Crgo(x) for s12 = 0 and sz; = 0, 


where C and C are arbitrary constants. 


b 
yla) —r if [g(a) + h(t)” y(t) dt = fiw), m=1,2,... 


This is a special case of equation 4.9.20, with g.(x) = g*(x), he(t) = CK,h™*(t), and 
k=1,...,m. 
Solution: oe 
yx) = fl) +> Agg*(a), 
k=0 


where the A; are constants that can be determined from 4.9.20. 
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brn 
20. y(a)-A } bs an(oyrutd| y(t) dt = fw), n=2,3,... 
a |'hk=1 


The characteristic values of the integral equation (counting the multiplicity, we have exactly 
n of them) are the roots of the algebraic equation 


A(A) = 0, 
where 
1-Asyy -Asy2 +++ —ASin ts qe ae ae 
—As?1 1- AS22 niet —AS2n, 2. S21 S02 — rv! tees Son 
A(A) = . “ ; = (-\) - 
—ASp\ —ASn2 ++: L-ASnn Sn Sn2 -) San — rv! 


and the integrals 
b 
Smk - | hm (2) gx (x) dx; m,k = | ees cA 


are assumed to be convergent. 
Solution with regular \: 


ya) = f(@)+ XS Argue), 
k=l 
where the constants A; form the solution of the following system of algebraic equations: 


n b 
Am-AS— 8mkAk = fim, a - | f(a)Rm(x)dz, me=1,...,n. 


k=l 
The A; can be calculated by Cramer’s rule: 


Ax = Ap(A)/AM), 


where 
T=Asit oss HABin Sa ASI. 8 Ain, 
—As ree —XSop- —As nn, 
OS ee ie 
—ASnI ot —ASnk-1 Fn —ASnk+1 ee le ASnn 
For solutions of the equation in the case in which is a characteristic value, see Subsec- 
tion 11.2-2. 


(@) Reference: S. G. Mikhlin (1960). 


4.9-2. Equations With Difference Kernel: K(a,t) = K(a -t) 


21. y(a)= af K(a - t)y(t) dt, K(a) = K(-2). 


Characteristic values: 


An = : ; an=— f K(x2)cos(nx)dx (n=0,1,2,...). 
T Jin 


Tn 


The corresponding eigenfunctions are 
yo(z) =1, yP(x) =cos(nz), y(x)=sin(nz) (n=1,2,...). 


For each value \,, with n #0, there are two corresponding linearly independent eigenfunctions 
y) (a) and y’ (x). 


@) Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971). 
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22. y(a)+ ‘| K(a - t)y(t) dt = Ae**. 


Solution: 


y(x) = ene. q= / K(a)e* dx. 


l+q 


23. y(a)+ | K(a — t)y(t) dt = Acos(Ax) + B sin(Az). 


Solution: 
Al, + BI, BI,-Al, . 
y(a) = P+R cos(Ax) + Bee sin(A2), 


I,=1+ [- K(z)cos(Az) dz, I,= i. K(z)sin(Xz) dz. 


24. y(a)- i] K(a —t)y(t) dt = f(x). 


Here -oo < x < on, f(x) € Dy (-o0, co), and K(x) € L,(-o0, co). 
For the integral equation to be solvable (in L,), it is necessary and sufficient that 


1-2 K(u) £0, -00 <u<o, (1) 


where K(u) = Tz / K(a)e dx is the Fourier transform of K(x). In this case, the 


equation has a unique solution, which is given by 


yoo) = fto)+ | Ra - tft) dt, 


L- PP. re K(u) 
Ria) = —— R “™® du, Riu) = —————_-.. 
© V2 a es " ? 1-V27 K(u) 


@) Reference: V. A. Ditkin and A. P. Prudnikov (1965). 


25. y(a)- | K(a — t)y(t) dt = f(x). 
0 
The Wiener—Hopf equation of the second kind.* 


Here 0 < x < co, K(x) € Li (-co, ov), f(x) € £1 (0, 00), and y(x) € L,(0, 00). 
For the integral equation to be solvable, it is necessary and sufficient that 


Q(u) = 1-K(u) #0, 00 < u< 00, (1) 


where K(u) = K(a)e'” dz is the Fourier transform (in the asymmetric form) of K(x). 


In this case, the index of the equation can be introduced, 
: 1 oo 
y =-ind Q(u) =-~— [arg Q(u)] 
2 =09 
1°. Solution with v = 0: 


y(n) = fle) + | R(w,t) f(t) dt, 


* A comprehensive discussion of this equation is given in Subsection 11.9-1, Section 11.10, and Section 11.11. 
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where 2 
Rw, t) = Ry(«@-t)+ R(t-x)+ i Ri(a-—s)R_(t—s) ds, 
0 
and the functions R,(2) and R_(x) satisfy the conditions R,(x) = 0 and R_(x) = 0 for x < 0 
and are uniquely defined by their Fourier transforms as follows: 


. — 


271 


© QO) a 


xo '-U 


Alternatively, R.(a~) and R_(x) can be obtained by constructing the solutions of the 
equations 


Ri (av) + ee K(«-t)R,(t) dt = K(2), O<r<s~m, 

R(x) + ie K(t-2)R_() dt = K(-2), OSrsom. 
2°. Solution with v > 0: 

y(x) = f(x) + > One e+ i - R°(z,t) | f+ 3 Ont™e" dt, 
m=l m= 
where the C,, are arbitrary constants, 
R°(a,t) = RO(e -t) + RO(t-2) + if . RO (a —s)R(t - 8) ds, 

and the functions R© (x) and R(x) are uniquely defined by their Fourier transforms: 


1+ | ROW et at = (5) [ + | RO (tyetivt at), 
0 -“ Utd 0 _ 


re . 1 1 se nar 
1+ | RODE at = exp|—F n° 0) = : / H © at) 
0 


271 J_5o t-U 


O° (ulu ti)” = AUu)(u—- i)”. 


3°. For v < 0, the solution exists only if the conditions 


J feorn(orae =o, m=1,2,...,-V, 
0 


are satisfied. Here 7(x), ..., w(x) is the system of linearly independent solutions of the 
transposed homogeneous equation 


tae if KGa aio, 
0 
Then = 
y(o) = f(z) + | RY(o,t)f(t)dt, 
where 


R*(a,t) = RO(e -t) + RO(W- 2) + if Ra - s)R©(t - s) ds, 
0 


and the functions RY (a) and R(x) are uniquely defined in item 2° by their Fourier trans- 
forms. 


@) References: V. I. Smirnov (1974), F. D. Gakhov and Yu. I. Cherskii (1978), I. M. Vinogradov (1979). 
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4.9-3. Other Equations of the Form y(x) + [” K(x, t)y(t) dt = F(a) 


26. 


27. 


28. 


29. 


30. 


y(a) -| K(a + thy(t) dt = f(a). 


The Fourier transform is used to solving this equation. 


Solution: i mA is 
V20 —oo 1- J2n K(u)K(-u) 
where 


= 1 cas -~iux > =. le —1UL 
fwe= Doe [. f(xe dz, K(uj= Tax ie K(a)e dx. 


@) Reference: V. A. Ditkin and A. P. Prudnikov (1965). 


y(x) + if e?' K (a + t)y(t) dt = Ae*”. 


joe} 


Solution: 
ert -_ k Aye Bn 


1—kO)kCB—D)’ 


y(x) = k(A) = i, 7 K(x)e*® der. 


y(x) + i [e°* K(x + t) + M(a - t)]y(t) dt = Ae”. 


Solution: 
I, (A)eP® — [1 + Im(p)]e*” 


T.A)Lx(p) — 1 + Im) + Im @? 


y(uy=A p=-r-B, 


where oy re 
I, (A) = i K(z)e?? dz, Im(A) = i M(z)e~*? dz. 


y(a) - | K(at)y(t) dt = f(a). 
0 
The solution can be obtained with the aid of the inverse Mellin transform: 


on f(s) + K(s)f( a ee ae 
= co # ? 
c-ioo 1- K(s) KC 4 5) 


> 


where fand K stand for the Mellin transforms of the right-hand side and of the kernel of the 
integral equation, 


f(s)= | 7 faye! dx, K(s) = | _ K(x)x*" dx. 
9 0 


@ Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971). 


y(x) — yer K(at)t? y(t) dt = Aa. 
0 


Solution: ‘ roe 
a +1o.07 oe 
ye A — I= | K(®)E" dé. 
1 —Ie4.L-y-1 0 


It is assumed that all improper integrals are convergent. 
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31. 


32. 


33. 


Oe | K(at)t®y(t) dt = f(a). 


The solution can be obtained with the aid of the inverse Mellin transform as follows: 


apa ie f(s)+ K(s) f+ 6-5) 
y(@) = eae x ds, 
cio. 1-—K(s)K(1+(-s) 


271 


where fand K stand for the Mellin transforms of the right-hand side and of the kernel of the 
integral equation, 


f(s) = ‘’ (Qe da, KO= i. K(a)z*! de. 
7 0 


yla) - j glat)at"y(t) dt = fla). 
0 


This equation can be rewritten in the form of equation 4.9.31 by setting K(z) = z*g(z) and 
B=p-A. 


ya) [ aK (=) yi) dt = 0. 


Eigenfunctions of this integral equation are determined by the roots of the following tran- 
scendental (algebraic) equation for the parameter A: 


[xe dz=1. (1) 


1°. For areal simple root \,, of equation (1), there is a corresponding eigenfunction 
Yn(“) = xe, 
2°. For areal root X,, of multiplicity r, there are corresponding r eigenfunctions 
Yni(“) = on, Yn2(x) = ering, ..., Ynr(L) = or In! x. 


3°. For a complex simple root A, = An + i8n of equation (1), there is a corresponding pair 
of eigenfunctions 


yP (a) = £°” cos(Bn nz), y? (x) = &%™ sin(Bp Inz). 


4°. Foracomplex root A, =a@,,+73,, of multiplicity r, there are corresponding r eigenfunction 
pairs 


yi (x) = 2° cos(Bn, Inz), y (x) = x sin(By In), 
yia(2) = x°" Inzcos(B, In x), y (a) = 2°" Ina sin(Z, In x), 


yr) = 2 In”! ecos(Bnlnz),  y2(x) = 2% In’! x sin(B, In 2). 


The general solution is the linear combination (with arbitrary constants) of the eigenfunc- 
tions of the homogeneous integral equation. 
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34. 


35. 


36. 


coda E x _ , 
ye) [ ~K(>)u(at = An®, 


A solution: 


= A b = *e 1 b-1 


It is assumed that the improper integral is convergent and B # 0. The general solution of 
the integral equations is the sum of the above solution and the solution of the homogeneous 
equation 4.9.33. 


ieee | = *K(=)y@ dt = f(x). 
0 t t 


The solution can be obtained with the aid of the inverse Mellin transform: 


: 1 ctioco f(s) és 
te Qni i 1- K(s) ae 


where f and K stand for the Mellin transforms of the right-hand side and the kernel of the 
integral equation, 


f(s) = is f@a"'da, Ki) = i K(a)a™! de. 
9 0 


Example. For f(x) = Ae~** and K(a) = se*, the solution of the integral equation has the form 


peste ae 
(3 —2Cy(Ax)3 


oe 1 
2A for » Ly 
SB Oayeve) 


for Ax > 1, 


y(@) = 


Here C = 0.5772... is the Euler constant, wz) = [InI'(z)]‘, is the logarithmic derivative of the gamma function, 
and the sz are the negative roots of the transcendental equation ['(s;,) = 2, where I'(z) is the gamma function. 


@) Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971). 


b 
y(ax) +/ |x -— tlg(t)y(t) dt = f(x), asaxsb. 


1°. Let us remove the modulus in the integrand, 


x b 
ya) + / (a — tg(thy@) dt + / (t—ax)g(t)y(t) dt = f(a). (1) 
Differentiating (1) with respect to x yields 
x b 
Yip(@) + i] gy) dt - / gtyy(t) dt = f(x). (2) 


Differentiating (2), we arrive at a second-order ordinary differential equation for y = y(x), 


Yio + 2g(a)y = FZ, (x). (3) 
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37. 


2°. Let us derive the boundary conditions for equation (3). We assume that the limits of 
integration satisfy the conditions -oo < a < b < oo. By setting x = a and x = b in (1), we 
obtain two consequences 


b 
y(a) + / (t- a)g(tyy(t) dt = fa), 
- (4) 
y(b) + / (b— Hg(ylt) dt = fb). 


Let us express g(x)y from (3) via y’”,, and f/’, and substitute the result into (4). Integrating 
by parts yields the desired boundary conditions for y(z), 


y(a) + y(b) + (b- a) f(b) — y(b)] = f(a) + FO), 
y(a) + y(b) + (ab) f,.(a) — y/,(a)] = f(a) + f(b). 

Note a useful consequence of (5), 
y(a) + yi.(b) = f(a) + f(b), (6) 

which can be used together with one of conditions (5). 
Equation (3) under the boundary conditions (5) determines the solution of the original 


integral equation. Conditions (5) make it possible to calculate the constants of integration 
that occur in the solution of the differential equation (3). 


(5) 


b 
y(x) + | elt 9(t)y(t) dt = f(x), a<sax<b. 


1°. Let us remove the modulus in the integrand: 


x b 
y(a) + ; eX) g(tyy(t) dt + ‘| eX a(tyy(t) dt = f(x). (1) 


Differentiating (1) with respect to x twice yields 


x b 
yl (a) + 2Ag(x)y(x) + ” i eX?) g(tyy(t) dt + 7 / ert) o(e)y(t) dt = fr,(z). (2) 


Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary 
differential equation for y = y(x), 

Yaw + 2Ag(a)y— Ny = fro) — r” fa). (3) 
2°. Let us derive the boundary conditions for equation (3). We assume that the limits of 
integration satisfy the conditions -oo < a < b < oo. By setting x = a and x = b in (1), we 
obtain two consequences 


b 
ya)+e™* / egy) dt = f(a), 
i (4) 
y(b) +” / e g(thy(t) dt = f(b). 
Let us express g(x)y from (3) via y’”,, and f!’, and substitute the result into (4). Integrating 
by parts yields the conditions 
e™p1,(b) — ey, (a) = Ae (a) + Ae V(b), 
eM! (0) — ey! (a) = Ae (a) + AE™ V(b), 
Finally, after some manipulations, we arrive at the desired boundary conditions for y(x): 
g(a) + Ap(a) =0, yi, (b) — Ap(b) = 0; p(x) = y(x) — f(x). (5) 
Equation (3) under the boundary conditions (5) determines the solution of the original 


integral equation. Conditions (5) make it possible to calculate the constants of integration 
that occur in solving the differential equation (3). 


p(x) = y(a) — f(x). 
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38. 


39. 


b 
y(a) + | sinh(\|x — t))g()y(t) dt = f(x), asx<b. 
1°. Let us remove the modulus in the integrand: 
b 


y(x) + / sinh[A(x — t)]g(t)y(t) dt + / sinh[A(t — x) ]g(t)y(@) dt = f(x). (1) 


Differentiating (1) with respect to x twice yields 


Yrw(a) + 2Ag(a)y(a) +” / : sinh[A(x — t)]g(@)y@) dt 


a 


b 
+X / sinh[A(t —2)lg(t) y(t) at = (2). (2) 


Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary 
differential equation for y = y(x), 


Yny + 2Ag(a)y— Ay = fl, (x) — r’ f(a). (3) 


2°. Let us derive the boundary conditions for equation (3). We assume that the limits of 
integration satisfy the conditions -oo < a < b < oo. By setting x = a and x = b in (1), we 
obtain two corollaries 


b 
FOE / sinh[\(t — a)]g(t)y(t) dt = f(a), 
a (4) 
oe i sinh[(b— t)|g(t)y(t) dt = f(b). 


Let us express g(x)y from (3) via y’,, and f/’, and substitute the result into (4). Integrating 
by parts yields the desired boundary conditions for y(z), 


sinh[ A(b — a)]¢/,(b) — A cosh[A(b — a) ]9(b) = Ap(a), 


5 
sinh[A(b — a)]9/,(a) + A cosh[A(b — a)] (a) = —Ap(b);, G(x) = y(ax) — f(x). mY 


Equation (3) under the boundary conditions (5) determines the solution of the original 
integral equation. Conditions (5) make it possible to calculate the constants of integration 
that occur in solving the differential equation (3). 


b 
y(a) + | sin(A|z — t))g(t)y(t) dt = f(x), asax<b. 


1°. Let us remove the modulus in the integrand: 


b 


y(a) + i sin[Ma—t)]g(t)y(t) dt + i sin[\(t—2)lg(Oy(dt = f@). — () 


Differentiating (1) with respect to x twice yields 


y!',(a) + 2Ag(a)y(a) — i sin[Ma— D)|g(t)y(t) dt 


a 


b 
-» / sin[A(t—2)lg(t)y(t) dt = f%,(¢). (2) 
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Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary 
differential equation for y = y(x), 

ye, + 2Ag(a)y + Vy = f(x) +’ f(z). (3) 

2°. Let us derive the boundary conditions for equation (3). We assume that the limits of 


integration satisfy the conditions -oo < a < b < oo. By setting x = a and x = b in (1), we 
obtain two consequences 


b 
y(a) + | sin[A(t — a)]g(t)y(t) at = f(a), 
e (4) 
y(b) + / sin[A(b — d)|g(ty(t) dt = f(b). 


Let us express g(x)y from (3) via y/,, and f/”, and substitute the result into (4). Integrating 
by parts yields the desired boundary conditions for y(z), 
sin[\(b — a)]p,(b) — Acos[A(b — a)] yb) = Av(a), 
sin[A(b — a) ]y/,(a) + A cos[A(b— a)]y(a) = -Av(b); v(x) = y(x) - f(a). 
Equation (3) under the boundary conditions (5) determines the solution of the original 


integral equation. Conditions (5) make it possible to calculate the constants of integration 
that occur in solving the differential equation (3). 


(5) 


4.9-4, Equations of the Form y(x) + |’ K(a, t)y(-+-) dt = F(x) 


b 
40. y(a)+ if f(Hy(a — t) dt = 0. 


Eigenfunctions of this integral equation* are determined by the roots of the following char- 
acteristic (transcendental or algebraic) equation for jz: 


b 
/ f(t) exp(-t) dé = -1. (1) 
1°. For a real (simple) root ju; of equation (1), there is a corresponding eigenfunction 


YR(@) = EXP(HE a). 
2°. For areal root ys, of multiplicity r, there are corresponding r eigenfunctions 


Ye) = EXP(Mer), Yar) = TExP(HRT), «+5 Yr(w) = 2"! exp(UiR a). 
3°. For a complex (simple) root u, = a, +73, of equation (1), there is a corresponding pair 
of eigenfunctions 


Uy. (@) = explana) cos(G.x),  yje’(w) = exp(axa) sin(5,2). 
4°. For a complex root tu, = ax +78, of multiplicity r, there are corresponding r pairs of 


eigenfunctions 
y\(a) = exp(agx) cos(3px), yO (a) = exp(agx) sin(B,.2), 
y\B(a) = xexp(agr)cos(Gpx), —- (x) = a exp(ag) sin(3,.2), 


1 —] 2 1 Fs 
Yprla) = a"! explanx) cos(Gu), — Ygpla) = a"! exp(axr) sin(G,.2). 
The general solution is the linear combination (with arbitrary constants) of the eigenfunc- 
tions of the homogeneous integral equation. 


* Tn the equations below that contain y(x — t) in the integrand, the arguments can have, for example, the domain 
(a) -co < 4% < 00, -0co < t < oo fora =—-o0 and b= oo or (b) a< t <b, -co < x < ~w, fora and b such that -co < a<b< oo. 
Case (b) is a special case of (a) if f(t) is nonzero only on the interval a < t < b. 
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> For equations 4.9.41—4.9.46, only particular solutions are given. To obtain the general solution, 
one must add the particular solution to the general solution of the corresponding homogeneous 
equation 4.9.40. 


41. 


42. 


43. 


44. 


45. 


b 
y(az) + / f(Hy(a -t) dt = Ax + B. 


A solution: 
ya) = pr +q, 
where the coefficients p and q are given by 
A Al, B ” : 
= 5 = 5 I = t dt, I = t t dt. 
Po eg, = aaa ie 0 [ 1 1 [ tt 


b 
y(x) + i f(H)y(a — t) dt = Ae**. 
A solution: 
A b 
y(x) = Bo B=1 +/ f(t) exp(-At) dt. 


The general solution of the integral equation is the sum of the specified particular solution 
and the general solution of the homogeneous equation 4.9.40. 
b 
y(az) + i f(t)y(a — t) dt = Asin(Az). 
A solution: 
(x) = et (Az) + ay ahs (Az), 
y(x ip Par sin(Ar ie Pare cos(Ax 


where the coefficients [, and J, are given by 


b b 
I,=1 +/ f@)cos(At) dt, I, = / f@sinQt) dt. 


b 
y(x) + i f(Hy(a — t) dt = Acos(Ax). 


A solution: 


Al, 
y(x) = sin(Ax) + ip Pe cos(Ax), 


“BaP 


where the coefficients J, and J, are given by 


b b 
Te21 +f f(@)cos(At) dt, I, = / f@ sinQt) dt. 


b 
y(x) + if f@®y(a - t) dt = e#”(AsinAx + Boos Ax). 
A solution: 
y(x) = e* (psin Ax + qos Ax), 
where the coefficients p and q are given by 
_ Al, - BI; _ Al, + BI. 


faq? Oo pa % 


b b 
Ip=1+ / fe cos(At) dt, I, = / fe sin(rt) dt. 
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46. 


b 
y(a) + / fy - t) dt = g(a). 


1°. For g(a) = $> Ax exp(\,2), the equation has a solution 
k=l 


n 


A b 
y(x) = S- a exp(A,2), B,=1 +f f(t) exp(-Axt) dt. 


k=1 


2°. For polynomial right-hand side of the equation, g(x) = )> A,x*, a solution has the form 
k=0 


y(2) = D> Bx", 


k=0 


where the constants B;, can be found by the method of undetermined coefficients. 


n 
3°. For g(a) = err > A;x*, a solution of the equation has the form 
k=0 


(ose) Bas 
k=0 


where the constants B; can be found by the method of undetermined coefficients. 


4°. For g(x) = 3+ Ag cos(A, 2), a solution of the equation has the form 
k=l 


y(x) = s3 By cos(Agx) + y Cy sin(Ag 2), 


k=1 k=1 


where the constants B; and C; can be found by the method of undetermined coefficients. 


5°. For g(a) = > Ax sin(A;, 2), a solution of the equation has the form 
k=l 


y(x) = > By cos(Apx) + S- Cr sin(An x), 


k=1 k=1 


where the constants B; and Ci, can be found by the method of undetermined coefficients. 


6°. For g(a) = cos(Ax) > A,2*, a solution of the equation has the form 
k=0 


y(x) = cos(Ax) S- Byx* + sin(\x) oo Cz", 


k=0 k=0 


where the constants B; and C, can be found by the method of undetermined coefficients. 


7°. For g(x) = sin(\x) >> A,«*, a solution of the equation has the form 
k=0 


y(x) = cos(Ax) ¥~ Bya* + sin(Ax) S Cyac*, 


k=0 k=0 


where the constants B; and C; can be found by the method of undetermined coefficients. 
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47. 


48. 


8°. For g(x) = e”* > Ax cos(Az2), a solution of the equation has the form 
k=l 


ya) = eS” By cos(Anx) +e" S > Cy sin(Ag), 
k=l k=l 
where the constants B;, and Ci, can be found by the method of undetermined coefficients. 


9°. For g(a) = e#* S> A, sin(A;,2), a solution of the equation has the form 
k=l 


y(x) =e" S- By cos(Apx) + e@” \ Cy sin(Ag2), 
k=l k=l 
where the constants B; and C;, can be found by the method of undetermined coefficients. 


10°. For g(a) = cos(Ax) $> A; exp(f1,2), a solution of the equation has the form 


y(x) = cos(x) Y | Be exp(uar) + sinx) Y 7) Be exp(uie), 
k=1 k=1 


where the constants B; and Ci can be found by the method of undetermined coefficients. 


11°. For g(x) = sin(Ax) >> Ax exp(4z2), a solution of the equation has the form 
k=l 


y(x) = cos(x) Y | Be exp(ua) + sinx) Y 7) Be exp(uie), 
k=1 k=1 


where the constants B;, and Ci, can be found by the method of undetermined coefficients. 


b 
y(x) + f@®y(a + Bt) dt = Ax + B. 


A solution:* 


y(@) = px + q, 
where 
aoe Ziel gall I = [soa Z = [soa 
PO Fe (8 Gade: Ie” ee a aa 2 


b 
y(x) + i f(t)y(a + Bt) dt = Ae». 
A solution: 


b 
yiay= Se™, B=1+ if f(t) exp(ABt) dt. 


* Jn the equations below that contain y(a + Gt), @ > 0, in the integrand, the arguments can have, for example, the domain 
(a)JO<Sa<w,0<t<oo fora=0andb=oor(b)a<t<b,0< 2 < oo fora and b such that 0 < a < b < co. Case (b) is 


a special case of (a) if f(¢) is nonzero only on the interval a <t <b. 
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49. 


50. 


b 
y(x) + i f@®y(a + Bt) dt = AsinAx + Bcos Ax. 


A solution: 
y(x) = psin Ax + qcos Ax, 


where the coefficients p and q are given by 


Al, + BI, _ BI-Al, 


my Ee aes re 


b b 
IL=1 +f f@cos(AGt) dt, I,= / f@ sin(\Gt) dt. 


b 
oe i f(t)y(w + Bt) dt = g(a). 


1°. For g(x) = S> Ax exp(Az2), a solution of the equation has the form 
k=l 


n A b 
yc) = > ee exper), Be = 1+ / f(D exp(Brxt) dt. 
k=1 is 


2°. For polynomial right-hand side of the equation, g(x) = S> A,x*, a solution has the form 
k=0 


ya) = 5° Baa, 
k=0 
where the constants B; can be found by the method of undetermined coefficients. 


nm 
3°. For g(a) = err oe A;,x*, a solution of the equation has the form 
k=0 


n 
yoyse? y Bun”, 
k=0 
where the constants B; can be found by the method of undetermined coefficients. 


4°. For g(x) = >> Ax cos(A, 2), a solution of the equation has the form 
k=l 


ya) = S~ By cos(Apar) + > Cy sin;2), 


k=1 k=1 


where the constants B; and C; can be found by the method of undetermined coefficients. 


5°. For g(a) = > Ax sin(A;, x), a solution of the equation has the form 
k=l 


y(x) = S- By cos(Apx) + S- Cr sin(An), 


k=1 k=1 


where the constants B; and C; can be found by the method of undetermined coefficients. 
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6°. For g(x) = cos(Az) > A;,x*, a solution of the equation has the form 
k=0 


y(x) = cos(Ax) > By,x* + sin(\x) S- Cha, 
k=0 k=0 
where the constants B;, and C, can be found by the method of undetermined coefficients. 


7°. For g(x) = sin(Ax) >> A,«*, a solution of the equation has the form 
k=0 


y(x) = cos(Ax) § > Bya* + sin(Ax) S > Cyac*, 
k=0 k=0 
where the constants B; and C; can be found by the method of undetermined coefficients. 


8°. For g(a) = e"® > Ax cos(Axx), a solution of the equation has the form 
k=l 


ya) =e!” SB, cos(Anx) +e" S> Cy sin(Ag), 
k=1 k=1 


where the constants B;, and C;, can be found by the method of undetermined coefficients. 


9°. For g(a) = e#” S> A, sin(A;,2), a solution of the equation has the form 
k=l 


y(x) = e!* S- By cos(Apx) + ce” Ss, Cr sin(Anx), 


k=l k=l 
where the constants B; and Ci, can be found by the method of undetermined coefficients. 
10°. For g(a) = cos(Ax) $> A; exp(fs,2), a solution of the equation has the form 
k=l 
y(x) = cos(Ax) §” By exp(jipx) + sin(r) 5 > By exp(n2), 
k=l k=l 
where the constants B; and C; can be found by the method of undetermined coefficients. 
11°. For g(x) = sin(Ax) > Ax exp(4,2), a solution of the equation has the form 
k=l 
y(a) = cos(Ax) ~ By exp(iig) + sin(Ax) S > By exp(n2), 
k=l k=l 


where the constants B; and C; can be found by the method of undetermined coefficients. 
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51. 


b 
y(a) + / f@®y(xt) dt = 0. 


Eigenfunctions of this integral equation* are determined by the roots of the following tran- 
scendental (or algebraic) equation for A: 


b 
/ f(tt* dt =-1. (1) 
1°. Fora real (simple) root ;, of equation (1), there is a corresponding eigenfunction 
YR(&) = ae, 
2°. For areal root A, of multiplicity r, there are corresponding 7 eigenfunctions 
yee) =a", yyo(z)=a* Ina, «02, Yer(w) = a** In x 


3°. For a complex (simple) root Ay, = az + 73; of equation (1), there is a corresponding pair 
of eigenfunctions 


yw) = 2% cos(B, nx), y(x) = a sin(G;, Ina). 


4°. For a complex root Ay = ax +i, of multiplicity r, there are corresponding r pairs of 
eigenfunctions 


Viet (@) = &* cos(3z nz), yO(x) = x sin(3, Inx), 
Yt) = e** Ina cos(G,Inz), —- (a) = #** Ine sin(3, Ina), 


Yer(x) = 2° In”! ecos(G,Inz), yy (a) = e** In” w sin(G; In 2). 


The general solution is the linear combination (with arbitrary constants) of the eigenfunc- 
tions of the homogeneous integral equation. 


> For equations 4.9.52—4.9.58, only particular solutions are given. To obtain the general solution, 
one must add the particular solution to the general solution of the corresponding homogeneous 
equation 4.9.51. 


52. 


53. 


b 
y(az) + / f(t)y(at) dt = Ax + B. 


A solution: 


b b 
yla)= aw me, i= | f(t) dt, n= [ tf 


+1, 1+Jo 
b 
y(x) + i f(t)y(xt) dt = Ax. 


A solution: 


A b 
y(x) = ie B=1 +/ f tye? dt. 


* Tn the equations below that contain y(xt) in the integrand, the arguments can have, for example, the domain (a)0< a <1, 
0<t<1fora=Oandb=1,(b) 1<a2<aw,1<t<o fora=1andb=a,(c)0<x4<w,0<t< coo fora=0andb= oo, 
or (d)a<t<b,0< a2 < co fora and b such that 0 < a < b < oo. Case (d) is a special case of (c) if f(t) is nonzero only on 
the intervala <t <b. 
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b 
54. y(a) + | f(Hy(at) dt = Anza + B. 


A solution: 
y(z) = pInz+4q, 
where 
A B Al, ‘ 
== = —_ — —__ Ip = Hdt, T= t) Int dt. 
pave [ to [ some 


b 
55. y(a)+ : f(t)y(at) dt = Ax? Ina. 


A solution: 
y(x) = px? Ina + qu’, 


where 


A _ Ab 
i ee an GE 


b b 
p= I= / f@tPdt, h= / f (tt? Int dt. 


b 
56. y(x) +f f(Hy(at) dt = A cos(In x). 


A solution: 


y(2) = Pa cos(In x) + p Piee sin(In x), 


| +f f@)cos(nt)dt, I, = iE f(@ sindn t) dt. 


b 
57. -y(a) + | f(Hy(at) dt = A sin(In x). 


A solution: 


y(x) = a ae cos(In x) + eo sin(In x), 


Al, Al, 
Pp +E +E 
I,=1 +f f(@)cos(nt)dt, I, = ‘ f() sindn t) dt. 


b 
58. y(a) + i f(t)y(at) dt = Ax® cos(A In x) + Bx? sin(A In x). 


A solution: 
y(z) = px® cos(A In x) + qx® sin(A In x), 


where 


_Ale-Bl _ AL+Bl, 
Oe eedet A eee 


b b 
I,=1 +f f(t? cos(Alnt)dt, I, = / fctyt? sin(A In t) dt. 
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59. 


60. 


61. 


b 
y(a) + | fydt=0, €=xglt). 


Eigenfunctions of this integral equation are determined by the roots of the following tran- 
scendental (or algebraic) equation for A: 


b 
if FLED! dt = -1. (1) 
1°. Fora real (simple) root »;, of equation (1), there is a corresponding eigenfunction 
yaa) = 0, 
2°. For areal root A; of multiplicity r, there are corresponding r eigenfunctions 
YRi(x) = 2>*, ype) =a Ina, ...,  Yer(z) = a* In”! x. 


3°. For a complex (simple) root A, = a, + 73, of equation (1), there is a corresponding pair 
of eigenfunctions 


yw) = 2% cos(3g nx), y(a) = a sin(By In). 


4°. For a complex root Ax = ax +73, of multiplicity r, there are corresponding r pairs of 
eigenfunctions 


Yyi (&) = 2* cos(Gy In x), y\ (a) = 2° sin(3;, In x), 
yyo(x) = 2°* In x cos(3x In-x), y\ (a) = a? Ine sin(3;, Inv), 


y\(a) = 2% In”! ¢cos(G, Ina), y?(a) = x%* In”! x sin(G, Ina). 


The general solution is the linear combination (with arbitrary constants) of the eigenfunc- 
tions of the homogeneous integral equation. 


b 
y(a) + i fiy(é)dt=Ax®,  €= a(t). 
A solution: 


b 
y(a) = Ze", B=l+ / SOLOW at. 


It is assumed that B 4 0. A linear combination of eigenfunctions of the corresponding 
homogeneous equation (see 4.9.59) can be added to this solution. 


b 
vic)+ f f@yedt= ga, E = 29. 
1°. For g(x) = 3 A,2«*, a solution of the equation has the form 
k=0 
_ yo Ae k z i k 
ya) = 5° Bt Be=lt J fOlOFat. (1) 
k=0 a 


2°. For g(#) =Inz > A;x*, a solution has the form 
k=0 


y(x) = Inzx ys Byak + S- Cy", (2) 
k=0 k=0 


where the constants B; and C;, can be found by the method of undetermined coefficients. 
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3°. For g(x) = 55 Ax(n x)*, a solution of the equation has the form 
k=0 


y(a) = S~ By(Inxy*, (3) 
k=0 
where the constants B; can be found by the method of undetermined coefficients. 


4°. For g(x) = 3> Ax cos(Ax In x), a solution of the equation has the form 
k=l 


yx) = S~ By cos(\g Inx) + 5 > Cy sin(Ay In-2), (4) 


k=l k=l 
where the constants B; and C; can be found by the method of undetermined coefficients. 


5°. For g(a) = 5) Ax sin(A, In x), a solution of the equation has the form 
k=l 


y(x) = ‘> By, cos(A, In) + a C;, sin(A;, In x), (5) 


k=1 k=1 


where the constants B; and C; can be found by the method of undetermined coefficients. 


Remark. A linear combination of eigenfunctions of the corresponding homogeneous 
equation (see 4.9.59) can be added to solutions (1)-(5). 


4.10. Some Formulas and Transformations 


Let the solution of the integral equation 


b 
yl) + / K(x, t)y(t) dt = f(a) 1) 
have the form ‘ 
y(a) = f(x) + / Rea, ty f@ dt. (2) 
Then the solution of the more complicated integral equation 
: g(x) 
y(a) + / K(x, )—~ y(t) dt = f(x) (3) 
a g(t) 
has the form , 
yla) = fw) + / Ro, 1) Fade. (4) 
a g(t) 


Below are formulas for the solutions of integral equations of the form (3) for some specific func- 
tions g(x). In all cases, it is assumed that the solution of equation (1) is known and is given 


by (2). 


© 1998 by CRC Press LLC 


1°. The solution of the equation 
b 
yia)+ [ K(w,b(e/ bat = fe 


has the form 


b 
y(c) = f@) + / R(w, (w/t) f(t) dt. 


2°. The solution of the equation 
b 
yx) + / K(a, ther? y(t) dt = f(x) 


has the form 


b 
y(x) = f(a) + / R(x, te?” fF dt. 
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Chapter 5 


Nonlinear Equations 
With Variable Limit of Integration 


> Notation: f, g, h, and y are arbitrary functions of an argument specified in the parentheses (the 
argument can depend ont, x, and y); A, B, C, a, b, c, k, 3, X, and 1 are arbitrary parameters. 


5.1. Equations With Quadratic Nonlinearity That Contain 
Arbitrary Parameters 


5.1-1. Equations of the Form fy y(t)y(x — t) dt = F(a) 


1. | y(t)y(a —t) dt = Ax + B, A,B>O0. 
0 


yaya tvB[ Leoo(-Ae)+/F on(/Z0)), 


2 | . 2 E ; 
where erf z = —= exp(-t* ) dt is the error function. 


Solutions: 


2. | y(t)y(a —t) dt = A*a. 
0 


Solutions: 


y(x2) = kA—_— 1 2, 


where I'(z) is the gamma function. 


3. y y(t)y(a —t) dt = Ax*!+ Ba, rA>0. 
0 


Solutions: 


ED AF aol ah ado(S4 3122), 


where ®(a, c; x) is the degenerate hypergeometric function (Kummer’s function). 


y(@) = 4 


4. | y(t)y(a —t) dt = A?e>*. 
0 


Solutions: y(x) = + e€ 
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10. 


11. 


12. 


| y(t)y(a — t) dt = (Ax + Bye, A, B > 0. 
0 


1 A A A 
a) =4VBo*[ 1 exp(-A2) + fA an 5°) 


2 if e 2 F 2 
where erf z = —= exp(—t*) dt is the error function. 


Solutions: 


| y(t)y(a —t) dt = A*ae*”, 
0 


Solutions: 
AVV(utl) «! y, 
a) Sa 2e€ 
re) 


| y(t)y(a — t) dt = (Axt + Ba")e*, 
0 


Solutions: 


yn ED el (xn) oC, Bea) 


where ®(a, c; x) is the degenerate hypergeometric function (Kummer’s function). 


| y(t)y(a — t) dt = A? cosh(Ax). 
0 


‘ Ad ” Io(At) dt 
~/t dx 0 vVa-t 


, where I is the modified Bessel function. 


Solutions: y(x) = 4 


| : y(t)y(x — t) dt = Asinh(A2). 
0 


Solutions: y = +V AA Jo(Az), where Jp is the modified Bessel function. 


| y(t)y(a - t) dt = Asinh(A V2). 
0 


Solutions: y =+VA mVAZ E34 VET g(dy [Sx ) , where I_;/4 is the modified Bessel 


function. 


| y(t)y(a — t) dt = A” cos(Ax). 
0 


a Ad * Jo(At) dt 
—/t da 0 Va-t 


Solutions: y(x) = 4 , where Jo is the Bessel function. 


| : y(t)y(a — t) dt = Asin(Az). 
0 


Solutions: y= +V AA Jo(Ax), where Jo is the Bessel function. 
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14. 


15. 


16. 


17. 


f y(t)y(a — t) dt = Asin(AV/z ). 
0 


Solutions: y = +VA 1!/42-7/8)3/4g1/8 7 14 0 [Sx ) , where J_;/4 is the Bessel function. 


i y(t)y(a - t) dt = A?e"” cosh(Az). 
0 


A d [* Ip(At)dt 
Solutions: y(a) = + et” o(At) 


(Vn dt Jo Va-t 


, where I is the modified Bessel function. 


| y(t)y(x — t) dt = Ae” sinh(Az). 
0 


Solutions: y = +V AX e“*Ip(Ax), where Ip is the modified Bessel function. 


| : y(t)y(a - t) dt = Ae" cos(Ax). 
0 


A d [® Jo(At) dt 
Solutions: y(a) = + elle Jo(At) 


(Vn dx Jy Va-t 


, where Jo is the Bessel function. 


f y(t)y(a - t) dt = Ae"® sin(Ax). 
0 


Solutions: y = +V Ad e#? Jo(Ax), where Jp is the Bessel function. 


5.1-2. Equations of the Form |, K(z, t)y(t)y(a - t) dt = F(a) 


18. 


19. 


20. 


| t®y(t)y(a — t) dt = Ax, A>O. 
0 


Solutions: 


sine +| AT(\ +1) Hie hei 
=a Tr ( Ate )r(At-*) 


where I'(z) is the gamma function. 


i t®y(t)y(a —t) dt = Ae. 
0 


Solutions: 


nore sl TNT 


where I'(z) is the gamma function. 


A Ye RT 
x 2e” 


| t®y(t)y(a —t) dt = Ar“e**, 
0 


Solutions: 


Atl) |? wet y, 
a) =| are | zr? 


where I'(z) is the gamma function. 
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y(t)y(a - t) 


21. | dt = Ax. 
0 ax + bt 
Solutions: 
“VI : 0 ao 
® y(t -t 
22. | yOUe—O Aer 
0 ax + bt 
Solutions: 
A 1 b 
yay=tfte", T= ;In(1 % -). 
I a 
* y(t -t 
23. | YOUVE =D oe Ante, 
0 ax + bt 
Solutions: 
A dz 
—+,/ 72 pH/2,rA% T= B/2¢) ye /2 
yla) = 4] 2 atl, [: (1-22 
” y(tyy(ax - t) x 
24. dt = Ax“. 
0 Vax? + bt? 
Solutions: 
A d/2 [ d/2 d/2 dz 
a=atyf=-a""", l= z 1l-z — 
ME 9 On)" are 
® y(t -t 
25. YOue—~O on Aer 
0 Vax? + bt? 
Solutions: 
A ! dz 
(x) = +4/— e**, rf ae 
" I 0 Vatbz2 
t t 
26. * yOy@ ~ 0 ye ~ 8) dt = Are. 
0 Vax? + bt? 
Solutions: 
A : dz 
(2) =44/ = ct, t=] gree Ss, 
y if 0 Va+bz2 
5.1-3. Equations of the Form f,° G(---) dt = F(a) 


27. | y(t)y(ax + bt) dt = Ax 
0 


Solutions: 


y(z) = A 
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a» 


Pov AzL 
r= f eB (asdy? dz. 
0 


28. i y(t)y(ax — t) dt = Ae, a>l. 
0 


ea 4 aealo 1=[ dz 


29. 7 y(t)y(ax -t)dt = Ar“e**, a2. 
0 


A tl 1 yl pal 
y(“a) = + Tt x 2 exp(Aa/a), f= i z2 (a—z) 2 dz. 
0 


5.1-4. Equations of the Form y(x) + [” K(a, t)y*(t) dt = F(a) 


Solutions: 


Solutions: 


30. y(a)+ af y(t) dt = Bx +C. 
By differentiation, this integral equation can be reduced to a separable ordinary differential 
equation. 


1°. Solution with AB > 0: 


= (k + Yq) exp[2Ak(x -— a)] + ya — mee: _ 
De Mee (ep AR@ = OI, ee Oe eee ee 


2°. Solution with AB < 0: 
y(x) = Ketan | Ak(a—<) + arctan =|, k=\/-—, ya=aB+C. 


3°. Solution with B = 0: 
C 


WO Teg r: 


31. y(a)+ kf (a -t)y7(t) dt = Ax? + Bx +C. 


This is a special case of equation 5.8.5 with f(y) = ky’. 
Solution in an implicit form: 


y 
/ [4Au—2kF(u) + B?-4AC] du = +(«~-a), 
Yo 


F(u)= +(w-y), yo = Aa? + Ba+C. 


32. y(a)+A | ty?(t) dt = Ba®*!+C. 


This is a special case of equation 5.8.6 with f(y) = Ay. By differentiation, this integral 
equation can be reduced to a separable ordinary differential equation. 
Solution in an implicit form: 


a du 
(A + vf Ae Ba ah) + grt! qt! = 0, Ya = Ba?! +C. 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


yio)+Af o --ly?(t) dt = Ba, A>-t. 
0 


Solutions: y)(x%) = Bix and Yyo(x) = Box, where (1.2 are the roots of the quadratic equation 
AG? + (21+ DGB-BQA+1) =0. 


y(t)dt _ 
Wee [* i 


anebe 


Solutions: y (x) = A; and yo(a) = Az, where A; are the roots of the quadratic equation 


ae 


2 
y(az) + af 4 yo) ae = 


2 + + 2 
Solutions: y)(%) = Aya and yo(x) = A2x, where A; 2 are the roots of the quadratic equation 
(1-1n)AM+-B=0. 


hited Se 


0 Vax? + bt? 


Solutions: y;(x) = A; and y2(a) = Az, where Aj 2 are the roots of the quadratic equation 


1 
IN’ +r-A=0, r= | —— 
0 Vatbz?2 


x A+1 
y(x) + af (ax” + bt”) y(t) dt = Ba®. 
0 


Solutions: y)(x%) = Bix and Yyo(x) = Goa, where (12 are the roots of the quadratic equation 


Atl 


1 
AI’ +8-B=0, ie) Z>(a+bz") ™ dz. 
0 


y(x) + af et y(t) dt = Be®* +C. 


This is a special case of equation 5.8.11 with f(y) = Ay’. By differentiation, this integral 
equation can be reduced to a separable ordinary differential equation. 
Solution in an implicit form: 


e du 


AL Aa da 
+e e’* =0, yo = Be? +C. 
, Au*- Br 


y(x) + af er? (t) dt = B 


This is a special case of equation 5.8.12. By differentiation, this integral equation can be 
reduced to the separable ordinary differential equation 


yl, + Ay’ —Ay+AB =0, y(a) = 


Solution in an implicit form: 


a + 0 
xr-a=0. 
p Aw-Au+rAB 
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40. y(a)+k | et) dt = Ae** + B. 


Solution in an implicit form: 


y du 


Aa 
=2r-4, yo = Ae** + B. 
be Au— ku? — AB 


41. y(x) +k i sinh[\(a — t)]y2(t) dt = Ae** + Be”? + C. 


This is a special case of equation 5.8.14 with f(y) = ky’. 
Solution in an implicit form: 


y 
/ [\?u? -202C'u—2kAF(u) + 2(C? -44B)] 7 du = +(a-a), 
Yo 

F(u)= +(u3 — yp), yo = Ac + Be** +. 


42. y(a)+k ‘| sinh[A(a — t)]y7(t) dt = A cosh(Ax) + B. 


This is a special case of equation 5.8.15 with f(y) = ky’. 
Solution in an implicit form: 


-1/2 


y 
i [\?u? — 2.” Bu — 2kAF(u) + °(B? — A*)] 


Yo 


du = +(x -a), 
F(u) = 4(u?—yg), yo = Acosh(Aa) + B. 
as 4ilaark i. sinh[ (a - t)]y2() dt = A sinh(Az) + B. 


This is a special case of equation 5.8.16 with f(y) = ky’. 
Solution in an implicit form: 


y 
/ [\?u? - 2.4? Bu —2kAF(u) + (A? + B?))'”? du = +(e -a), 
Yo 


F(u) = 3(w-yp), yo = Asinh(a) + B. 


44. y(a)+ kf sin[A(x — t)]y7(t) dt = Asin(Ax) + B cos(Ax) + C. 


This is a special case of equation 5.8.17 with f(y) = ky’. 
Solution in an implicit form: 


y 
/ [VD - Xu? +2 Cu-2kAF(u) | 0? Py eG Sa), 
7] 


0 


yo = Asin(Aa) + Boos(Aa)+C, D=A?+B?-C?, Flu) = 4(u>-yp). 


5.1-5. Equations of the Form y(ax) + de K(a, thy(t)y(a — t) dt = F(a) 


45. y(a)+A | y(t)y(a —t) dt = AB*x + B. 
0 


A solution: y(x) = B. 
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46. 


47. 


48. 


49. 


y(xz) +A i y(t)y(a - t) dt = (AB*x + B)e**. 
0 


A solution: y(x) = Be. 


x 


Xr 
y(z)+ — | y(t)y(a - t) dt = $B sinh(Az). 
28 Jo 
A solution: y(a) = 61,(Axz), where I, (x) is the modified Bessel function. 
A [* oe 
vie) | ytyye—t) at = $8 sin(rcr 
28 Jo 


A solution: y(a) = BJ\(Ax), where J|(x) is the Bessel function. 


y(az) + af ay (t)y(a — t) dt = Ba. 
0 
Solutions: y)(x%) = Bix and Yyo(x) = Goa, where (12 are the roots of the quadratic equation 


4 1) 


1 
AI? +8-Bz= T= A(1-2z)dz = —— 
eee 0, ie 42 = TOV 4 Dd) 


5.2. Equations With Quadratic Nonlinearity That Contain 


Arbitrary Functions 


5.2-1. Equations of the Form [* G(---) dt = F(a) 


| ” K(a,thy%(t) dt = flo). 


The substitution w(x) = y(a) leads to the linear equation 


is K(a, thw(t) dt = f(x). 


/ K(t)y(x)y@ dt = f(x). 


Solutions: 


% -1/2 
ya) = £f(e) 2 / ONO a | 


2 t 
| #(=) ome -t)dt = Ax». 
0 x 
Solutions: 
[A dl : peal acl 
ya) = + moa rf f(z 2 d-2z) 2 dz. 
0 


e t 
| f (=) y(t)y(a — t) dt = Ae**. 
0 x 


Solutions: 


er 


A 1 
woyaay FS rf aaa: 


© 1998 by CRC Press LLC 


5. | f (=) y(t)y(a — t) dt = Are”. 
0 x 


Solutions: 
At et ; pel pel 
y(@) = ies ae r r= | f(z 2 d-z)2 dz. 
0 


6. [ f (=) y(t)y(ax + bt) dt = Aa». 
0 x 


Solutions: 


A Al 
y(@) = 


! A=1 A-1 
G2, i) f(dz 2 (at+bz) 2 dz. 
0 
7. | Nj (=) wowace -t)dt=Ae**, a2. 
0 x 


@ea/4 exp(Ax/a) Tz 1 f(2)dz 


8. | f (=) uowae -t)dt=Aa“e**, a>. 
0 x 


Solutions: 


Solutions: 


WAS (vel ! pel wel 
yr) = + 72 exp(Ax/a), r= | f(z 2 (a-z) 2 dz. 
0 


5.2-2. Equations of the Form y(x) + {” K(a, t)y*(t) dt = F(x) 


9 -y(a) + i f(t)y*(t) dt = A. 
Solution: 


2 =i 
y= aliea f fat ; 


10. y(o)+ [eX gy) at = Fo. 
Differentiating the equation with respect to x yields 
yf, + ga)y? +r i: AED G(t)y (tb) dt = fi (2). (1) 
Eliminating the integral term from (1) with the aid of the original equation, we arrive at a 
Riccati ordinary differential equation, 


yl, + g(x)y” — Ay + Af(x) — fix) = 0, (2) 


under the initial condition y(a) = f(a). Equation (2) can be reduced to a second-order linear 
ordinary differential equation. For the exact solutions of equation (2) with various specific 
functions f and g, see, for example, E. Kamke (1977) and A. D. Polyanin and V. F. Zaitsev 
(1995). 
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11. 


12. 


13. 


14. 


y(a) + i gla)h(t)y2(t) dt = f(a). 


Differentiating the equation with respect to x yields 


yl, + gla)h(a)y? + 9, (2) / h(i)yr(t) dt = f(a). (1) 


Eliminating the integral term from (1) with the aid of the original equation, we arrive at a 
Riccati ordinary differential equation, 


G(X) 
g(x) 


G(X) 
g(x) 


yl, + g(a)h(x)y? — y = f(a) f(a), (2) 


under the initial condition y(a) = f(a). Equation (2) can be reduced to a second-order linear 
ordinary differential equation. For the exact solutions of equation (2) with various specific 
functions f, g, and h, see, for example, E. Kamke (1977) and A. D. Polyanin and V. F. Zaitsev 
(1995). 


y(a) + if : gf (=) y?(t) dt = Ax. 
0 xz 


Solutions: y;(2) = 3;2* and y(x) = Gox*, where (1.2 are the roots of the quadratic equation 


1 
If? +6-A=0, r= | f(z)2 dz. 
0 


y(a) - j ert F(x — t)y?(t) dt = 0. 


This is a special case of equation 5.3.19 with k = 2. 


y(a) - / 7 ert F(x — thy?(t) dt = 0. 


A solution: 
1 Co 
y(2) = rian A ia i) eth? F227) dz. 
0 


5.2-3. Equations of the Form y(x) + [° GC --) dt = F(a) 


15. 


= t 
y(x) + i ee (=) y(t)y(a = t) dt = Ae”, 


Solutions: 
yi(x) = Bye, — yp(x) = Bye, 


where B, and By are the roots of the quadratic equation 


1 
IB? +B-A=0, r= | f(@dz. 
0 
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16. 


17. 


y(az) + af elf (=) y(t)y(a —t) dt = Ba». 
0 xv 


Solutions: y)(x%) = Bix and Yyo(x) = Goa, where (12 are the roots of the quadratic equation 


1 
AI? +B-B=0, I= i: f(2)z* - z)*dz. 
0 


y(x) + le f(t-a)y(t - x)y(t) dt = ae”. 


~A® where b;, (k = 1,2) are the roots of the quadratic equation 


Solutions: y(x) = bpe 
bl+b-a=0, I= | f(ze?* dz. 
0 


To calculate the integral J, it is convenient to use tables of Laplace transforms (with parameter 
p=22). 


5.3. Equations With Power-Law Nonlinearity 


5.3-1. Equations Containing Arbitrary Parameters 


y(x) + af ty*(t) dt = Ba**!+C. 


By differentiation, this integral equation can be reduced to a separable ordinary differential 
equation. 
Solution in an implicit form: 


y du 
(A +1) Auk B+ 1 ag tse) a0; yo = Ba’ 20. 
Yo 


a ket 
yic)+ f yi) dt =A. 
9 ax+bt 


A solution: y(a) = A, where 4 is a root of the algebraic (or transcendental) equation 


n(1+*)a* +bA~ Ad =0. 


@ ajk 
y(t) dt 
+A ——, =B 
y(a) | _ 


A solution: y(a) = A, where 4 is a root of the algebraic (or transcendental) equation 
N+ GA = B. 
7 y*(t) dt 
0 Vax +bt2 — 


A solution: y(a) = A, where 4 is a root of the algebraic (or transcendental) equation 


y(x) + 


! dz 
DT’ +\-A=0, r= | a 
0 Vatbz2 


© 1998 by CRC Press LLC 


10. 


y(x) + af (ax” + bt”) nn y(t) dt = Ba». 
A solution: y = Gx*, where ( is a root of the algebraic (or transcendental) equation 


1 A-kA-1 
AIp* + 8-B=0, a z*X(atbe") dz. 
0 


y(x) + af ety" (t) dt = Be®* +C. 


By differentiation, this integral equation can be reduced to a separable ordinary differential 
equation. 
Solution in an implicit form: 


, [ge _e n0 Be +C 
e ee =, Yo = be 5 
wy Aub- Br 


y(x) + kf er y(t) dt = Ae** + B. 


Solution in an implicit form: 


ri wu = = Ae**+B 
¢§ MOMS AB) RS 


y(a) + kf sinh[A(a — t)]y“(t) dt = Ae*” + Be** + C. 


This is a special case of equation 5.8.14 with f(y) = ky”. 
Solution in an implicit form: 


y 
if [\?u? -202C'u—2kAF(u) + 2(C? -4AB)] 7 du = +(e-a), 
Yo 
1 1 a -ra 
F(u) = ae (ult! — yf!) yy = Ae®* + BE* +. 


y(az) + Kf sinh[A(a — t)]y’(t) dt = A cosh(Ax) + B. 


This is a special case of equation 5.8.15 with f(y) = ky". 
Solution in an implicit form: 


-1/2 


y 
f [\7u? — 2? Bu - 2kAF(u) + 17(B? - A?)| "du = 4(x-a), 


Yo 


1 
Fu) = aie —yb*"), yy = Acosh(\a) + B. 


y(az) + wf sinh[A(a — t)]y’(t) dt = A sinh(Ax) + B. 


This is a special case of equation 5.8.16 with f(y) = ky”. 
Solution in an implicit form: 


y 
i [\2u? — 2? Bu —2kAF(u) + 42(A? + B2)) |? du = +(x -a), 
7] 


0 


F(u) = 


aa (ul*!— yk"), yy = Asinh(Aa) + B. 
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11. y(a)+ kf sin[A(a — tly’ (t) dt = Asin(Ax) + B cos(Ax) + C. 


This is a special case of equation 5.8.17 with f(y) = ky”. 
Solution in an implicit form: 


y 
i [\2D — ?u? +2.Cu-2k\F(u)] /? du = £(a-a), 
Ye 


(0) 


yo = Asin(Aa) + Bcos(Aa)+C, D=A*+B?-C’, F(w= : ; (ih gl), 


ut 


5.3-2. Equations Containing Arbitrary Functions 


12. / K (a, t)y*(t) dt = f(x). 


The substitution w(x) = y (x) leads to the linear equation 


ie K(a, tHhw() dt = f(a). 


13. y(a) + i f(t)y*(t) dt = A. 
Solution: 


y(a) = area / fat : 


14. y(x)- | Fla)g(tyy*(t) dt = 0. 


1°. Differentiating the equation with respect to x and eliminating the integral term (using the 
original equation), we obtain the Bernoulli ordinary differential equation 


fi) 
f() 


y,, — f(a)g(ayy* - y=0,  —-y(a)=0. 


2°. Solution with k < 1: 


1 
x Te 
y(x) = f(a) ja-¥ / prea at) ; 


Additionally, for k > 0, there is the trivial solution y(a) = 0. 


15. y(x)+ i has j (=) y*(t) dt = Aa. 
0 x 


A solution: y(ax) = 3x*, where (3 is a root of the algebraic equation 


1 
Ip*+B-Az=0, iy f(z)z* dz. 
0 
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16. y(x) +f #(=) vu dt = Aa’. 
0 x 


Solutions: y,(x) = Bre’, where B,, (k = 1,2) are the roots of the quadratic equations 


1 
BP+IB-A=0, r= | zf(z) dz. 
0 


17. vio)- [ er(=)uo dt = 0, k¥1. 
0 xv 


A solution: 


lta 1 atk 
y@)=AcTe, Ale | 2 f(2) dz. 
0 


18. y(x)- | Erte F(x — t)y*(t) dt = 0, k¥1. 


A solution: 


y(a) = Aexp( : re x), Al* = He exp( Aten z) fCz)dz. 


19. y(a)- / ert F(x — t)y*(t) dt = 0, k#1. 


A solution: 


y(x) = Aexp( : re x), Al* = i exp(- Aten 2) f(dz. 


5.4. Equations With Exponential Nonlinearity 


5.4-1. Equations Containing Arbitrary Parameters 


1. y(a) + Afe exp[Ay(¢)] dt = B. 


Solution: 


y(x) = -+ In [ANa —a)+ es, 


2. y(a) + af exp[Ay(t)] dt = Ba +C. 


For B = 0, see equation 5.4.1. 
Solution with B + 0: 


A 


1 A 
y(a) = ace In E + (em - 5 )ene| ; yo =aB+C. 
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y(x) + kf (x — t) exp[Ay(t)] dt = Ax? + Ba+C. 


1°. This is a special case of equation 5.8.5 with f(y) = ke*”. The solution of this integral 
equation is determined by the solution of the second-order autonomous ordinary differential 
equation 

yi tke’ -2A=0 


under the initial conditions 
y(a) = Aa? +Ba+C,  yi,(a)=2Aa+B. 


2°. Solution in an implicit form: 


a [4Au—-2F(u) + B?-4AC]? du = +(x -a), 
Yo 


k 
F(u) = ye es yo = Aa’ + Bat+C. 


y(x) +A ‘| t* exp[Gy(t)] dt = Ba**!+C. 


By differentiation, this integral equation can be reduced to a separable ordinary differential 
equation. 
Solution in an implicit form: 


i du 
(A ae » | Acbu ~BO = + gt ant} =0, Yo = Ba™! +C. 
Yo 


aleve a explAy@)] La 


ax +bt~ 


A solution: y(a) = 3, where / is a root of the transcendental equation 


In(1 % 2 ea + 6G — Ab =0. 


y(a) + i J expiry ] dt = 
0 Vax? + bt? 


A solution: y(a) = 3, where / is a root of the transcendental equation 


1 
ke? + B—-A=0, k= | ee 
B 0 Vatbz2 


y(a)+ A | & exp|[At + By(t)| dt = Be” +C. 


By differentiation, this integral equation can be reduced to a separable ordinary differential 
equation. 
Solution in an implicit form: 


¥ du 


AL Aa Aa 
+ =0, =B +C. 
, Abe By’ 8 a, 
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8 —s-y(a) + kf exp|A(x — t) + By(t)| dt = A. 


Solution in an implicit form: 


[ dt 7 
4 Mk A 


9 y(a)t+k | ' exp[A(x — t) + By(t)] dt = Ae** + B. 


Solution in an implicit form: 


7 dt 


Aa 
=2-4, yo = Ae** + B. 
- At — ke®t —\B 


10. y(x)+k | ‘ sinh[A(a — t)] exp[Gy(t)] dt = Ae** + Be? +C. 
This is a eal case of equation 5.8.14 with f(y) = ke®¥. 
11. y(a)+ wf sinh[A(a — t)] exp[Gy(t)] dt = A cosh(Ax) + B. 
This is a er case of equation 5.8.15 with f(y) = ke®¥. 
12. y(a)+ oe. sinh[A(a — t)] exp[Gy(t)] dt = A sinh(Ax) + B. 
This is a ead case of equation 5.8.16 with f(y) = ke®¥. 
13. y(a) + wf sin[A(a — t)] exp[Gy(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 5.8.17 with f(y) = ke®¥. 


5.4-2. Equations Containing Arbitrary Functions 


14. y(a) +f f@ exp[Ay()] dt = A. 


Solution: 


y(«) = -+ In f / : f(t)dt+ | 


15. y(a) + | g(t) exp[Ay(t)] dt = f(x). 


1°. By differentiation, this integral equation can be reduced to the first-order ordinary differ- 
ential equation 
Yr tga = f(a) (1) 
under the initial condition y(a) = f(a). The substitution w = e” reduces (1) to the linear 
equation 
w, +Afi(ayw — Ag(x) = 0, w(a) = exp [-Af(a)] : 


2°. Solution: 


1 zx 
y(a) = f(x) - x inf +X i: g(t) exp|Af(t)] a. 
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16. y(a) + ai (=) exp[Ay(t)] dt = 
v/0 x 


A solution: y(x) = 3, where (3 is a root of the transcendental equation 


1 
B+Ie°-A=0, T= [fede 
0 


5.5. Equations With Hyperbolic Nonlinearity 


5.5-1. Integrands With Nonlinearity of the Form cosh[Gy(t)] 


1. y(az) + kf cosh[Gy(t)] dt = A 


This is a special case of equation 5.8.3 with f(y) = k cosh(Gy). 


2. y(az) + kf cosh[Gy(t)] dt = Ax + B. 

This is a special case of equation 5.8.4 with f(y) = k cosh(Gy). 
3. y(a)tk / (x — t) cosh[By(t)] dt = Ax? + Ba + C. 

This is a special case of equation 5.8.5 with f(y) = k cosh(Gy). 
4. y(a)t+k i t* cosh[By(t)] dt = Ba**! + C. 

This is a special case of equation 5.8.6 with f(y) = k cosh(Gy). 


5. y(az) + a g(t) cosh[Gy(t)] dt = A 


This is a special case of equation 5.8.7 with f(y) = cosh(Gy). 


Ge. Ge [ COSMO Fea: 


— ax+bt | 


This is a special case of equation 5.8.8 with f(y) = cosh(Gy). 


* cosh[By(t)] 
y(a) + ————_ dt = 
Vax? + bt? 
This is a special case of equation 5.8.9 with f(y) = cosh(Gy). 


8 -y(a) +k i e™ cosh[Gy(t)] dt = Be** + C. 


This is a special case of equation 5.8.11 with f(y) = k cosh(Gy). 


9 = y(a)t+k | e* cosh[Gy(t)] dt = 


This is a special case of equation 5.8.12 with f(y) = k cosh(Gy). 
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10. y(x)+k | e* cosh[Gy(t)] dt = Aer” + B. 


This is a special case of equation 5.8.13 with f(y) = k cosh(Gy). 


11. y(a@)+k i sinh[A(a — t)] cosh[Gy(t)] dt = Ae** + Ber? + C. 


This is a special case of equation 5.8.14 with f(y) = k cosh(Gy). 


12. y(a)t+k / sinh[A(x — t)] cosh[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 5.8.15 with f(y) = k cosh(Gy). 


13. y(a) + kf sinh[A(x — t)] cosh[Gy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 5.8.16 with f(y) = k cosh(Gy). 


14. y(a)+ kf sin[A(x — t)] cosh[Gy(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 5.8.17 with f(y) = k cosh(Gy). 


5.5-2. Integrands With Nonlinearity of the Form sinh[Gy(¢)] 


15. y(x)+k | ‘ sinh[Gy(t)] dt = 


This is a special case of equation 5.8.3 with f(y) = & sinh(Gy). 


16. y(x)+ kf sinh[Gy(t)] dt = Ax + B. 

This is a special case of equation 5.8.4 with f(y) = & sinh(Gy). 
17. y(x)+k f (a — t) sinh[Gy(t)] dt = Ax? + Ba + C. 

This is a special case of equation 5.8.5 with f(y) = k sinh(Gy). 
18. y(x)+k i t* sinh[Gy(t)] dt = Ba**! +C. 

This is a special case of equation 5.8.6 with f(y) = & sinh(Gy). 


19. y(a) + y. g(t) sinh[Gy(t)] dt = 


This is a special case of equation 5.8.7 with f(y) = sinh(Gy). 


20.  y(a) + +f me a dt =A. 


This is a special case of equation 5.8.8 with f(y) = sinh(Gy). 
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* sinh[Gy(t)] 
21. —————— dt= A 
ya) + i Vax* + bt? 


This is a special case of equation 5.8.9 with f(y) = sinh(Gy). 


22. y(a)t+k | e™ sinh[Gy(t)] dt = Be** + C. 


This is a special case of equation 5.8.11 with f(y) = k sinh(Gy). 


23. y(x)t+k | e*@) sinh[Gy(t)] dt = A. 


This is a special case of equation 5.8.12 with f(y) = k sinh(Gy). 


24. y(x)+k i e*@) sinh[Gy(t)] dt = Aer” + B. 


This is a special case of equation 5.8.13 with f(y) = k sinh(Gy). 


25. y(ax) + kf sinh[A(a — t)] sinh[Gy(t)] dt = Ae*” + Be” + C. 


This is a special case of equation 5.8.14 with f(y) = k sinh(Gy). 


26. y(a)+ kf sinh[A(x — t)] sinh[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 5.8.15 with f(y) = k sinh(Gy). 


27. y(a)t+k i) sinh[A(x — t)] sinh[Gy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 5.8.16 with f(y) = k sinh(Gy). 


28. y(a)t+k | sin[A(x — t)] sinh[Gy(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 5.8.17 with f(y) = k sinh(Gy). 


5.5-3. Integrands With Nonlinearity of the Form tanh[Gy(¢)] 


29. y(a)+ Kf tanh[Gy(t)] dt = A. 


This is a special case of equation 5.8.3 with f(y) = k tanh(Gy). 


30. y(a)+ kf tanh[Gy(t)] dt = Ax + B. 


This is a special case of equation 5.8.4 with f(y) = k tanh(Gy). 


31. y(a)t+k | (a — t) tanh[Gy(t)] dt = Aa? + Bx+C. 


This is a special case of equation 5.8.5 with f(y) = k tanh(Gy). 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


y(a)+k | t* tanh[Gy(t)] dt = Ba**!+C. 
This is a special case of equation 5.8.6 with f(y) = k tanh(Gy). 


y(a) + i g(t) tanh[ Gy(t)] dt = 


This is a special case of equation 5.8.7 with f(y) = tanh(Gy). 


y(x) + f taney @] dt = A. 


ax +bt 


This is a special case of equation 5.8.8 with f(y) = tanh(Gy). 


y(a) + if ‘ sone yO yO dt = 
0 Vax + bt? 


This is a special case of equation 5.8.9 with f(y) = tanh(Gy). 


y(x) +k / e™ tanh[Gy(t)] dt = Be®* +C. 


This is a special case of equation 5.8.11 with f(y) = k tanh(Gy). 


y(x) +k i e*@~) tanh[By(t)] dt = 


This is a special case of equation 5.8.12 with f(y) = & tanh(Gy). 


y(a) +k | e*®5 tanh[Gy(t)] dt = Ae*” + B. 


This is a special case of equation 5.8.13 with f(y) = k tanh(Gy). 


ya) +k | sinh[A(a — t)] tanh[Gy(t)] dt = Ae** + Be** + C. 


This is a special case of equation 5.8.14 with f(y) = k tanh(Gy). 


y(a) +k | sinh[A(x — t)] tanh[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 5.8.15 with f(y) = k tanh(Gy). 


y(a) + Kf sinh[A(x — t)] tanh[Gy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 5.8.16 with f(y) = k tanh(Gy). 


y(a) + kf sin[A(x — t)] tanh[Gy(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 5.8.17 with f(y) = k tanh(Gy). 
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5.5-4. Integrands With Nonlinearity of the Form coth[Gy(t)] 


43. y(a)+ kf coth[Gy(t)] dt = A 


This is a special case of equation 5.8.3 with f(y) = k coth(Gy). 


44.) y(a)+ kf coth[Gy(t)] dt = Ax + B. 

This is a special case of equation 5.8.4 with f(y) = k coth(Gy). 
45. y(a)t+k | (a — t) coth[Gy(t)] dt = Ax? + Bx +C. 

This is a special case of equation 5.8.5 with f(y) = k coth(Gy). 


46. y(x)+k | t* coth[By(t)] dt = Ba**! + C. 


This is a special case of equation 5.8.6 with f(y) = k coth(Gy). 


47. y(a)+ | ” g(t) coth[Gy(t)] dt = A 


This is a special case of equation 5.8.7 with f(y) = coth(Gy). 


48. y(a) + +f cothlOyOl oy a. 


 ax+bt 


This is a special case of equation 5.8.8 with f(y) = coth(Gy). 


49 yio+ | coth[By(t)] 
; 0 Vax? + bt? 


This is a special case of equation 5.8.9 with f(y) = coth(Gy). 


50. y(x)+k J e™ coth[By(t)] dt = Be*” + C. 


This is a special case of equation 5.8.11 with f(y) = k coth(Gy). 


51. y(a)t+k | e* coth[By(t)] dt = 


This is a special case of equation 5.8.12 with f(y) = k coth(Gy). 


52. y(a)t+k / e*© coth[By(t)] dt = Ae*” + B. 


This is a special case of equation 5.8.13 with f(y) = k coth(Gy). 


53. y(x) +k i sinh[A(x — t)] coth[By(t)] dt = Ae*” + Ber” + C. 


This is a special case of equation 5.8.14 with f(y) = k coth(Gy). 
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54. y(a)t+k | sinh[A(x — t)] coth[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 5.8.15 with f(y) = k coth(Gy). 


55. -y(a) + Kf sinh[A(x — t)] coth[Gy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 5.8.16 with f(y) = k coth(Gy). 


56. y(a) + kf sin[A(x — t)] coth[Gy(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 5.8.17 with f(y) = k coth(Gy). 


5.6. Equations With Logarithmic Nonlinearity 


5.6-1. Integrands Containing Power-Law Functions of x and t 


1. y(a) + kf In[Ay(€)] dt = 
This is a special case of equation 5.8.3 with f(y) = & In(Ay). 
2. y(a) + kf In[Ay(t)] dt = Ax + B. 


This is a special case of equation 5.8.4 with f(y) = & In(Ay). 


3. y(a)t+k i] (x - t) InfAy(t)] dt = Ax? + Ba + C. 


This is a special case of equation 5.8.5 with f(y) = & In(Ay). 


4. y(a)t+k ‘| t* In[py(t)] dt = Ba**! + C. 


This is a special case of equation 5.8.6 with f(y) = k In(uy). 


® InfAy(t 
5 noe [MOM aa 


This is a special case of equation 5.8.8 with f(y) = In(\y). 


6. (a) + if * AAWON a 3 
; 0 Vax + bt? 


This is a special case of equation 5.8.9 with f(y) = In(\y). 


5.6-2. Integrands Containing Exponential Functions of x and t 


7. y(a)t+k e™ In[uy(t)] dt = Be®* + C. 


This is a special case of equation 5.8.11 with f(y) = & In(uy). 
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8 (a) +k | e*@) In[uy(t)] dt = A. 


This is a special case of equation 5.8.12 with f(y) = k In(uy). 


9. y(az) + kf e*@) In[uy(t)] dt = Ae*” + B. 


This is a special case of equation 5.8.13 with f(y) = k In(uy). 


5.6-3. Other Integrands 


10. y(ax) + | g(t) n[Ay(t)] dt = A. 


This is a special case of equation 5.8.7 with f(y) = In(\y). 


11. y(a)+ kf sinh[A(a — t)] In[yey(t)] dt = Ae®” + Be” + C. 


This is a special case of equation 5.8.14 with f(y) = k In(uy). 
12. y(a)t+k ‘| sinh[A(a — t)] n[uy(t)] dt = A cosh(Ax) + B. 

This is a special case of equation 5.8.15 with f(y) = k In(uy). 
13. y(a) + kf sinh[A(a — t)] n[uy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 5.8.16 with f(y) = & In(uy). 


14. y(a)+ oe sin[A(a — t)] Infuy(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 5.8.17 with f(y) = k In(uy). 


5.7. Equations With Trigonometric Nonlinearity 


5.7-1. Integrands With Nonlinearity of the Form cos[Gy(t)] 


1. y(az) + kf cos[Gy(t)] dt = A. 


This is a special case of equation 5.8.3 with f(y) = k cos(Gy). 


2. y(az) + kf cos[Gy(t)] dt = Ax + B. 


This is a special case of equation 5.8.4 with f(y) = k cos(Gy). 


3. y(a)t+k i (a — t) cos[By(t)] dt = Ax? + Ba + C. 


This is a special case of equation 5.8.5 with f(y) = k cos(Gy). 
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10. 


11. 


12. 


13. 


14. 


y(a)+k | t* cos[Gy(t)] dt = Ba**! +C. 


This is a special case of equation 5.8.6 with f(y) = k cos(Gy). 


y(x) + i g(t) cos[By(t)] dt = 


This is a special case of equation 5.8.7 with f(y) = cos(Gy). 


Woe iA cos[Byt)I 235 


ax + bt. 


This is a special case of equation 5.8.8 with f(y) = cos(Gy). 


y(a) + i : Rcciled SU yO dt = 
0 Vax? + bt? 


This is a special case of equation 5.8.9 with f(y) = cos(Gy). 


y(a) +k / et cos[By(t)] dt = Be®* + C. 


This is a special case of equation 5.8.11 with f(y) = kcos(Gy). 


y(a@) +k i er® cos[By(t)] dt = 


This is a special case of equation 5.8.12 with f(y) = k cos(Gy). 


y(x) + kf er cos[By(t)] dt = Ae*” + B. 


This is a special case of equation 5.8.13 with f(y) = kcos(Gy). 


y(xz) + kf sinh[A(x — t)] cos[Gy(t)] dt = Ae** + BerX* +C. 


This is a special case of equation 5.8.14 with f(y) = kcos(Gy). 


y(az) + kf sinh[A(x — t)] cos[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 5.8.15 with f(y) = k cos(Gy). 


y(a) + Kf sinh[A(ax — t)] cos[Gy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 5.8.16 with f(y) = kcos(Gy). 


y(a) + kf sin[A(ax — t)] cos[Gy(t)] dt = Asin(Ax) + B cos(Ax) + C. 


This is a special case of equation 5.8.17 with f(y) = kcos(Gy). 
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5.7-2. Integrands With Nonlinearity of the Form sin[Gy(¢)] 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


y(“) +k i) ° sin[Gy(t)] dt = 


This is a special case of equation 5.8.3 with f(y) = ksin(Gy). 


y(a) + kf sin[Gy(t)] dt = Ax + B. 

This is a special case of equation 5.8.4 with f(y) = ksin(Gy). 
y(a)+k | (a — t) sin[Gy(t)] dt = Ax? + Ba + C. 

This is a special case of equation 5.8.5 with f(y) = k sin(Gy). 
y(x) +k / t* sin[By(t)] dt = Ba**! +C. 

This is a special case of equation 5.8.6 with f(y) = ksin(Gy). 


y(a) + | g(t) sin[ By(t)] dt = 


This is a special case of equation 5.8.7 with f(y) = sin(Gy). 


Hee +f sin[Sy()] a4. 


ax + bt. 


This is a special case of equation 5.8.8 with f(y) = sin(Gy). 


y(a) + | ° Seu yO) dt = 
0 Vax? + bt? 


This is a special case of equation 5.8.9 with f(y) = sin(Gy). 


y(x) +k J e™ sin[By(t)] dt = Be** +C. 


This is a special case of equation 5.8.11 with f(y) = k sin(Gy). 


y(x) +k | e*@) sin[Gy(t)] dt = A 


This is a special case of equation 5.8.12 with f(y) = k sin(Gy). 


y(x) +k / e*@) sin[ Gy(t)] dt = Ae*” + B. 


This is a special case of equation 5.8.13 with f(y) = k sin(Gy). 


y(a) + kf sinh[A(a — t)] sin[Gy(t)] dt = Ae” + Be®2 +. 


This is a special case of equation 5.8.14 with f(y) = k sin(Gy). 
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26. y(a)+ kf sinh[A(x — t)] sin[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 5.8.15 with f(y) = k sin(Gy). 


27. y(a)+ kf sinh[A(x — t)] sin[Gy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 5.8.16 with f(y) = & sin(Gy). 


28. y(a) + kf sin[A(x — t)] sin[Gy(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 5.8.17 with f(y) = k& sin(Gy). 


5.7-3. Integrands With Nonlinearity of the Form tan[Gy(¢)] 


29. y(a)+ kf tan[Gy(t)] dt = A 


This is a special case of equation 5.8.3 with f(y) = k tan(Gy). 


30. y(a) + kf tan[By(t)] dt = Ax + B. 

This is a special case of equation 5.8.4 with f(y) = k tan(Gy). 
31. y(a)t+k | (x — t) tan[Gy(t)] dt = Av? + Ba + C. 

This is a special case of equation 5.8.5 with f(y) = k tan(Gy). 


32. y(a)t+k f t* tan[Gy(t)] dt = Ba**!+C. 


This is a special case of equation 5.8.6 with f(y) = & tan(Gy). 


33. y(x) + r g(t) tan[By(t)] dt = 


This is a special case of equation 5.8.7 with f(y) = tan(Gy). 


34. y(a) + a fenlPy Ol: 4. 


aa + bt 


This is a special case of equation 5.8.8 with f(y) = tan(Gy). 


* tan[Gy(t)] 
35. —___—__ dt= 
os [ Vax” + bt? 


This is a special case of equation 5.8.9 with f(y) = tan(Gy). 


36. y(a)t+k / e™ tan[Gy(t)] dt = Be** + C. 


This is a special case of equation 5.8.11 with f(y) = k tan(Gy). 
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37. 


38. 


39. 


40. 


41. 


42. 


y(x) +k | e* tan[By(t)] dt = A. 


This is a special case of equation 5.8.12 with f(y) = k tan(Gy). 


y(a) +k if e* tan[By(t)] dt = Ae*” + B. 


This is a special case of equation 5.8.13 with f(y) = k tan(Gy). 


y(“) +k / sinh[A(a — t)] tan[Gy(t)] dt = Ae** + Be? + C. 


This is a special case of equation 5.8.14 with f(y) = k tan(Gy). 


y(az) + kf sinh[A(x — t)] tan[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 5.8.15 with f(y) = k tan(Gy). 


y(a) + Kf sinh[A(a — t)] tan[Gy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 5.8.16 with f(y) = k tan(Gy). 


y(a) + kf sin[A(x — t)] tan[Gy(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 5.8.17 with f(y) = k tan(Gy). 


5.7-4. Integrands With Nonlinearity of the Form cot[Gy(t)] 


43. 


44. 


45. 


46. 


47. 


y(x) + kf cot[Gy(t)] dt = A. 


This is a special case of equation 5.8.3 with f(y) = k cot(Gy). 


y(a) + kf cot[Gy(t)] dt = Ax + B. 


This is a special case of equation 5.8.4 with f(y) = k cot(Gy). 


y(a) +k ' nee - t) cot[By(t)] dt = Ax? + Ba + C. 


This is a special case of equation 5.8.5 with f(y) = k cot(Gy). 


y(a) +k : t* cot[Gy(t)] dt = Ba**! + C. 


This is a special case of equation 5.8.6 with f(y) = k cot(Gy). 


y(a) + ‘ g(t) cot[By(t)] dt = A. 


This is a special case of equation 5.8.7 with f(y) = cot(Gy). 
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ax + bt 
This is a special case of equation 5.8.8 with f(y) = cot(Gy). 


48. y(a) + +[ = colby 5 8g. 


* cot[By(t)] 
49. y(x) + ———_—— 
0 Vad? + bt? 
This is a special case of equation 5.8.9 with f(y) = cot(Gy). 


dt=A. 


50. y(a)t+k i e™ cot[Gy(t)] dt = Be** + C. 


This is a special case of equation 5.8.11 with f(y) = k cot(Gy). 


51. y(a)t+k e*@) cot[ By(t)] dt = 


This is a special case of equation 5.8.12 with f(y) = k cot(Gy). 


52. y(a)t+k | e*© cot[By(t)] dt = Ae*” + B. 


This is a special case of equation 5.8.13 with f(y) = k cot(Gy). 


53. y(x) + kf sinh[A(x — t)] cot[By(t)] dt = Ae*” + Ber” + C. 


This is a special case of equation 5.8.14 with f(y) = k cot(Gy). 


54. y(a)t+k | sinh[A(x — t)] cot[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 5.8.15 with f(y) = k cot(Gy). 


55. -y(a) + wf sinh[A(a — t)] cot[Gy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 5.8.16 with f(y) = k cot(Gy). 


56. y(a)t+k y) sin[A(x — t)] cot[By(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 5.8.17 with f(y) = k cot(Gy). 


5.8. Equations With Nonlinearity of General Form 


| 5.8-1. Equations of the Form | G(---) dt = F(a) | 


[ Kee.ve(u) at = Fe. 


The substitution w(x) = y(y(a)) leads to the linear equation 


- K(a,t)hw(t) dt = f(x). 
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2. / K(a, thy(t, y(t)) dt = f(x). 


The substitution w(x) = p(x, y(x)) leads to the linear equation 


iM K(a, Hw) dt = f(a). 


5.8-2. Equations of the Form y(x) + {” K(x, t)G(y(t)) dt = F(x) 


3. y(az) + | f(y@) dt = A. 


Solution in an implicit form: 
| pels + 0 
—~. +2-a=0. 
A fl) 


4. y(a) +f f(y®) dt = Ax+ B. 
Solution in an implicit form: 


¥ du 


SS FE { = Aa+B. 
wy 4-f@) a 


5. y(az) + fo - t)f (y(@) dt = Ax? + Bau +C. 


1°. This is a special case of equation 5.8.19. The solution of this integral equation is 
determined by the solution of the second-order autonomous ordinary differential equation 


Yun + fy)-2A =0 
under the initial conditions 
y(a)= Aa? +Ba+C, = yi.(a)=2Aa+ B. 


2°. Solutions in an implicit form: 


y 
/ [4Au—-2F(u) + B?-4AC]”? du = +(x -a), 
ye 


0 


F(w= |] f(dt, yo = Aa? + Ba+C. 


Yo 


6. = -y(a) + “ tf (y(t) dt = Ba! +C. 


By differentiation, this integral equation can be reduced to a separable ordinary differential 
equation. 
Solution in an implicit form: 


id du 
N+] Atl At] _ .=B Atl , 
(A+ rf fo BOL. a 0, Yy an +C 
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10. 


11. 


12. 


13. 


y(x) + i g(t) f (y(t)) dt = A. 
Solution in an implicit form: 
y 


M al g(t) dt = 0. 


A solution: y(a) = A, where 4 is a root of the algebraic (or transcendental) equation 
b 
In(1 ¢ -) f() + dA— Ab =0. 
a 


= f(y@) 
Vaz? + bt? 


A solution: y(a) = A, where 4 is a root of the algebraic (or transcendental) equation 


y(x) + dt = A. 


td 
kf) +A-A=0, k= ——. 
Ne I vat bz? 
sd dt 
yio)+e f f(y) =A. 


x? + 


A solution: y(a) = A, where 4 is a root of the algebraic (or transcendental) equation 


At afd) = A. 


y(a) + | : e™ f(y(t)) dt = Ber” +C. 


By differentiation, this integral equation can be reduced to a separable ordinary differential 


equation. 
Solution in an implicit form: 


¥ du 


Xr gE =o? =), yo = Bers. 
Yo f(u)-Br 


y(x) + i : e@-) F(y(t)) dt = A. 


Solution in an implicit form: 


a du _ 
¢ COA 


y(a) + | eX F(y(t)) dt = Ae*” +B. 


Solution in an implicit form: 


o du Na 
[ we a, yo = Ae*" + B. 
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14. y(x)+ i : sinh[A(x — t)]f (y(t)) dt = Ae*” + Ber” +C. 
1°. This 5 a special case of equation 5.8.23. The solution of this integral equation is 
determined by the solution of the second-order autonomous ordinary differential equation 
Yen + AF(y) —X’y + VC =0 
under the initial conditions 
y(a) = Ae** + BE** +, y,(a) = Ade** — Bre. 
2°. Solution in an implicit form: 


: [d2u2 —2\Cu—2AF(u) + 2(C? -4AB)] 7 du = +(x -a), 
Yo 


Fw= | f(@dt, yo = Aer? + Be" +C. 


Yo 


15. y(x)+ | sinh[A(a — t)] f (y(t)) dt = A cosh(Ax) + B. 
This is a special case of equation 5.8.14. 
Solution in an implicit form: 


[ [\2u? - 2? Bu —2AF(u) + 42(B? — A2))/? du = +(a—a), 
Yo 


F(u) = a f(t) dt, yo = Acosh(Aa) + B. 


Yo 


16. y(x)+ ‘| “ sinh[A(a - t)] f (y(t) dt = A sinh(Ax) + B. 


This is a special case of equation 5.8.23. 
Solution in an implicit form: 


y 
/ [Mu? — 2? Bu —2F(u) + 2A? + BY)? du = +(e a), 
Yo 


F(u) = : f(t)dt, yo = Asinh(Aa) + B. 
Yo 


17. y(x)+ / ‘ sin[A(x — t)1f (y(t) dt = A sin(Ax) + B cos(Ax) + C. 
1°. This 45 a special case of equation 5.8.25. The solution of this integral equation is 
determined by the solution of the second-order autonomous ordinary differential equation 
yi, t+AF(Y) + Vy-XC =0 
under the initial conditions 
y(a) = Asin(Aa) + Bcos(Aa) + C, y,.(a) = AA cos(Aa) — BA sin(Aa). 
2°. Solution in an implicit form: 


hie +(x -a), 


y 
/ [VD —u? + 2 Cu—-2F (u) | 


Yo 


yo = Asin(Aa) + Bcos(Aa)+C, D=A*+B?-C?, F(u)= i, f(t) dt. 
Yo 
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5.8-3. Equations of the Form y(x) + { K(x, t)G(t, y() dt = F(x) 


18. 


19. 


20. 


21. 


yl) + i F(t,y(t)) dt = g(a). 


The solution of this integral equation is determined by the solution of the first-order ordinary 
differential equation 

yi, + f(x,y) — Gi,(x) = 0 
under the initial condition y(a) = g(a). For the exact solutions of the first-order differential 
equations with various f(a, y) and g(x), see E. Kamke (1977), A. D. Polyanin and V. F. Zaitsev 
(1995), and V. F. Zaitsev and A. D. Polyanin (1994). 


ire i (x - tf (t, y@)) dt = g(a). 


Differentiating the equation with respect to x yields 


ue fF (toylt)) at = ge) a) 
In turn, differentiating this equation with respect to x yields the second-order nonlinear 
ordinary differential equation 
By setting x = a in the original equation and equation (1), we obtain the initial conditions for 


y = y(2): 
y(a) = g(a), yi(@) = 9/,(a). (3) 
Equation (2) under conditions (3) defines the solution of the original integral equation. For 
the exact solutions of the second-order differential equation (2) with various f(x, y) and g(x), 
see A. D. Polyanin and V. F. Zaitsev (1995), and V. F. Zaitsev and A. D. Polyanin (1994). 


y(x) + ye - ty” f (t, y(t)) dt = g(x), n=1,2,... 
Differentiating the equation n+ 1 times with respect to x, we obtain an (n+ 1)st-order nonlinear 
ordinary differential equation for y = y(x): 
yr? +n! fle, y)— gf"? (a) = 0. 
This equation under the initial conditions 
ya) = g(a), Yel) = 94), «+s YYP(@) = GQ), 


defines the solution of the original integral equation. 


y(x) + i : e®) F(t, y(t)) dt = g(x). 


Differentiating the equation with respect to x yields 


y+ flaua)) 4a i XM) F(t, y(t)) dt = g(a). 


Eliminating the integral term herefrom with the aid of the original equation, we obtain the 
first-order nonlinear ordinary differential equation 


Yy + f(x,y) — Ay + Ag(x) — g(x) = 0. 
The unknown function y = y(x) must satisfy the initial condition y(a) = g(a). For the exact 


solutions of the first-order differential equations with various f(x, y) and g(x), see E. Kamke 
(1977), A. D. Polyanin and V. F. Zaitsev (1995), and V. F. Zaitsev and A. D. Polyanin (1994). 
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22. 


23. 


24. 


y(e)+ [cosh da -H1f (ty) at = g(a. 


Differentiating the equation with respect to x twice yields 


yi (a) + F(x, y(a)) + / sinh[\(a —t)]f (t, y(t)) dt = gf (2), (1) 


yl (a) + [f(x ya), #2 | cosh Aa - Of (ty) at = gfl,(0). (2) 


a 
Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the second-order nonlinear ordinary differential equation 


Yan + [Flew], — Vy + G(@)— Gel®) = (3) 
By setting x = a in the original equation and in (1), we obtain the initial conditions for y = y(«): 
ya) = g(a), (a) = g',(a) - f (a, 9(@)). (4) 


Equation (3) under conditions (4) defines the solution of the original integral equation. 


y(a@) + i sinh[A(a — t)] f(t, yd) dt = g(x). 


Differentiating the equation with respect to x twice yields 


via) +X / cosh[ (a —t)]f (t, y(t) dt = 9/2), (1) 


ylig(@) + AF (w. yla)) +? / sinh[A(a —2)]f (t,y(t)) dt = 9", (2). (2) 


a 
Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the second-order nonlinear ordinary differential equation 


Yen t AF (a, y) —r’y + G(x) - g!,(z) = 0. (3) 
By setting x =a in the original equation and in (1), we obtain the initial conditions for y = y(x): 
y(a)= g(a), —-¥, (a) = g(a). (4) 


Equation (3) under conditions (4) defines the solution of the original integral equation. For 
the exact solutions of the second-order differential equation (3) with various f(x, y) and g(x), 
see A. D. Polyanin and V. F. Zaitsev (1995), and V. F. Zaitsev and A. D. Polyanin (1994). 


y(a) + | cos[ Ax - HIF (t, y(t) dt = g(a). 


Differentiating the equation with respect to x twice yields 


yi (a) + f(x, y(2)) -d / sin[\(a —t)] f(t, y(t)) dt = g(a), (1) 


yl (a) + [F (a, ya) ]/, / costa —t)]f (t, y(t)) dt = 9", (). (2) 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the second-order nonlinear ordinary differential equation 


Yan + (Flew), +P y- G2) — Ge(@) = (3) 
By setting x =a in the original equation and in (1), we obtain the initial conditions for y = y(x): 
y(a) = g(a), yi,(a) = g',(a) — f (a, g(a). (4) 


Equation (3) under conditions (4) defines the solution of the original integral equation. 
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25. 


y(e)+ f sintA(e— HIF (t, y(t) dt = g(x) 


Differentiating the equation with respect to x twice yields 


f(a) 4a i cos[ Mr —8))f (t,y(t)) dt = gh (2), (1) 
yl, (a) + Mf (2, y(a)) —? / sin[\(e —t)]f (t, y(t) dt = g!,(2). (2) 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the second-order nonlinear ordinary differential equation 


Yon tAF (ay) + My — g(x) - Guy (L) = 0. (3) 
By setting x =a in the original equation and in (1), we obtain the initial conditions for y = y(x): 
y(a)= g(a), —-¥, (a) = g(a). (4) 


Equation (3) under conditions (4) defines the solution of the original integral equation. For 
the exact solutions of the second-order differential equation (3) with various f(x, y) and g(x), 
see A. D. Polyanin and V. F. Zaitsev (1995), and V. F. Zaitsev and A. D. Polyanin (1994). 


5.8-4. Other Equations 


26. 


27. 


28. 


1 t 
y(a) + al ies 7) dt = A. 
v/0 x 


A solution: y(a) = A, where 4 is a root of the algebraic (or transcendental) equation 


1 
A+ F(A)-A=0, Foy= [ f(A) dz. 
0 


ua [#(< m) ee Aas 
0 x t 


A solution: y(a) = Ax, where ) is a root of the algebraic (or transcendental) equation 


1 
\+FO)-A=0, FO)= | f(z, dz. 
0 


y(x) + ix f(t -2z, y(t - x) y(t) dt = ae? 


x 


Solutions: y(x) = bye”, where by are roots of the algebraic (or transcendental) equation 


b+ bI(b) =a, I(b) = i. Ober eae: 
0 
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Chapter 6 


Nonlinear Equations 
With Constant Limits of Integration 


> Notation: f, g, h, and ¢ are arbitrary functions of an argument specified in the parentheses 
(the argument can depend on t, x, and y); and A, B, C, a, b, G s, 2, y, A, and yp are arbitrary 
parameters; and k, m, and n are nonnegative integers. 


6.1. Equations With Quadratic Nonlinearity That Contain 
Arbitrary Parameters 


6.1-1. Equations of the Form [° K(t)y(x)y(t) dt = F(z) 


1 
1. | y(x)y(t) dt = Ax, A>0, A>-1. 
0 


This is a special case of equation 6.2.1 with f(x) = Aa’, g(t) = 1,a=0, and b= 1. 
Solutions: y(#) = +/AQA + I) 2. 


1 
2. | y(x)y(t) dt = Ae®, A>oO. 
0 


This is a special case of equation 6.2.1 with f(x) = Ae®”, g(t) = 1, a = 0, and b= 1. 


luti i Ba 
Solutions: y(x) 2-1 e€ 


1 
3. | y(x)y(t) dt = A cosh(3x), A>0. 
0 


This is a special case of equation 6.2.1 with f(x) = Acosh(Gx), g(t) = 1,a = 0, and b= 1. 


AB 
sinh 3 


Solutions: y(#) = + cosh(3z). 


1 
4. | y(a)y(t) dt = A sinh(Gx), AB > 0. 
0 


This is a special case of equation 6.2.1 with f(x) = A sinh(Gz), g(t) = 1,a =0, and b= 1. 


wee 
cosh 3-1 


Solutions: y(#) = + sinh(Gx). 
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1 
| y(x)y(t) dt = A tanh(Gz), AGB > 0. 
0 


This is a special case of equation 6.2.1 with f(x) = A tanh(Gx), g(t) = 1,a =0, and b= 1. 
| Ap 
Solutions: = +,/ ———— tanh ; 
olutions: y(x) ineosh@ anh(Gx) 


1 
| y(x)y(t) dt = Aln(Bx), A(in G -1) > 0. 
0 


This is a special case of equation 6.2.1 with f(x) = Aln(Gx), g(t) = 1, a =0, and b= 1. 
: ; A 
Solutions: y(#) = + mgot In(Gz). 


1 
i y(x)y(t) dt = A cos(Gx), A>0O. 
0 


This is a special case of equation 6.2.1 with f(x) = Acos(3zx), g(t) = 1, a = 0, and b= 1. 


Solutions: y(x) =+4/ a cos(Gx). 


1 
| y(x)y(t) dt = A sin(Gx), AB > 0. 
0 


This is a special case of equation 6.2.1 with f(x) = Asin(Gx), g(t) = 1,a=0, and b= 1. 
A 
Solutions: y(@) = + ae sin(Gx). 
1—cos @ 


1 
| y(x)y(t) dt = A tan(Gx), AGB > 0. 
0 


This is a special case of equation 6.2.1 with f(a) = A tan(Gzx), g(t) = 1,a =0, and b= 1. 
-A 
Solutions: y(@) = + B tan(Gx). 
In|cos /| 


1 
10. i} ty(x)y(t) dt = Ax, A>0, pt+A>-l. 
0 


This is a special case of equation 6.2.1 with f(x) = Ax, g(t) = t", a =0, and b= 1. 


Solutions: y(x) =+/A(ut+A+ 1) 2. 


1 
11. | ety(x)y(t) dt = Ae®, A>O0. 
0 


This is a special case of equation 6.2.1 with f(x) = Ae®”, g(t) = e“*, a=0, and b= 1. 


Solutions: y(x) = +4/ aur) eo. 
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6.1-2. Equations of the Form Ae G(.--) dt = F(z) 


12. 


13. 


14. 


1 
| y(b)y(at) dt = A, 0O<a2<1. 
0 


This is a special case of equation 6.2.2 with f(t) = 1, a =0, and b= 1. 


1°. Solutions: 


y(a) = VA, p(x) =-V'A, 
y3(a) = VA (3a —2), yq(x) = -V'A Bx — 2), 
ys(x) = VA (10x — 122 +3), y6(x) = -VA (102? — 122 +3). 


2°. The integral equation has some other solutions; for example, 


yx) = ue [(2C+D2°-C-1], — y(z) = me [2c + D2l-C-1], 
yo(x) = VA (Ina + 1), yro(r) =-V'A (Ina + 1), 


where C is an arbitrary constant. 


3°. See 6.2.2 for some other solutions. 


1 

| y(t)y(at®)dt= A, B>0. 
0 

1°. Solutions: 


yi(a) = VA, yo(a) =-VA, 
y3(x) = VB [(B+2)2@-B-1], ya(a) =-VB [(8+2)x-8-1], 


| 2A 
where B = BB+) 7 


2°. The integral equation has some other (more complicated solutions) of the polynomial 
form y(x) = >> B,x*, where the constants B, can be found from the corresponding system 


k=0 
of algebraic equations. 


i y(t)y(at) dt = Aa, A>0, 1<a4<co. 
1 


This is a special case of equation 6.2.3 with f(t) = 1,a=1, and b= oo. 

1°. Solutions: 
yi(z) = Bx, yo(x) =-Bx”, " 
y3(z) = B[(2QA-3)e-204+2]0%, ys(z)=-B[QX-3)e-2A42]a%, A 


where B= .V/A(2X- 1). 
2°. For sufficiently large , the integral equation has some other (more complicated) solutions 


of the polynomial form y(r) = >> Byx*, where the constants B, can be found from the 
k=0 


corresponding system of algebraic equations. See 6.2.2 for some other solutions. 
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15. | ety (t)y(at) dt = A, A>0, O0<a<co. 
0 


This is a special case of equation 6.2.2 with f(t) = e*’, a = 0, and b = o. 
1°. Solutions: 


yi(a) = VAX, yo(a) = -V'AX, 


y3(x) = 4/4 AX(At-2),  y4(z) =-/ 5 AA (Az — 2). 


2°. The integral equation has some other (more complicated) solutions of the polynomial 
form y(x) = )> Byx*, where the constants B;, can be found from the corresponding system 


of algebraic equations. See 6.2.2 for some other solutions. 


1 
16. | y(t)y(a + At) dt = A, 0<4<c@. 
0 


This is a special case of equation 6.2.7 with f(t) = 1, a =0, and b= 1. 
Solutions: 


ya) = VA, yo(a) =-VA, 
y3(a) = /3A/ACU-22),  ya(a) =-./3A/A(L - 22). 


17. | y(t)y(a + At) dt = Ae, A,A,3>0, 0<2<@. 
0 


This is a special case of equation 6.2.9 with f(t) = 1, a = 0, and b = on. 
Solutions: 


w(x) = VABAt DE**, r(x) =-V ABA+ le, 
y3(x) = B[B(A+ Da-1e", — y4(x) = -B[BO + Da - 1e**, 


where B= ,/AG(A 4+ 1)/A. 


1 
18. ; y(t)y(a — t) dt = A, -00 < %<0O. 
0 


This is a special case of equation 6.2.10 with f(t) = 1, a =0, and b= 1. 
1°. Solutions with A > 0: 
nia) = VA, yo(a) = -VA, 
y3(v) = V5A(6x? -62 +1), ya(x) = -V5.A(62? - 62 + 1). 
2°. Solutions with A < 0: 
yi(a) = V-3A(1-22),  yo(x) =-V-3A (1-22). 
The integral equation has some other (more complicated) solutions of the polynomial 
form y(@) = = B,«", where the constants B, can be found from the corresponding system 


k=0 
of algebraic equations. 


19. | ey (=) uit) dt= Ax, 2r>0. 
F t 


Solutions: y(x)=+VAX2°. 
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6.1-3. Equations of the Form y(x) + [° K(a, t)y*(t) dt = F(x) 


b 
20. y(a)+A i x y(t) dt = 0. 


Solutions: 
2041 y 


AG — @2ty* 


y(t) =0, p(x) = 


b 
21. y(a)+A | xt y(t) dt = 0. 


Solutions: 
204+ +1 x 


A(T — G21) 


yi(x) = 0, y2(x) = 


b 
22. y(a)+A i er? y(t) dt = 0. 


Solutions: d 
2 ~dx 
yi(x) = 0, y2(x) = Ale? — Pray © : 


b 
23. y(a)+A / err Hty?(t) dt = 0. 


Solutions: 
2A + Lb Ax 
a a Afe O18 — ¢-@rway © 


b 
24. y(a)+ af x ret y(t) dt = 0. 


This is a special case of equation 6.2.20 with f(a) = Ax* and g(t) = e**. 


b 
25. y(a)+A ‘| eH@t>y?(t) dt = 0. 


This is a special case of equation 6.2.20 with f(a) = Ae“ and g(t) = t?. 


1 
26. y(a)+A i y(t) dt = Bx", p>-l. 
0 


This is a special case of equation 6.2.22 with g(t) = A, f(x) = Br", a =0, and b= 1. 
A solution: y(x) = Ba" + A, where . is determined by the quadratic equation 


1 2AB B? 
een es A+ =0. 
A +l Qut1 


b 
27. y(x)+A / t? y(t) dt = Ba". 


This is a special case of equation 6.2.22 with g(t) = At? and f(x) = Ba". 


© 1998 by CRC Press LLC 


28. 


29. 


30. 


b 

y(x) + af eft y(t) dt = Be". 

This is a special case of equation 6.2.22 with g(t) = Ae* and f(x) = Be". 
b 

y(x) + af x? y*(t) dt = Ba. 

This is a special case of equation 6.2.23 with g(x) = Ax® and f(x) = Bx". 
b 

y(x) + af e?@ y(t) dt = Be”, 


This is a special case of equation 6.2.23 with g(x) = Ae?® and f(x) = Bet”. 


6.1-4. Equations of the Form y(x) + [° K(a, t)y(a)y(t) dt = F(a) 


31. 


32. 


33. 


34. 


b 
y(x) + af tPy(x)y(t) dt = Ba". 


This is a special case of equation 6.2.25 with g(t) = At? and f(x) = Ba". 


b 
y(x) + af e?ty(x)y(t) dt = Be”. 


This is a special case of equation 6.2.25 with g(t) = Ae* and f(x) = Be". 


b 
y(x) + af x? y(x)y(t) dt = Ba". 


This is a special case of equation 6.2.26 with g(x) = Ax® and f(x) = Bx". 


b 
y(x) + af e?* y(x)y(t) dt = Be”. 


This is a special case of equation 6.2.26 with g(x) = Ae®” and f(x) = Be”. 


6.1-5. Equations of the Form y(x) + fe G(---) dt = F(x) 


35. 


1 
y(az) + af y(t)y(at) dt = 0. 
0 


This is a special case of equation 6.2.30 with f(t) = A,a=0, andb=1. 
1°. Solutions: 
(i-loet+h—-h ioe 
x 
Ipln - I; 


> 


1 
n(x) =-F2C + Dz°, yr) = 


7 A 
™™ IC +me4I1? 


where C is an arbitrary nonnegative constant. 


m = 0, 1,2, 


n 
There are more complicated solutions of the form y(x) = © )> Bya*, where C is an 


k=0 
arbitrary constant and the coefficients B;, can be found from the corresponding system of 
algebraic equations. 
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36. 


37. 


38. 


39. 


2°. A solution: 


h-Ih)e®+h-h o¢ A 


; In = ST = 0, 1, 2, 
Libis 2C+mB+l? " 


y3(x) = 


where C and / are arbitrary constants. 
n 
There are more complicated solutions of the form y(x) = x° S> Dzx"®, where C and 3 


k=0 
are arbitrary constants and the coefficients D; can be found from the corresponding system 
of algebraic equations. 


3°. A solution: 


C ] _ 1 
ee nD. - | 2C(nt)dt, m=0,1,2, 


JoJz— J} 0 
where C is an arbitrary constant. 


There are more complicated solutions of the form y(x) = xe So Ex dn x)", where C is 


an arbitrary constant and the coefficients F;, can be found from the corresponding system of 
algebraic equations. 


y(az) + af y(t)y(at) dt = 0. 
1 


This is a special case of equation 6.2.30 with f(t) = A, a = 1, and b = oo. 


y(x) + af y(t)y(at) dt = Ax®. 
1 


This is a special case of equation 6.2.31 with f(t) = A, a = 0, and b= 1. 


1 
y(az) + af y(t)y(a + At) dt = 0. 
0 


This is a special case of equation 6.2.35 with f(t) = A, a =0, and b= 1. 


1°. A solution: 
C(A + 1) Cx 


y(x) = Alcorn ® 


where C is an arbitrary constant. 


m 


n 
2°. There are more complicated solutions of the form y(x) = e©* S> Bmx, where C is an 


m=0 


arbitrary constant and the coefficients B,, can be found from the corresponding system of 
algebraic equations. 


yic)+ Af y(t)y(a + At) dt = 0, A>0, O<a<c. 
0 


This is a special case of equation 6.2.35 with f(t) = A, a = 0, and b = oo. 


A solution: 
CAt+D _op 
—_————e~", 


yY(@) = Ai 


where C is an arbitrary positive constant. 
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x“ 
40. yor af e y(—)y (t)dt=0, A>0. 
; t 
pag 


aN 

A solution: y(z) = Ae , where C is an arbitrary constant. 
=) 

41. yor a [Oe y(=) y(t)dt=Ba®, 2r>0. 


Solutions: 
ya) = Bix”, -yp(ar) = Bax”, 
where (3; and (3; are the roots of the quadratic equation AJ? + \3- Br =0. 


6.2. Equations With Quadratic Nonlinearity That Contain 
Arbitrary Functions 


6.2-1. Equations of the Form ibs G(.--) dt = F(z) 


b 
1. / g(t)y(a)y(t) dt = f(x). 


Solutions: 


b -1/2 
2 Fe: =| / fogttvat 


b 
2. | f®HyOy(at) dt =A 


1°. Solutions* 
yi(2) =v A/Io, yo(x) =-V A/lIo, 


yx(a) = qx -I), yal) = -qia — th), 


b A 1/2 
Teed Ppa GSN Zio 
| fiat, q (ere) i 


The integral equation has some other (more complicated) solutions of the polynomial 


where 


n 

form y(x) = >> Byx*, where the constants B;, can be found from the corresponding system 
k=0 

of algebraic equations. 


2°. Solutions: 


ys(x) = q(x© — 1), yo(ax) = -q(a° — b), 


A 1/2 b ‘ 
= = > Lin = t™ t dt, = 0, L, 2, 
( Ie —- 2h ) i a . 


where C is an arbitrary constant. 
The equation has more complicated solutions of the form y(x) = 2 Brak, where C is 


an arbitrary constant and the coefficients B; can be found from the dorespondiis system of 
algebraic equations. 


* The arguments of the equations containing y(at) in the integrand can vary, for example, within the following intervals: 
(a)O<st<1,0<a2<1fora=O0andb=1;(b)1<t<ow,l<a<o fora=1andb=@;(c)0<t<ow,0<2< oo for 
a=Oandb=co;or(d)a<t<b,0< 2 < ow for arbitrary a and b such that 0 < a < b < oo. Case (d) is a special case of (c) 
if f(t) is nonzero only on the interval a < t < b. 
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3°. Solutions: 


yx) = p(Jolnx — Jj), ys(x) = —p(Jo In x — Jj), 


x 1/2 b 
-(——"__ |) | Jmn=] dnd™f@) dt. 
p (a) [mo fO 


The equation has more complicated solutions of the form y(x) = 5> E;,(n x)*, where the 
k=0 


constants ;, can be found from the corresponding system of algebraic equations. 


b 
| f®y(ty(at) dt = Ax’. 


1°. Solutions: 
yi(a) = VA/Ip x®, yo(x) = —/A/To x”, 
yx(a) = q(a—h)x®,  ya(x) = -q(ha — hb) x®, 


where 
A 


————_—-, m = 0, 1,2. 
Loh - I?) 


b 
Tn = if Pen F(t)dt, q= 
2°. The substitution y(a) = x? w(x) leads to an equation of the form 6.2.2: 
b 
i: g(tyw(tyw(at)dt=A, g(a) = f(x)a?”. 


Therefore, the integral equation in question has more complicated solutions. 


b 
/ f(Hy®y(at) dt = Anz + B. 


This equation has solutions of the form y(a) = pln x+q. The constants p and gq are determined 
from the following system of two second-order algebraic equations: 


Ip? + Inpg = A, hp +2I pq + log = B, 


where 


b 
n= f fant)” dt, m=0,1,2. 


b 
/ f@®y()y(act) dt = Ax*Inz + Ba. 


The substitution y(7) = x*w(2) leads to an equation of the form 6.2.4: 


b 
‘i g(t)w(t)w(at) dt = Alna + B, gt) = fe. 


| fiytty(=) dt = Ax 
Solutions: 
A A 2° 
nae ya, wlay=-\/F2, ff f(t) dt. 
0 
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b 
7. | f@®y()y(a + At) dt = A, A> 0. 


1°. Solutions* 
yi@)=VA/To, yx) =-A/T, 


ys(v) = qUox-lh), yaw) = -qUox — Ih), 


b 
A 
La t™ F(t) dt, =,/—>-— = 0, 1,2. 
[ Tees VX 


2°. The integral equation has some other (more complicated) solutions of the polynomial 


where 


form y(x) = >> Byx*, where the constants B;, can be found from the corresponding system 
k=0 
of algebraic equations. 


b 
8. / f@®yb)y(a + At) dt = Ax + B, A> 0. 


A solution: y(x) = Ga + py, where the constants 3 and jz are determined from the following 
system of two second-order algebraic equations: 


b 
IhBp+@ =A, Ip +At+)hGu+aAbV=B, In= ff t™f@dt. (1) 


Multiplying the first equation by B and the second by —A and adding the resulting equations, 
we obtain the quadratic equation 


Aly? + [A+ DAN -Bh]z+\AL-Bh=0, z= 2/6. (2) 


In general, to each root of equation (2) two solutions of system (1) correspond. Therefore, 
the original integral equation can have at most four solutions of this form. If the discriminant 
of equation (2) is negative, then the integral equation has no such solutions. 
The integral equation has some other (more complicated) solutions of the polynomial 
n 


form y(x) = >> Gyx*, where the constants 3, can be found from the corresponding system 


of algebraic equations. 


b 
9. / f(t)y(t)y(a + At) dt = Ae, A> 0. 


1°. Solutions: 


yi(x) = VA/In e®”, yo(x) = —/ A/T €?", 


y3(x) = qUor —N)eP*, —-ya(x) = -qUox - Nie”, 


b 
A 
ee | Pel Oa ge) Site 
i) . TOG: 4 Mh — hI?) w 


n 

2°. The equation has more complicated solutions of the form y(x) = e-8” S> Byx*, where 
k=0 

the constants 6; can be found from the corresponding system of algebraic equations. 


where 


* The arguments of the equations containing y(«+At) in the integrand can vary within the following intervals: (a) 0<t<co, 
0<2<o fora=0andb=ooor(b)a<t<b,0< 2 < ow for arbitrary a and b such that 0 < a < b < cw. Case (b) isa 
special case of (a) if f(t) is nonzero only on the interval a < t < b. 
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3°. The substitution y(x) = e~8® w(x) leads to an equation of the form 6.2.7: 


b 
/ BODE Ftyw(tyw(a + At) dt = A. 


b 
10. | f@®y)y(a -t) dt = A. 


1°. Solutions* 
ya) = VA/Tp, — yr(x) =-A/T, 


y3(@) = qdox-Lh), — y4(®) = -qUox - I), 


b 
A 
Im= | #™f@dt, q=y/—ao a, m=0,1,2. 
[ PRS Se cay 


2°. The integral equation has some other (more complicated) solutions of the polynomial 


where 


n 
form y(x) = >> A,x*, where the constants ;, can be found from the corresponding system 


k=0 
of algebraic equations. For n = 3, such a solution is presented in 6.1.18. 


b 
11. | f®y®y(a -t) dt = Ax + B. 


A solution: y(a) = Ax + yu, where the constants \ and jz are determined from the following 
system of two second-order algebraic equations: 


b 

Ipw+ DX =A, In? -bd = B, Im = i) t™ f(jdt, m=0,1,2. (1) 

Multiplying the first equation by B and the second by —A and adding the results, we obtain 
the quadratic equation 

Alpz? — BIpz - Alp - BI, = 0, z=p/d. (2) 


In general, to each root of equation (2) two solutions of system (1) correspond. Therefore, 
the original integral equation can have at most four solutions of this form. If the discriminant 
of equation (2) is negative, then the integral equation has no such solutions. 
The integral equation has some other (more complicated) solutions of the polynomial 
n 


form y(x) = >> Aga*, where the constants A; can be found from the corresponding system 


of algebraic equations. 


b n 
12. / f@®y@y(@ - t) dt = S~ Aga®. 


k=0 
This equation has solutions of the form 


un) =. ae (1) 
k=0 
where the constants A; are determined from the system of algebraic equations obtained by 


substituting solution (1) into the original integral equation and matching the coefficients of 
like powers of x. 


* The arguments of the equations containing y(a—t) in the integrand can vary within the following intervals: (a)-oo<t<co, 
-oo < x < oo fora =-oo and b= or (b) a < t < b, -co < & < ~, for arbitrary a and b such that -co < a< b< cw. 
Case (b) is a special case of (a) if f(t) is nonzero only on the interval a < t < b. 


© 1998 by CRC Press LLC 


13. 


14. 


15. 


b 
/ f®)y(a - t)y(t) dt = Ae**. 


Solutions: 
yi(a) = A/T e**, ya) =-\ A/Ip €*”, 
y3(x) = qr —T)e**, — yaa) = -q(Iox — Ne", 
where 


b 
A 
Im= | #™f@dt, q=y/—ao oe, m=0,1,2. 
/ Ine Seopa 7 


n 

The integral equation has more complicated solutions of the form y(a) = e** )> B,x*, where 
k=0 

the constants B; can be found from the corresponding system of algebraic equations. 


b 
i f(Hy()y(a - t) dt = Asinh Ax. 


A solution: 
y(x) = psinh Ax + qcosh Ax. (1) 


Here p and gq are roots of the algebraic system 
Lopq + Tes(p* x 7) = A, Tec? = Isp" =0, (2) 


where the notation 
b b 
Ip = / fdt, IRxs= i f(t) cosh(At) sinh(At) dt, 
a z b 
Teg = / f(t)cosh?(At) dt, Ig, = i f(t) sinh? (At) dt 


is used. Different solutions of system (2) generate different solutions (1) of the integral 
equation. 

It follows from the second equation of (2) that g = +,/I,s/Icc p. Using this expression to 
eliminate q from the first equation of (2), we obtain the following four solutions: 


Yyi2(x) = p(sinh Ax + kcosh Az), Yy3,4(L) = —p(sinh Ax + k cosh Az) ;. 


te SP Mie aye ola 


b 
/ f@yby(a -t) dt = AcoshAz. 


A solution: 
y(x) = psinh Ax + qcosh Ax. (1) 


Here p and gq are roots of the algebraic system 
Topq + Les - 7) =0, — Tocg” ~ Isp” = A, (2) 


where we use the notation introduced in 6.2.14. Different solutions of system (2) generate 
different solutions (1) of the integral equation. 
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16. 


17. 


18. 


b 
| f(y()y(a - t) dt = AsinAz. 


A solution: 
y(x) = psin Ax + qcos Ax. (1) 


Here p and gq are roots of the algebraic system 


Iopq + Tes(p? + 7) = A, dear = Tsp” = 0, (2) 
where 
b b 
Io = i f@dt, les = |: f() cos(At) sin(At) dt, 
"b ° b 
Tog = i f(t)cos*(At) dt, Iss = i f(t) sin’(At) dt. 
It follows from the second equation of (2) that g = +,/I,./Icc p. Using this expression to 


eliminate q from the first equation of (2), we obtain the following four solutions: 


Yi2(x) = p(sin Ax + kcos Rae) y3,a(x) = —p(sin Ax + k cos Xz), 
k = Iss = A 
niece en ees eee ae 


b 
/ f(Hy)y(a - t) dt = Acos Ax. 


A solution: 
y(x) = psin Ax + qcos Ax. (1) 


Here p and q are roots of the algebraic system 
Iopq + Tes(p” + 7) =0, Tee _ Tit = A, (2) 


where we use the notation introduced in 6.2.16. Different solutions of system (2) generate 
different solutions (1) of the integral equation. 


1 
| yyQdt=A,  €= flat. 
1°. Solutions: 


y(t) = VA, y(t) = -VA, 
y3(t) = VA (3t — 2), y(t) = —v'A (3t — 2), 
ys(t) = VA (10t? — 12t +3), y(t) = -VA (100? — 12¢ +3). 


2°. The integral equation has some other (more complicated) solutions of the polynomial 

form y(t) = )> B,t*, where the constants B;, can be found from the corresponding system of 
k=0 

algebraic equations. 


3°. The substitution z = f(a) leads to an equation of the form 6.1.12. 
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6.2-2. Equations of the Form y(x) + is K(a, t)y?(t) dt = F(a) 


b 
19. y(a) + i f(x)y*(t) dt = 0. 


Solutions: y;(a) = 0 and yp(x) = Af(a), where \ = -| } ° £2) at] as 


b 
20. y(x) + i Fla)g(t)y2(t) dt = 0. 


This is a special case of equation 6.8.29. 


Solutions: y;(a) = 0 and yo(x) = f(a), where \ = -| I  PwDg(t) at] rf! 


b 
21. y(a)+A | y(t) dt = f(x). 


This is a special case of equation 6.8.27. 
A solution: y(x) = f(x) +A, where A is determined by the quadratic equation 


b b 
A(b—a)? +(14+2AT)A+ Ab =0, where I; = / f@dt, b= / f° (b) dt. 


b 
22. y(x)+ i g(t)y?(t) dt = f(z). 


This is a special case of equation 6.8.29. 
A solution: y(x) = f(x) +A, where A is determined by the quadratic equation 


b 
Ind? +(1+2h)A+=0, where Im = / f™ (g(t) dt, m=0,1,2. 


b 
23. y(e)+ | gay*at = Fe. 
Solution: y(x) = Ag(x) + f(x), where A is determined by the quadratic equation 
IggX’ + (1 +21 pg)A + Ip = 0, 


b b b 
Lig ‘| g(t)dt, Ipg= i f@®g@ dt, [pp = / f(t) dt. 


b 
24. ya) + i [gu(w)ha(t) + gola)ho(t)] y2(t) dt = f(a). 


A solution: y(x) = A, g\(x) + A2g2(x) + f(x), where the constants A; and Az can be found 
from a system of two second-order algebraic equations (this system can be obtained from the 
more general system presented in 6.8.42). 
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6.2-3. Equations of the Form y(a)+ fe YS Knm(a, thy”(x)y(b) dt = F(x), n+m<2 


25. 


26. 


27. 


28. 


29. 


b 
y(a) + i g(t)y(a)y(t) dt = f(x). 


Solutions: 
yi(x) = Ai f(x), yo(x) = Ar f(x), 


where A; and Az are the roots of the quadratic equation 


b 
I? +rA-1=0, I= i f@g(t) dt. 


b 
y(a@) + / g(x)y(a)y(t) dt = f(x). 


A solution: 
ya) = ee , 
14+ Ag(x) 
where ) is a root of the algebraic (or transcendental) equation 
ee fg. 
dq VAG) 


Different roots generate different solutions of the integral equation. 


b 
vie)+ f [gu(ty*Ca) + gala)yit)] at = fe) 
Solution in an implicit form: 
b 
y(x) + Ly*(a) + Ago(a) - f(x) = 0, i - | gi(t) dt, d) 
where A is determined by the algebraic equation 
b 
A= i) y(t) dt. (2) 


Here the function y(x) = y(x, A) obtained by solving the quadratic equation (1) must be 
substituted in the integrand of (2). 


b 
vie)+ f [gitya) + nlay*t)] at = Fe) 
Solution in an implicit form: 
b 

y(x) + Ly*(a) + Ago(a) - f(x) = 0, i - | gi(t) dt, () 

where A is determined by the algebraic equation 
b 
ae / y(t) dt. Q) 


Here the function y(x) = y(ax, A) obtained by solving the quadratic equation (1) must be 
substituted into the integrand of (2). 


b 
y(x) + i [gu(x)hi(t)y?(x) + grr(x)hia(t)y(x) y(t) + gr2(x)ho2(t)y*(t) 


+ gi(x)hi(t)y(x) + go(x)ho(t)y(t)| dt = f(x). 


This is a special case of equation 6.8.44. 
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6.2-4, Equations of the Form y(x) + |’ G(---) dt = F(a) 


b 
30. y(a) + | f®Hyby(at) dt = 0. 
1°. Solutions: 


Cc 


1 (sie iat 
W@=-z 2°, ype) = ier set a 


Iya d? 


b 
LS / foe?” dt, m=0,1,2, 


where C is an arbitrary constant. 
n 
There are more complicated solutions of the form y(z) = 2° )> Bya*, where C is an 


k=0 
arbitrary constant and the coefficients B;, can be found from the corresponding system of 
algebraic equations. 


2°. A solution: 


(-I)a? +h-h io 
x 


y3(x) = Ib =< P 


b 
Im = i FOE Or ae. a S01 


where C' and (3 are arbitrary constants. 
n 
There are more complicated solutions of the form y(x) = re ys D,«*®, where C and 


k=0 
are arbitrary constants and the coefficients D;, can be found from the corresponding system 
of algebraic equations. 


3°. A solution: 


eo (J, Ina — Jr) 


ya(@) = eae 


b 
Im = / fC dnt)"dt, m=0,1,2, 


where C is an arbitrary constant. 


There are more complicated solutions of the form y(x) = xe So Ex dn x)", where C is 
k=0 
an arbitrary constant and the coefficients ;, can be found from the corresponding system of 
algebraic equations. 
4°. The equation also has the trivial solution y(a) = 0. 


5°. The substitution y(x) = x? w(x) leads to an equation of the same form, 


b 
w(x) +/ g(t)w(t)w(at) dt = 0, g(x) = f(x)x?. 
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31. 


32. 


33. 


34. 


b 
y(x) + / f®yy(at) dt = Ax’. 


1°. Solutions: 
ya) =k’, la) = kx”, 


where k, and ky are the roots of the quadratic equation 
b 
Ik’? +k-A=0, I= / f(tye?? dt. 
2°. Solutions: 


y(x) = x" (Ax + |), 


where and py are determined from the following system of two algebraic equations (this 
system can be reduced to a quadratic equation): 


BbrA+Tp+1=0, LAwtInyw’+y-A=0 
b 
where Ip, = if fF” dt, m=0, 1,2. 


3°. There are more complicated solutions of the form y(x) = xP >> Bnx™, where the By, 
m=0 
can be found from the corresponding system of algebraic equations. 


b 
y(x) + / f@®y@)y(at) dt = Alna + B. 


This equation has solutions of the form y(x) = pln x + q, where the constants p and q can be 
found from a system of two second-order algebraic equations. 


y(a) + i . fiy(ty(—) dt =0. 
0 t 
1°. A solution: 


CO -l 
y(x) = kx’, k= | iE f® a| ‘ 
0 


where C is an arbitrary constant. 
2°. The equation has the trivial solution y() = 0. 


3°. The substitution y(x) = x? w(2) leads to an equation of the same form, 


oF x 
wa) + [ sOw(tw(=) dt = 0. 


y(x) + | fOu(> uo dt = Ax. 


Solutions: 
yi(z)=Az", —-_yp(a) = Aga’, 


where A; and Az are the roots of the quadratic equation 


IN +r-A=0, r= | f(t) dt. 
0 
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35. 


36. 


37. 


b 
y(x) + | f(Hy®y(a + At) dt = 0, A>0. 
1°. Solutions: 


1 
yi(z) = -— Goo —Cx), ya) = Be * exp(-C2), 


“hhh 


b 
i . t” exp[-C(A + Lt] f@ dt, m = 0, 1,2, 
where C is an arbitrary constant. 


2°. There are more complicated solutions of the form y(a) = exp(—C'x) >> A,;,.x*, where C 
k=0 

is an arbitrary constant and the coefficients A; can be found from the corresponding system 

of algebraic equations. 


3°. The equation also has the trivial solution y(x) = 0. 


4°. The substitution y(x) = e?* w(x) leads to a similar equation: 


b 
w(x) + ; g(t)w(t)w(ax + At) dt = 0, g(t) = cP OTD F(t). 


b 
y(x) + | f@®y(a + At)y(t) dt = Ae”, A> 0. 


1°. Solutions: 
yi(x) = ke, yo(x) = koe, 


where k, and ky are the roots of the quadratic equation 


b 
ke +k-A=0, I= , CRORE EG) aie 


2°. There are more complicated solutions of the form y(x) =e” D> B,,x™, where the B,, 
m=0 
can be found from the corresponding system of algebraic equations. 


3°. The substitution y(x) = e?* w(x) leads to an equation of the same form, 


b 
w(x) + i. g(t)w(t)w(a — t) dt = Ae”, g(t) = f(bePOr™, 


b 
y(x) + i f(Hyy(a - t) dt = 
1°. Solutions: 


h-he sae 
BoE exp(C2), In = i £” F(t) dt, 


where C is an arbitrary constant and m = " 1,2. 


1 
yi(x) = ra exp(Cr),  y2(x) = 


2°. There are more complicated solutions of the form y(x) = exp(C'x) >> A,x*, where C is 
k=0 

an arbitrary constant and the coefficients A; can be found from the corresponding system of 

algebraic equations. 


3°. The equation also has the trivial solution y(x) = 0. 


4°. The substitution y(x) = exp(C'x)w(z) leads to an equation of the same form: 


b 
w(x) + / f®w(t)w(a - t) dt =0 
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38. 


39. 


40. 


41. 


b 
y(a) + | f(ty(w — thy(t) dt = Ae. 


1°. Solutions: 
yi(x)=kye™*, p(w) = kye**, 


where k, and ky are the roots of the quadratic equation 
b 
Ik’? +k-A=0, r= | f(t dt. 
2°. The substitution y(x) = e?* w(x) leads to an equation of the same form, 


b 
w(x) + / f(t)w(t)w(a -t) dt = Ae??”. 


b 
y(x) + / f®y)y(a -t) dt = Asinh Ax. 


A solution: 
y(x) = psinh Ax + qcosh Ax. (1) 


Here p and q are roots of the algebraic system 
p+lopq+ lisp -P)=A, 9+ Iecq” — Isp” = 0, (2) 
where 


b b 
Ih = / f@dt, es = / f(t) cosh(At) sinh(At) dt, 


b b 
Teg = ‘| f(t) cosh*(At) dt, Iss = if f(t) sinh?(At) dt. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
y(x) + i f@®y)y(a - t) dt = AcoshaAx. 
A solution: 
y(x) = psinh Ax + qcosh Ax. (1) 
Here p and gq are roots of the algebraic system 
p+ lopqt Isp - 7) =0, q+ Lecq” — Isp” = A, (2) 


where we use the notation introduced in 6.2.39. Different solutions of system (2) generate 
different solutions (1) of the integral equation. 


b 
y(x) + | f@®y)y(a -t) dt = AsinAx. 


A solution: 
y(x) = psin Ax + qcos Ax. (1) 
Here p and q are roots of the algebraic system 
pt+hpqtlept+P)=A, qt Iecq’ — Isp” = 0, (2) 


where 


b b 
In = i ft)dt, Tes = / f(t) cos(At) sin(At) dt, 


b b 
Tee = ‘| f(t)cos*(At) dt, Iss = i: f(t) sin’(At) dt. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 
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b 
42. y(a)+ i f@®y)y(a -t) dt = Acos Ax. 


A solution: 
y(x) = psin Ax + qcos Ax. (1) 


Here p and q are roots of the algebraic system 
p+ Iopq+ Isp +¢°)=0, qt Toot? — Issp” = A, (2) 


where we use the notation introduced in 6.2.41. Different solutions of system (2) generate 
different solutions (1) of the integral equation. 


6.3. Equations With Power-Law Nonlinearity 


6.3-1. Equations of the Form |” G(---) dt = F(a) 


b 
1. | ty" (x)y%(t) dt = f(a). 
A solution: 
1 b Bia 
ya) = A[f(@)] #, A={ / [fo] ath | 
b 
2: / et y*(x)y9(t) dt = f(x). 


A solution: ; 


B mayer) 
et [fo] 77 ar} B+B 


b 


i 
y(o)=ALf@]#, A= { / 


3. | = f(at)t?y (x*t) [y(d)]° dt = Ac®. 
0 


A solution: 


1 
A\ =I atc+ab 
\ x, A= 


y(x) = (+ 
I= ie ftedt, B= 
0 


k-a-as’ 
at+ct+as+bk+cs 


k-a-as 


6.3-2. Equations of the Form y(x) + [° K(a, t)yS(t) dt = F(a) 


b 
4. y(a) + af t* y(t) dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = Ay’. 


b 
5. y(az) + af ety (t) dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = Ae“*y?. 
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10. 


11. 


12. 


13. 


14. 


15. 


b 
y(x)+A / eX® Dy P(t) dt = g(x). 


This is a special case of equation 6.8.28 with f(t, y) 


b 
Oe / gla)y9(t) dt = 


A solution: 
b 
ya) = g(a), A= | 


For ( > 0, the equation also has the trivial solution y( 


b 
yla) - : gla)y9(t) dt = h(a). 


= Ay®. 


AP 
g°(t) | cae 


r)=0 


This is a special case of equation 6.8.29 with f(t, y) =—y® 


b 
y(a)+ A / cosh(Ax + pit)y(t) dt = h(x). 
This is a special case of equation 6.8.31 with f(t, y) 


b 
y(x) +A | sinh(Ax + pt)y?(t) dt = h(a). 


This is a special case of equation 6.8.32 with f(t, y) 


b 
y(x) +A | cos(Aa + pt)y9(t) dt = h(a). 


This is a special case of equation 6.8.33 with f(t, y) 


b 
y(a)+ A / sin(Ax + pt)y?(t) dt = h(x). 


This is a special case of equation 6.8.34 with f(t, y) 


y(x) + ie (=) VJ y(t) dt = Aa? 
0 x“ 


Solutions: y,(x) = Bex’, where (3; (k = 1,2) are the roots of the quadratic equations 


@+IB-A=0, re f° sfede 
0 


y(a) - if if (< YI y(t)|”" d B#l. 


A solution: 


14d 
yo)=AcB, AMY | 
0 


y(ax) - | ~ ex flax + bt)[yt)|? dt=0, b# 


A solution: 


= Ay®. 


= Ay?. 


= Ay®, 


= Ay?. 


co A+B 


z1-8 f(z) dz. 


0, aB#-b. 


y(x) = Aexp(-— x), AVS = i exp( : Nb 
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2) f(bz) dz. 


6.3-3. Equations of the Form y(x) + |’ G(-- +) dt = F(a) 


16. 


17. 


18. 


19. 


20. 


21. 


b 
wie)+ Af yay" dt = fla. 
Solution in an implicit form: 
y(a) + Ady" (x) — f(x) = 0, (1) 
where A is determined by the algebraic (or transcendental) equation 
b 
A= / y" (t) dt. (2) 


Here the function y(x) = y(x, A) obtained by solving the quadratic equation (1) must be 
substituted in the integrand of (2). 


b 
y(a@) + i g(t)y(x)y*(t) dt = f(x). 


A solution: y(x2) = Af(x), where is determined from the algebraic (or transcendental) 
equation 


b 
Tt +d-1=0, I =| g(t) f(b) dt. 


b 
y(x) + i g(x)y(x)y"(t) dt = f(x). 
A solution: 
ya) = i 
1+Ag(x)’ 
where 4 is a root of the algebraic (or transcendental) equation 
i feedt _ 
a [l+Ag@]4 


Different roots generate different solutions of the integral equation. 


b 
vie) + f [g(ty*a) + lary") at = Fo) 
Solution in an implicit form: 
b 
y(x) + Ly*(a) + Ago(a) - f(x) = 0, i. - | gi(t) dt, (1) 
where A is determined by the algebraic (or transcendental) equation 


b 
d= | y!(t) dt. (2) 


Here the function y(x) = y(x, A) obtained by solving the quadratic equation (1) must be 
substituted in the integrand of (2). 


b 
y(a) + i [gi(a)hy(thy*(ax)y*() + go(w)ha(t)y?(w)y%(t)| dt = f(z). 


This is a special case of equation 6.8.44. 


b 
y(xz) + A i] y(at)y?(t) dt = 0. 


This is a special case of equation 6.8.45 with f(t, y) = Ay’. 
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6.4. Equations With Exponential Nonlinearity 


6.4-1. Integrands With Nonlinearity of the Form exp[Gy(¢)] 


b 
1 =y(x)+A | exp[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = A exp(Gy). 


b 
2 y(4)+A | t* exp[By(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = At" exp(Gy). 


b 
3. y(a) + af exp[put + By(t)| dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = A exp(ut) exp(Zy). 


b 
4. y(a) + af exp[A(x -t)+ By(t)] dt = g(x). 


This is a special case of equation 6.8.28 with f(t, y) = A exp(Gy). 


b 
5. y(a)+ i g(a) exp[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.29 with f(t, y) = exp(@y). 


b 
6. y(az) + af cosh(Ax + pt) exp[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.31 with f(t, y) = A exp(Gy). 


b 
7. y(a) + af sinh(Ax + pt) exp[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.32 with f(t, y) = A exp(Gy). 


b 
8. y(az) + af cos(Ax + pt) exp[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.33 with f(t, y) = A exp(Gy). 


b 
9. y(a) + af sin(Ax + pt) exp[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.34 with f(t, y) = A exp(Gy). 


6.4-2. Other Integrands 


b 
10. y(a) + af exp [By(a) + yy(t)] dt = h(x). 


This is a special case of equation 6.8.43 with g(x, y) = A exp(Gy) and f(t, y) = exp(yy). 


b 
11. y(x)+ af y(axt) exp[Gy(t)] dt = 0. 


This is a special case of equation 6.8.45 with f(t, y) = A exp(Gy). 
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6.5. Equations With Hyperbolic Nonlinearity 


6.5-1. Integrands With Nonlinearity of the Form cosh[Gy(t)] 


b 
1. y(a) + af cosh[Gy(t)] dt = g(a). 


This is a special case of equation 6.8.27 with f(t, y) = A cosh(Gy). 


b 
2. y(a)+A | t” cosh®[By(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = At” cosh” (Zy). 


b 
3. y(az) + af cosh(yt) cosh[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = A cosh(ut) cosh(Gy). 


b 
4. y(a)t+A | e* cosh[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.28 with f(t, y) = A cosh(Gy). 


b 
5. y(a) + | g(x) cosh[By(t)] dt = h(x). 


This is a special case of equation 6.8.29 with f(t, y) = cosh(Gy). 


b 
6. y(a) + af cosh(Ax + pt) cosh[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.31 with f(t, y) = A cosh(Gy). 


b 
7. y(z)+A i; sinh(Az + pt) cosh[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.32 with f(t, y) = A cosh(Gy). 


b 
8. y(az) + af cos(Ax + pt) cosh[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.33 with f(t, y) = A cosh(Gy). 


b 
9. y(a) + af sin(Ax + pt) cosh[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.34 with f(t, y) = A cosh(Gy). 


6.5-2. Integrands With Nonlinearity of the Form sinh[Gy(¢)] 


b 
10. y(a) + af sinh[Gy(t)] dt = g(a). 


This is a special case of equation 6.8.27 with f(t, y) = A sinh((y). 
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b 
11. y(a)+A i. t” sinh*[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = At” sinh* (Gy). 


b 
12. y(a)+ af sinh(yt) sinh[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = A sinh(yt) sinh(Gy). 


b 
13. y(x)+A | e*@- sinh[By(t)] dt = g(a). 


This is a special case of equation 6.8.28 with f(t, y) = A sinh((y). 


b 
14. y(a) + | g(x) sinh[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.29 with f(t, y) = sinh(Zy). 


b 
15. y(x) + af cosh(Ax + yt) sinh[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.31 with f(t, y) = A sinh((y). 


b 
16. y(a)+ af sinh(Ax + pt) sinh[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.32 with f(t, y) = A sinh((y). 


b 
17. y(a) + af cos(Ax + yt) sinh[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.33 with f(t, y) = A sinh((y). 


b 
18. y(a) + af sin(Ax + pt) sinh[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.34 with f(t, y) = A sinh((y). 


6.5-3. Integrands With Nonlinearity of the Form tanh[Gy(¢)] 


b 
19. y(x)+A | tanh[3y(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = A tanh(Gy). 


b 
20. y(a)+A / t” tanh®[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = At” tanh*(3y). 


b 
21. y(a)+ af tanh(yt) tanh[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = A tanh(ut) tanh(Gy). 
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b 
22. y(a)+A / e*© tanh[By(t)] dt = g(a). 


This is a special case of equation 6.8.28 with f(t, y) = A tanh(Gy). 


b 
23. y(a) + | g(x) tanh[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.29 with f(t, y) = tanh(Gy). 


b 
24. y(a)t+A | cosh(Ax + pt) tanh[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.31 with f(t, y) = A tanh(Gy). 


b 
25. y(a)+A | sinh(Ax + pt) tanh[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.32 with f(t, y) = A tanh(Gy). 


b 
26. y(a)+ af cos(Ax + yt) tanh[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.33 with f(t, y) = A tanh(Gy). 


b 
27. y(a)+A i, sin(Ax + pt) tanh[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.34 with f(t, y) = A tanh(Gy). 


6.5-4. Integrands With Nonlinearity of the Form coth[Gy(t)] 


b 
28. y(a) + af coth[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = A coth(Gy). 


b 
29. y(a)+A | t” coth®[By(t)] dt = g(a). 


This is a special case of equation 6.8.27 with f(t, y) = At” coth*(3y). 


b 
30. y(a)+A | coth(t) coth[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = A coth(ut) coth(Gy). 


b 
31. y(a)+A i e*© coth[By(t)] dt = g(a). 


This is a special case of equation 6.8.28 with f(t, y) = A coth(Gy). 


b 
32. y(ax) +f g(x) coth[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.29 with f(t, y) = coth(Gy). 
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33. 


34. 


35. 


36. 


b 
y(z)+A | cosh(Ax + yt) coth[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.31 with f(t, y) = A coth(Gy). 


b 
y(z)+A | sinh(Az + pt) coth[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.32 with f(t, y) = A coth(Gy). 


b 
y(a) + af cos(Ax + pt) coth[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.33 with f(t, y) = A coth(Gy). 


b 
y(a) + af sin(Ax + pt) coth[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.34 with f(t, y) = A coth(Gy). 


6.5-5. Other Integrands 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


b 
y(z)+A | cosh[Gy(x)] cosh[yy(t)] dt = h(x). 


This is a special case of equation 6.8.43 with g(x, y) = Acosh(Zy) and f(t, y) = cosh(yy). 


b 
y(az) + af y(at) cosh[Gy(t)] dt = 0. 


This is a special case of equation 6.8.45 with f(t, y) = A cosh(Gy). 


b 
y(a) + af sinh[Gy(a)] sinh[yy(t)] dt = h(a). 


This is a special case of equation 6.8.43 with g(a, y) = A sinh(@y) and f(t, y) = sinh(yy). 


b 
y(az) + af y(at) sinh[Gy(t)] dt = 0. 


This is a special case of equation 6.8.45 with f(t, y) = A sinh((y). 


b 
y(a) + af tanh[Gy(a)] tanh[yy()] dt = h(x). 


This is a special case of equation 6.8.43 with g(a, y) = A tanh(Gy) and f(t, y) = tanh(yy). 


b 
y(x) + af y(at) tanh[Gy(t)] dt = 0. 


This is a special case of equation 6.8.45 with f(t, y) = A tanh(Gy). 


b 
y(a) + af coth[Gy(x)] coth[yy(t)] dt = h(a). 


This is a special case of equation 6.8.43 with g(x, y) = Acoth(Gy) and f(t, y) = coth(yy). 


b 
y(az) + af y(at) coth[Gy(t)] dt = 0. 


This is a special case of equation 6.8.45 with f(t, y) = A coth(Gy). 
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6.6. Equations With Logarithmic Nonlinearity 


6.6-1. Integrands With Nonlinearity of the Form In[Gy(¢)] 


b 
1. y(az) + af In[Gy(t)] dt = g(x). 
This is a special case of equation 6.8.27 with f(t, y) = A In(Gy). 
b 
2. y(a)+A / t“ In*[Gy(t)] dt = g(x). 
This is a special case of equation 6.8.27 with f(t, y) = At” In* (Gy). 


b 
3. y(a)+A | In(it) In[By(t)] dt = g(a). 


This is a special case of equation 6.8.27 with f(t, y) = A In(ut) In(Gy). 


b 
4. y(a)+A ‘| e*@- In[By(t)] dt = g(x). 


This is a special case of equation 6.8.28 with f(t, y) = AIn(Gy). 


b 
5. y(x) +f g(x) n[Gy(t)] dt = h(a). 
This is a special case of equation 6.8.29 with f(t, y) = In(Gy). 


b 
6. y(a) + af cosh(Ax + pt) In[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.31 with f(t, y) = AIn(Gy). 


b 
7. y(a) + af sinh(Az + pt) In[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.32 with f(t, y) = AIn(Gy). 


b 
8. y(az) + af cos(Ax + pt) In[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.33 with f(t, y) = Aln(Gy). 


b 
9. y(a) + af sin(Ax + yt) In[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.34 with f(t, y) = A In(Gy). 


6.6-2. Other Integrands 


b 
10. y(a) + af In[Gy(a)] In[yy@)] dt = h(x). 


This is a special case of equation 6.8.43 with g(x, y) = Aln(Gy) and f(t, y) = In(yvy). 


b 
11. y(a)+ af y(at) n[By(t)] dt = 0. 


This is a special case of equation 6.8.45 with f(t, y) = AIn(Gy). 
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6.7. Equations With Trigonometric Nonlinearity 


6.7-1. Integrands With Nonlinearity of the Form cos[Gy(t)] 


b 
1. y(a) + af cos[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = A cos(Gy). 


b 
2. y(a)+A y t” cos®[By(t)] dt = g(a). 


This is a special case of equation 6.8.27 with f(t, y) = At” cos* (Gy). 


b 
3. y(z)+A i cos(t) cos[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = A cos(uut) cos(y). 


b 
4. y(x)+ af e* cos[By(t)] dt = g(a). 


This is a special case of equation 6.8.28 with f(t, y) = Acos(Gy). 


b 
5. y(a)+ i gla) cos[y(t)] dt = h(a). 


This is a special case of equation 6.8.29 with f(t, y) = cos(Gy). 


b 
6. y(z)+A j, cosh(Ax + pt) cos[By(t)] dt = h(x). 


This is a special case of equation 6.8.31 with f(t, y) = A cos(Gy). 


b 
7. y(a) + af sinh(Az + pt) cos[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.32 with f(t, y) = A cos(Gy). 


b 
8. y(az) + af cos(Ax + pt) cos[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.33 with f(t, y) = A cos(Gy). 


b 
9. y(a) + af sin(Az + pt) cos[By(t)] dt = h(x). 


This is a special case of equation 6.8.34 with f(t, y) = A cos(Gy). 


6.7-2. Integrands With Nonlinearity of the Form sin[Gy(¢)] 


b 
10. y(a) + af sin[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = A sin(Gy). 
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b 
11. y(x)+A i: t” sin*[Gy(t)] dt = g(a). 


This is a special case of equation 6.8.27 with f(t, y) = At” sin*(3y). 


b 
12 y@t+A | sin(ut) sin[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = A sin(ut) sin(Gy). 


b 
13. y(x)+A | e*@) sin[ By(t)] dt = g(x). 


This is a special case of equation 6.8.28 with f(t, y) = A sin(Gy). 


b 
14. y(a) +| g(x) sin[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.29 with f(t, y) = sin(Gy). 


b 
15. y(a) + af cosh(Ax + yt) sin[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.31 with f(t, y) = A sin(Gy). 


b 
16. y(a)+ af sinh(Az + pt) sin[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.32 with f(t, y) = A sin(Gy). 


b 
17. y(a) + af cos(Ax + yt) sin[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.33 with f(t, y) = A sin(Gy). 


b 
18. y(a) + af sin(Ax + pt) sin[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.34 with f(t, y) = A sin(Gy). 


6.7-3. Integrands With Nonlinearity of the Form tan[Gy(¢)] 


b 
19. y(a) + af tan[Gy(t)] dt = g(a). 


This is a special case of equation 6.8.27 with f(t, y) = A tan(Gy). 


b 
20. y(a)+A | t” tan®[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = At” tan’ (Gy). 


b 
21. y(a)+ af tan(yt) tan[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = A tan(st) tan(Gy). 
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b 
22. y(a)+A / e* tan[By(t)] dt = g(x). 


This is a special case of equation 6.8.28 with f(t, y) = A tan(Gy). 


b 
23. -y(a) +/ g(x) tan[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.29 with f(t, y) = tan(Gy). 


b 
24. y(a)+ af cosh(Ax + pt) tan[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.31 with f(t, y) = A tan(Gy). 


b 
25. y(a)t+A i sinh(Ax + pt) tan[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.32 with f(t, y) = A tan(Gy). 


b 
26. y(a)+ af cos(Ax + yt) tan[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.33 with f(t, y) = A tan(Gy). 


b 
27. y(aj)+A ‘| sin(Ax + pt) tan[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.34 with f(t, y) = A tan(Gy). 


6.7-4. Integrands With Nonlinearity of the Form cot[Gy(t)] 


b 
28. y(a) + af cot[Gy(t)] dt = g(a). 


This is a special case of equation 6.8.27 with f(t, y) = Acot(Gy). 


b 
29. y(a)+A i) t” cot®[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = At” cot’ (Gy). 


b 
30. y(a)+A | cot(yzt) cot[Gy(t)] dt = g(x). 


This is a special case of equation 6.8.27 with f(t, y) = A cot(pt) cot(Gy). 


b 
31. y(a)+A i e*© cot[By(t)] dt = g(a). 


This is a special case of equation 6.8.28 with f(t, y) = Acot(Gy). 


b 
32. y(ax) +f g(x) cot[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.29 with f(t, y) = cot(Gy). 
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33. 


34. 


35. 


36. 


b 
y(z)+A | cosh(Ax + pt) cot[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.31 with f(t, y) = Acot(Gy). 


b 
y(a) + af sinh(Ax + pt) cot[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.32 with f(t, y) = Acot(Gy). 


b 
y(az) + af cos(Ax + pt) cot[Gy(t)] dt = h(a). 


This is a special case of equation 6.8.33 with f(t, y) = Acot(Gy). 


b 
y(a) + af sin(Ax + pt) cot[Gy(t)] dt = h(x). 


This is a special case of equation 6.8.34 with f(t, y) = Acot(Gy). 


6.7-5. Other Integrands 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


b 
ore. | cos[By(«x)] cos[-yy(t)] dt = h(a). 


This is a special case of equation 6.8.43 with g(a, y) = Acos(Gy) and f(t, y) = cos(yy). 


b 
y(az) + af y(at) cos[Gy(t)] dt = 0. 


This is a special case of equation 6.8.45 with f(t, y) = A cos(Gy). 


b 
y(“@)+A | sin[Gy(x)] sin[yy(t)] dt = h(x). 


This is a special case of equation 6.8.43 with g(x, y) = Asin(Gy) and f(t, y) = sin(yy). 


b 
y(x) + af y(at) sin[Gy(t)] dt = 0. 


This is a special case of equation 6.8.45 with f(t, y) = A sin(Gy). 


b 
y(“@)+A | tan[Gy(x)] tan[yy(t)] dt = h(x). 


This is a special case of equation 6.8.43 with g(x, y) = A tan(Gy) and f(t, y) = tan(yy). 


b 
y(x) + af y(at) tan[Gy(t)] dt = 0. 


This is a special case of equation 6.8.45 with f(t, y) = A tan(Gy). 


b 
eA j| cot By(x)] cotfyy(t)] dt = A(z). 


This is a special case of equation 6.8.43 with g(x, y) = Acot(Gy) and f(t, y) = cot(yy). 


b 
y(az) + af y(at) cot[By(t)] dt = 0. 


This is a special case of equation 6.8.45 with f(t, y) = Acot(Gy). 
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6.8. Equations With Nonlinearity of General Form 


6.8-1. Equations of the Form [° G(---) dt = F(a) 


b 
1 f wers (ty) at = ga. 
A solution: y(x)=Ag(x), where 4 is determined by the algebraic (or transcendental) equation 


d | F(t.aato) dt =1. 


b 
2. | y*(ax)f (t, y(t) dt = g(a). 


A solution: y(x) = Ag(«)]'/ k where \ is determined from the algebraic (or transcendental) 


equation a Tle g'/*(t)) dt = 1. 


b 
3. | 9(y(a)) f(t, y@)) dt = g(a). 
A solution in an implicit form: 
Av(y(x)) — g(a) = 0, (1) 


where A is determined by the algebraic (or transcendental) equation 


b 
A-F()=0,  FO)= / f(t,y@) dt. (2) 


Here the function y(x) = y(a, A) obtained by solving (1) must be substituted into (2). 
The number of solutions of the integral equation is determined by the number of the 
solutions obtained from (1) and (2). 


b 
4. | y(at)f (t, y(t)) dt=A. 
1°. Solutions: y(x) = Ax, where Ax are roots of the algebraic (or transcendental) equation 
b 
r| f(t, dt = A. 


2°. Solutions: y(x) = px + q, where p and q are roots of the following system of algebraic 
(or transcendental) equations: 


b b 
[ tteapesadt=o, af ft, pt+ gq dt = A. 


In the case f (t, y(t)) = Fy, see 6.2.2 for solutions of this system. 

2°. The integral equation has some other (more complicated) solutions of the polynomial 
form y(x) = 3 B,a", where the constants B;, can be found from the corresponding system 
of algebraic (er transcendental) equations. 


4°. The integral equation can have logarithmic solutions similar to those presented in item 3° 
of equation 6.2.2. 
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wn 


b 
/ y(at)f (t, y(t) dt = Aw + B. 


1°. A solution: 
yx) = px +4q, (1) 


where p and q are roots of the following system of algebraic (or transcendental) equations: 


b b 
»|f tf(t, pt+q)dt- A =0, | fd, pt+gdt-B=0. (2) 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


2°. The integral equation has some other (more complicated) solutions of the polynomial 
form y(x) = 5> Byx*, where the constants B;, can be found from the corresponding system 


k=0 
of algebraic (or transcendental) equations. 


b 
J vecos (yep) at = Ae®. 


A solution: 
y(x) = kx?, (1) 


where k is a root of the algebraic (or transcendental) equation 


b 
kF(k)-A=0, F(k) = y; t? f (t, kt”) dt. (2) 


a 


Each root of equation (2) generates a solution of the integral equation which has the form (1). 


b 
| y(xt)f (t, y(t)) dt = Alna + B. 


A solution: 
y(x) = pInz+4q, (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 
b b 
rf fd, pint+qdt—-A=0, d (pInt+q f(t, pInt+q)dt-B=0. (2) 
Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
| y(at)f (t, y(t)) dt = Ax? nz. 


This equation has solutions of the form y(x) = px? Ina + qx°, where p and q are some 
constants. 


b 
/ y(xt)f (t, y(t)) dt = A cos(ZIn 2). 


This equation has solutions of the form y(x) = pcos(31n x) + qsin(@ Ina), where p and q are 
some constants. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


b 
/ y(axt)f (t, y(t)) dt = Asin(GInz). 


This equation has solutions of the form y(x) = pcos(31n x) + qsin(@ Ina), where p and q are 
some constants. 


b 
/ y(xt)f (t, y(t) dt = Ax® cos(B In x) + B® sin(3 In z). 


This equation has solutions of the form y(x) = px? cos(3 In x) +qx® sin(3 In x), where p and q 
are some constants. 


b 
| y(x + At)f (t, y(t)) dt = Ax+B, B>0. 
A solution: 
yx) = px + q, () 
where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b b 
»| fi, pt+q@dt-A=0, [Grrr ast. rt+qat-B =o. (2) 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
‘ y(x + Bt) f(t, y(t)) dt = Ae”, B>0. 


Solutions: 
y(2) = bee 


where k;,, are roots of the algebraic (or transcendental) equation 


b 
kF(k)-A=0, F(k) = / f(t, ke) dt. 


b 
| y(x + Bt)f(t,y) dt=AcosrAr, 8>0. 


This equation has solutions of the form y(x) = psin Ax + qgcos Ax, where p and q are some 
constants. 


b 
/ y(x + Bt)f (t, y(t)) dt = AsinAx, B>0. 


This equation has solutions of the form y(x) = psin Ax + qcos Ax, where p and q are some 
constants. 


b 
| y(x + Bt) f(t, y(t) dt = e*(Acos Ax + Bsin Az), B>0. 


This equation has solutions of the form y(a) = e“*(psin Ax + qcos Ax), where p and q are 
some constants. 


b 
| y(a -t)f (t, y(t) dt = Aa + B. 


This equation has solutions of the form y(x) = px + q, where p and q are some constants. 
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18. 


19. 


20. 


b 
| y(a — tof (hy y(t)) dt = Ae”. 
a 
This equation has solutions of the form y(a) = pe*”, where p is some constant. 


b 
/ y(x — t) f (t, y(t)) dt = Acos Ax. 


This equation has solutions of the form y(x) = psin Ax + qcos Ax, where p and q are some 
constants. 


b 
/ y(x — t) f (t, y(t)) dt = e"*(A cos Ax + Bsin Ax). 


This equation has solutions of the form y(a) = e“*(psin Ax + qcos Ax), where p and q are 
some constants. 


6.8-2. Equations of the Form y(a) + [° K(w,t)G(y(t)) dt = F(a) 


21. 


22. 


b 
y(a) + i |x —t|f (y(t)) dt = Ax? + Ba+C. 


This is a special case of equation 6.8.35 with f(t, y) = f(y) and g(z) = Az? + Br +C. 
The function y = y(x) obeys the second-order autonomous differential equation 


th + 2f(y) = 2A, 
whose solution can be represented in an implicit form: 


y du 


ve Jt + 4A Ye) —4FC Yo) 


+(x -a), Favs [ f(t) dt, (1) 


where ya = y(a) and wa = y/,(a) are constants of integration. These constants, as well as 
the unknowns y, = y(b) and wy = y/,(b), are determined by the algebraic (or transcendental) 
system 

Ya + Yo —(a—b)wy = (0? + 2ab—a7)A + 2bB +20, 

Wa + Wy = 2(at+ b)A+ 2B, 

wy = We +4 AY — Ya) —4F Yo. Ya) (2) 

Yb du 
vo Vw? + 4A = Ya) -4E CU Ya) 

Here the first equation is obtained from the second condition of (5) in 6.8.35, the second 
equation is obtained from condition (6) in 6.8.35, and the third and fourth equations are 


consequences of (1). 
Each solution of system (2) generates a solution of the integral equation. 


+(b-a). 


b 
y(x) + | el F(y(t)) dt = A+ Be®* + Ce*. 


This is a special case of equation 6.8.36 with f(t, y) = f(y) and g(z) = A+ Be** +Ce*. 
The function y = y(x) satisfies the second-order autonomous differential equation 


Yn + 2Af(y)— Ny =A, (1) 
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23. 


24. 


25. 


26. 


whose solution can be written in an implicit form: 
i du _ 
va Vw2+2(u2=y2)—-2AM(U=Ya)—4AF (Us Ya) 
where yo = y(a) and wa = y/.(a) are constants of integration. These constants, as well as 


the unknowns y, = y(b) and wy, = y/.(b), are determined by the algebraic (or transcendental) 
system 


+(a—a), Fans | f(t) dt, (2) 


Wa + AYqg = AA + 2Bre**, 
ws —Ayp = -AA-2Cr€®, 
Wh = Wa + M(Y5 — Ya) — 2AM (Yo — Ya) — 4AF (Yds Ya)» (3) 
ue du 
va fw + 2(u2 = 2) — 2AM(U— Ya) — 4AF (Us, Ya) 
Here the first and second equations are obtained from conditions (5) in 6.8.86, and the third 


and fourth equations are consequences of (2). 
Each solution of system (3) generates a solution of the integral equation. 


+(b-a). 


b 
y(x) + i er? f (y(t) dt = 3 cosh(Az). 


This is a special case of equation 6.8.22 with A=0Oand B=C= 5. 


b 
y(x) + | etl f (y(t) dt = B sinh(Az). 


This is a special case of equation 6.8.22 with A=0, B= 8, and C= -58. 


b 
y(a) + i sinh(Alx - tl) f (y(t)) dt = A+ Bcosh(Az) + C sinh(A2). 


This is a special case of equation 6.8.37 with f(t, y) = f(y) and g(x) = A+ Bcosh(Az) + 
C sinh(Ax). 
The function y = y(x) satisfies the second-order autonomous differential equation 
Yr + 2Af(y)- Ny =-MA, 

whose solution can be represented in an implicit form: 

q du . 

ya Wa + 2(u? — 2) — 2AN(U— Ya) — 4AF (U, Ya) 

where Yq = y(a) and w, = y/,(a) are constants of integration, which can be determined from 
the boundary conditions (5) in 6.8.37. 


+(x -a), Fu, of f(t) dt, 


y(a) + ‘| : sin(Alax - tl) f (y(t) dt = A + Bcos(Ax) + C sin(Az). 
This is a special case of equation 6.8.38 with f(t, y)= f(y) and g(x)= A+B cos(Ax)+C sin(Ax). 
The function y = y(x) satisfies the second-order autonomous differential equation 
Ye, t2Af(y) + Vy = 7A, 
whose solution can be represented in an implicit form: 
u du _ 
yo we — 2(u2 = y2) + 2ZAM(U = Ya) —4AF(U, Ya) 


where Yq = y(a) and w, = y/,(a) are constants of integration, which can be determined from 
the boundary conditions (5) in 6.8.38. 


Le), Fas / fb at, 
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6.8-3. Equations of the Form y(x) + [° K(a,t)G(t, y(@)) dt = F(a) 


27. 


28. 


29. 


30. 


31. 


32. 


b 
y(x) + i f(t, y(t) dt = g(a). 


A solution: y(x) = g(x) + A, where \ is determined by the algebraic (or transcendental) 
equation 


b 
A+ F)=0, FA= / f(t, g@@) +A) dt. 


b 
yl) + i e®® F(t, y(t) dt = g(2). 


A solution: y(x) = Ber + g(x), where A is determined by the algebraic (or transcendental) 
equation 


b 
G+ F(@)=0, F(8) = / e™ f(t, Be + g(t) dt. 


b 
ae i g(x) f(t y(t)) dt = h(a). 


A solution: y(ax) = Ag(x) + h(x), where A is determined by the algebraic (or transcendental) 
equation 


b 
\+ F(A) = 0, F(A) = i f(t, Ag(t) + h(t) dt. 


b 
y (a) + 7 (Ax + Bt)f (t, y() dt = g(x). 


A solution: y(x) = g(@) + Ax + pu, where the constants \ and yz are determined from the 
algebraic (or transcendental) system 


b b 
rea | f(t, g(t) + At + ps) dt = 0, n+B f tf (t, g(t) + At + ps) dt =0. 


b 
y(x) + i cosh(Ax + pt) f (t, y(t) dt = h(a). 


Using the formula cosh(Ax + pt) = cosh(Ax) cosh(wt) + sinh(ut) sinh(Ax), we arrive at an 
equation of the form 6.8.39: 


b 
y(a) + / [cosh(Azx) f (t, y(t)) + sinh(\x) fo (é y(t)) | dt = h(x), 
fi(ty®) =cosh(ut)f(t.y®), f(t. y@) = sinh(ut) f(t, yO). 


b 
y(a) + i sinh(Ax + pt) f (t, y(t) dt = h(a). 


Using the formula sinh(Ax + pt) = cosh(Ax) sinh(yt) + cosh(ut) sinh(Ax), we arrive at an 
equation of the form 6.8.39: 


b 
y(a) + / [cosh(Ax) f(t, y(t) + sinh(Az) fo (t, yt) | dt = h(a), 
fi(t.y@®) = sinh(ut)f(ty@), fo(t, y) = cosh(ut) f(t, y@). 
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b 
33. -y(a) + | cos(Ax + pt) f(t, y(t) dt = h(a). 


Using the formula cos(Ax + pt) = cos(Ax) cos(ut) — sin(ut) sin(Ax), we arrive at an equation 
of the form 6.8.39: 


b 
y(a) + ‘| [cos(Ax) fi (t, y(d)) + sin(Ax) fo(t, y)| dt = h(a), 
filt,y®) =cos(ut)f(t-yO™), fr(t- yO) =-sin(ut) f(t, yO). 


b 
34. y(x) +f sin(Az + ut) f (t, y(t)) dt = h(x). 


Using the formula sin(Ax + yt) = cos(Ax) sin(uit) + cos(yt) sin(Ax), we arrive at an equation 
of the form 6.8.39: 


b 
y(a) + if [cos(Ax) fi (t, yd) + sin(Ax) fo(t, y)| dt = h(a), 
filt.y@) =sint)f(t.y®),  fo(t- y@) = cos(ut)f (ty). 


b 
35. -y(a) +f |x - tf (t, y(t)) dt = g(x), asxa<b. 


1°. Let us remove the modulus in the integrand: 


x b 
yoo) [epg (tt) ats [t= 2yf (tot) at = ofa () 
Differentiating (1) with respect to x yields 
x b 
uae | f(y) dt | F(t.u(b) dt = g(a, Q) 
Differentiating (2), we arrive at a second-order ordinary differential equation for y = y(x): 
Yoo + 2f(@,Y) = Gro(@). (3) 


2°. Let us derive the boundary conditions for equation (3). We assume that —co <a <b<oo. 
By setting x = a and x = b in (1), we obtain the relations 


b 
I@x / (t—a)f (t, y(t)) dt = 9(a), 
- (4) 
y(b) + i (b- if (t.y(t)) dt = g(d). 


Let us solve equation (3) for f(x,y) and substitute the result into (4). Integrating by parts 
yields the desired boundary conditions for y(x): 


y(a) + y(b) + (b—a)[gi,(b) — y/,(b)] = g(a) + 9(b), 
ya) + y(b) + (a—b)[9/,(a) — y/,(a)] = g(a) + 9). 

Let us point out a useful consequence of (5): 
Yea) + Yn(b) = g(a) + 9',(b), (6) 


which can be used together with one of conditions (5). 

Equation (3) under the boundary conditions (5) determines the solution of the original 
integral equation (there may be several solutions). Conditions (5) make it possible to calculate 
the constants of integration that occur in solving the differential equation (3). 


(5) 
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36. 


37. 


b 
y(x) + | eles, y(t)) dt = g(x), asax<b. 


1°. Let us remove the modulus in the integrand: 


x b 
ioe / - F(t,y(t)) dt + ‘| 2 F(t, y(t) dt = g(a). (1) 


Differentiating (1) with respect to x twice yields 
yea (@)+2Af (x, y(a)) +7 / eX? F(t, y(t) dt+ [ AG) F(t, (8) dé = 9,(a);. (2) 


Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary 
differential equation for y = y(x): 


Yn + 2Af (a, y) —r°y = Gf, (x) — A g(2). (3) 


2°. Let us derive the boundary conditions for equation (3). We assume that —oo <a <b<oo. 
By setting x = a and x = b in (1), we obtain the relations 


b 
y(a)+e™ | F(t, y(t)) dt = g(a), 
a (4) 
b 
yb) +e if F(t, ylt)) dt = 9(0). 


Let us solve equation (3) for f(x,y) and substitute the result into (4). Integrating by parts 
yields 
eo! (b) — ey. (a) = Ae** (a) + Ale Y(b), V(x) = y(x) - g(x); 


eo! (b) — e491 (a) = AE (a) + Al? V0). 
Hence, we obtain the boundary conditions for y(z): 


yi,(a) + Av(a)=0, 7,(b)— Av(b) = 0; p(x) = y(x) - g(x). (5) 


Equation (3) under the boundary conditions (5) determines the solution of the original 
integral equation (there may be several solutions). Conditions (5) make it possible to calculate 
the constants of integration that occur in solving the differential equation (3). 


b 
y(a) +f sinh (A\x - tl) f(t, y(t)) dt = g(x), asax<b. 
1°. Let us remove the modulus in the integrand: 


b 


y(x) + / sinh[ (a —t)]f (t, y() dt + | sinh[\(t- a) I f(t, yd) dt = g(a). (A) 


Differentiating (1) with respect to x twice yields 


ye (v) + 2Af (x, y(x)) + / : sinh[ A(x — t)] f (t, y(@)) dt 


a 


b 
+X ‘ sinh[A(t—2)]f (t, y(t)) dt = 9", (0). (2) 
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Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary 
differential equation for y = y(z): 


Yin + 2Af(x,y) — ry = gz) — g(a). (3) 


2°. Let us derive the boundary conditions for equation (3). We assume that —oo <a <b<oo. 
By setting x = a and x = b in (1), we obtain the relations 


b 
y(a)+ / sinh[ A(t a) If (t, y(t) dt = g(a), 
- (4) 
y(b) + i sinh[A(b- t)] f(t, y(t) dt = g(b). 


Let us solve equation (3) for f(x,y) and substitute the result into (4). Integrating by parts 
yields 
sinh[\(b — a)|p',(b) — A cosh[A(b — a)]ip(b) = Ap(a), p(x) = y(w) - g(a); 
sinh[A(b — a)|y'.(a) + A cosh[A(b — a)]y(a) = —Avy(b). 
Equation (3) under the boundary conditions (5) determines the solution of the original 


integral equation (there may be several solutions). Conditions (5) make it possible to calculate 
the constants of integration that occur in solving the differential equation (3). 


(5) 


b 
38. -y(a) + | sin(A|z — t)) F (ts y(t)) dt = g(x), asa<b. 


1°. Let us remove the modulus in the integrand: 


x b 
y(ax) + / sin[\(a —t)]f (t, y(t) dt + / sin[\(t—2)If(t,y@) dt= g(a). (1) 


Differentiating (1) with respect to x twice yields 


yn y(@) + 2Af (x, y(a)) — i sin[\(a — t)] f (t, y(t)) dt 


b 
-» / sin A(t a) If (t, y(t) dt = 9! (2. (2) 


Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary 
differential equation for y = y(x): 


Yee + 2Af(a,y) + 7y = gll(a) + 79(2). (3) 


2°. Let us derive the boundary conditions for equation (3). We assume that —co <a <b<oo. 
By setting x = a and x = b in (1), we obtain the relations 


b 
y(a)+ i: sin A(t a)] f(t, y() dt = g(a), 
a (4) 
yb) + / sin[\(b—#)] f (t,y(t)) dt = 9). 


Let us solve equation (3) for f(x,y) and substitute the result into (4). Integrating by parts 
yields 
sin[\(b— a)] y',(b) — A cos[A(b — a)] y(b) = Ap(@), (a) = ya) - g(a); 
sin[\(b — a)] ¢'.(a) + A cos[A(b — a)] yp(a) = -Av(b). 
Equation (3) under the boundary conditions (5) determines the solution of the original 


integral equation (there may be several solutions). Conditions (5) make it possible to calculate 
the constants of integration that occur in solving the differential equation (3). 


(5) 
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6.8-4. Equations of the Form y(x) + [° G(a,t, y(t)) dt = F(a) 


b 
39. y(a) + / [au(x) fi (t, y(t)) + g2(w)fa(t, y(t))) at = h(a). 


A solution: 
yx) = h(x) + Argi (x) + A2g2(2), 


where the constants \; and A, are determined from the algebraic (or transcendental) system 


b 
A+ / fi(t, h@ + Argi@) + Axg2(t)) dt = 0, 


b 
do + / fo(t, h@) + Argi@) + Azg2(t)) dt = 0. 


brn 
40. y(a) + ‘ [yo anor (trut)| dt = h(a). 


k=1 


A solution: 


yr) = h(x) +S Angew), 


k=1 


where the coefficients A; are determined from the algebraic (or transcendental) system 
b n 
dn + f ee h(t) + D> Acge(t) ) dt = 0; Ds ee 
& k=l 
Different roots of this system generate different solutions of the integral equation. 


@) Reference: A. F. Verlan’ and V. S. Sizikov (1986). 


6.8-5. Equations of the Form F(x, y(x)) + [” G(a,t, y(a), y(t) dt = 0 


b 
41. y(a)+ i (ce) F (G ytd) dt = 9(e). 


A solution: y(x)=Ag(x), where 4 is determined by the algebraic (or transcendental) equation 


b 
AF+AF(A)-1=0,  FO)= / f(t,Ag@) dt. 


b 
42. y(a) + / g(a)y(a) f(t, y(t) dt = h(a). 


h 

A solution: y(x) = a where is determined from the algebraic (or transcendental) 

x 
equation 

b 
h(t) 
A- F(A) = 0, F(A)= t, ————~ } dt. 
“ ” fal ead) 
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43. 


44. 


b 
y(a) + | g(x, y(x)) f(t y(t)) dt = h(a). 


Solution in an implicit form: 


y(a) + Ag(x, y(a)) — h(x) = 0, (1) 


where A is determined from the algebraic (or transcendental) equation 


b 
A-F)=0,  FA= / f(t, y@) dt. (2) 


Here the function y(x) = y(a, A) obtained by solving (1) must be substituted into (2). 
The number of solutions of the integral equation is determined by the number of the 
solutions obtained from (1) and (2). 


f(x, y(a)) + i: : by gr (2, y(x)) hy (t, 7) dt = 0. 


a "k=l 


Solution in an implicit form: 


F(x, ya) + S> Ae gn (w,y(a)) = 0, (1) 


k=1 


where the A; are determined from the algebraic (or transcendental) system 


M=HEO)= 0; KE Acsn: 


25 ? 2 (2) 
HO) = | he(ty®) dtp A= LAienjg Anh: 


Here the function y(x) = y(a, X) obtained by solving (1) must be substituted into (2). 
The number of solutions of the integral equation is determined by the number of the 
solutions obtained from (1) and (2). 


6.8-6. Other Equations 


45. 


b 
vie)+ f yabf(tey(t)) dt = 0. 


1°. A solution: 
ya) shee, (1) 


where C’ is an arbitrary constant and the dependence k = k(C) is determined by the algebraic 
(or transcendental) equation 


b 
+f t© f(t, kt©) dt =0. (2) 


Each root of equation (2) generates a solution of the integral equation which has the form (1). 


2°. The integral equation can have some other solutions similar to those indicated in items 
1°-3° of equation 6.2.30. 
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46. 


47. 


48. 


49. 


b 
y(x) + / y(axt)f (t, y(t)) dt = Ax+B. 


A solution: 
y(x) = px +4q, (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
p+p | tf(t,pt+q)dt-A=0, 
- (2) 
ava | f(t, pt+q@dt—B=0. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
y(x) +f y(xt)f (t, y(t)) dt = Ax®. 


A solution: 
y(x) = kx®, (1) 


where k is a root of the algebraic (or transcendental) equation 
b 
k+kF(k)-A=0, F(k) = | t? f (t, kt”) dt. (2) 


Each root of equation (2) generates a solution of the integral equation which has the form (1). 


b 
y(x) + y(xt)f (t, y(t)) dt=Alnx+B. 


A solution: 
y(x) = pInz+4q, (1) 


where p and q are roots of the following system of algebraic (or transcendental) equations: 


b 
p+p | fd, pint+q@dt-A=0, 
ke (2) 
a+ | (plInt+q f(t, pInt+q)dt-B=0. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
y(x) + | y(axt)f (t, y(t)) dt = Ax? nz. 


A solution: 
y(a) = pa” Ine + qa", (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
p+p | t? f(t, pt? Int + qt?) dt = A, 
ns (2) 
a+ | (pt? Int + qt?) f(t, pt? Int + qt”) dt = 0. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 
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50. 


51. 


52. 


53. 


b 
y(a) + / y(axt)f (t, y(t)) dt = A cos(In x). 


A solution: 
y(x) = pcos(In x) + qsin(In x), 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 
b 
pt / [p cos(In t) + q sin(In t)] 7G pcos(In t) + gsindin t)) dt =A, 


b 
qt i lg cos(In t) — p sin(in t)] f(t, pcos(In t) + q sindn t)) dt =0. 


b 
y(a) + i) y(xt)f (t, y(t)) dt = A sin(In x). 


A solution: 
y(x) = pcos(in x) + qsin(n x), 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 
b 
pt / [p cos(In t) + qsin(In t)] He pcos(Int) + qsin(in t)) dt = 0, 


b 
qt | lq cos(In t) — p sin(in t)| f (t, pcos(In t) + q sindin t)) dt =A. 


b 
y (a) + if y(xt) f(t, y(t)) dt = Ax® cos(n x) + Bx? sin(n z). 


A solution: 
y(«) = px® cos(In x) + qx" sin(In x), (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
pt if t? [p cos(In t) + qsin(in t)] f(t, pt? cos(Int) + gt? sin(in t)) dt =A, 
oe (2) 
qt i t? [qcos(In t) — psin(In t)] f(t, pt? cos(Int) + gt? sin(Int)) dt = B. 
Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
y(a) + i y(wt®) f(t,y(t)) dt = g(a),  B>0. 


1°. For g(x) = ¥> Aya", the equation has a solution of the form 
k=l 


ya) = 5° Bea*, 


k=1 


where By, are roots of the algebraic (or transcendental) equations 
b n 
By + BeFy(B)-Ap=0, F,(B)= ip ery (« S- Bint” ) dt. 
2 m=1 


Different roots of this system generate different solutions of the integral equation. 
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54. 


2°. For g(x) = Inx > Azax*, the equation has a solution of the form 
k=0 


y(x) = Inc) > Byx* + oy Cyx*, 
k=0 k=0 


where the constants B; and C; can be found by the method of undetermined coefficients. 


3°. For g(a) = S> Ax (In x)*, the equation has a solution of the form 
k=0 


ya) = )> By Ina)’, 
k=0 


where the constants B; can be found by the method of undetermined coefficients. 


4°. For g(x) = 5+ Aj cos(Ax In x), the equation has a solution of the form 
k=l 


yr) = S~ Br cos(\g Inx) + $ > Cy sin(Ag In.2), 


k=l k=l 
where the constants B; and Ci can be found by the method of undetermined coefficients. 
5°. For g(a) = 5) Ax sin(Ay, In x), the equation has a solution of the form 
k=l 
ya) = S~ By cos(\x Inx) + $ > Cy sin(Ag In-2), 


k=1 k=1 


where the constants B;, and Ci, can be found by the method of undetermined coefficients. 


b 
y(a) + if yla —t)f (t, y(t) dt = 0. 


1°. A solution: 
y(z) = ke°*, 


where C is an arbitrary constant and the dependence k = k(C) is determined by the algebraic 


(or transcendental) equation 


b 
1 +f f (tke eC dt =0. 


Each root of equation (2) generates a solution of the integral equation which has the form (1). 


n 
2°. The equation has solutions of the form y(xz) = 5> E,,x2™, where the constants £,, can 
m=0 


be found by the method of undetermined coefficients. 
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55. 


56. 


57. 


58. 


b 
y(«) +f y(x — t) f(t, y(t)) dt = Ax + B. 


A solution: 
yx) = px +4q, (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
p+p | f(t,pt+qgdt-A=0, 
> Q) 
a+ | (q—-pi) ft, pt+@dt-B=0. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
y(a) +f y(a —t)f (t, y(t)) dt = Ae**. 


Solutions: 
We kes 


where k;,, are roots of the algebraic (or transcendental) equation 


b 
k+kF(k)-A=0, F(k) = / f(t ke) e™ dt. 


b 
y (a) + i y(x — t) f (t, y(t) dt = Asinh Ax. 


A solution: 
y(x) = psinh Ax + qcosh Az, (1) 


where p and q are roots of the following system of algebraic (or transcendental) equations: 


b 
pt / (p cosh At — q sinh At) f (t, psinh At + qcosh At) dt = A, 
- 2) 
qt / (qcosh At — psinh At) f (G psinh At + qcosh At) dt = 0. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
y(a) + i: y(x — t) f (t, y(t)) dt = Acosh Ax. 


A solution: 
y(x) = psinh Ax + qcosh Az, 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 
b 
pt | (p cosh At — q sinh At) f (t, psinh At + qcosh At) dt = 0, 


b 
q+ i (qcosh At — p sinh At) f(t, psinh At + qcosh At) dt = A. 
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60. 


61. 


62. 


b 
y(x) + / y(x - tf (t, y(t)) dt = AsinAz. 


A solution: 
y(x) = psin Ax + qcos Ax, (1) 


where p and q are roots of the following system of algebraic (or transcendental) equations: 
b 
p+ | (pcos At + qsin At) f (t, psin At + qcos At) dt = A, 


(2) 
b 
a+ | (qcos At — psin At) f(t, psin \t + qcos At) dt = 0. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
y(a) + / y(x — t) f (t, y(t)) dt = Acos Ax. 
A solution: 
y(x) = psin Ax + qcos Ax, 
where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
p+ | (pcos At + qsin At) f (t, psin At + qcos At) dt = 0, 


a 


b 
a+ | (qcos At — psin At) f (t, psin At + qcos At) dt = A. 


b 
y(a) + 7 y(x — t) f (t, y(t)) dt = e**(A sin Ax + B cos Ax). 
A solution: 
y(x) = e* (psin Ax + qcos Ax), (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
p+ i (pcos At + qsin Ate f(t, pe sin At + ge’ cos At) dt = A, 
sa (2) 
q+ / (qcos At —psin Ae f(t, pet sin At + ge! cos At) dt = B. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
y(a) + i yle —t)f (t,y(t)) dt = g(x). 


1°. For g(a) = 5> Ax exp(\,2), the equation has a solution of the form 
k=l 


y(r) = S~ Br exp), 


k=l 
where the constants B; are determined from the nonlinear algebraic (or transcendental) system 


By + By F,(B) — Ax = 0, k=1,...,n, 


b n 
B={B,,...,Bn}, Fy(B)= / s(t 32 Bn exPOnt)} exp(—Agt) dt. 


m=l 


Different solutions of this system generate different solutions of the integral equation. 
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2°. For a polynomial right-hand side, g(x) = S> Az", the equation has a solution of the 
k=0 
form 


ya) = > Beak, 
k=0 
where the constants B; can be found by the method of undetermined coefficients. 


3°. For g(x) = err > A;,x*, the equation has a solution of the form 


vases Bra’ 
k=0 


where the constants 6; can be found by the method of undetermined coefficients. 


4°. For g(x) = >> A, cos(A, 2), the equation has a solution of the form 
k=l 


ya) = S~ By cos(Apar) + > Cy sin;2), 


k=1 k=1 


where the constants B; and Cy can be found by the method of undetermined coefficients. 


5°. For g(a) = > Ax sin(A;, x), the equation has a solution of the form 
k=l 


y(x) = S- Br cos(Apz) + S- Cy sin(An 2), 
k=l k=l 


where the constants B; and Ci, can be found by the method of undetermined coefficients. 


6°. For g(a) = cos(Ax) > A, 2", the equation has a solution of the form 
k=0 


y(x) = cos(Ax) Ss Byx* + sin(\x) Ss Cy z*, 
k=0 k=0 


where the constants B; and C; can be found by the method of undetermined coefficients. 


7°. For g(x) = sin(Ax) >> A,2*, the equation has a solution of the form 
k=0 


y(x) = cos(Ax) > By,x* + sin(\x) S- Cnn", 


k=0 k=0 


where the constants B; and Cy can be found by the method of undetermined coefficients. 


8°. For g(a) = e"* > Ax cos(A\xx), the equation has a solution of the form 


y(a) = e!* S- By, cos(A,x) + ce” ys Cy sin(A;, 2), 


k=1 k=1 


where the constants B; and C; can be found by the method of undetermined coefficients. 
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64. 


9°. For g(x) = e4” S* A; sin(Az2z), the equation has a solution of the form 
k=l 


y(x) =e" ae By, cos(A,x) + ec” x Cy sin(A;,2), 
k=l k=l 
where the constants B; and C; can be found by the method of undetermined coefficients. 


10°. For g(x) = cos(Ax) $+ A; exp(fs,2), the equation has a solution of the form 
k=l 


y(x) = cos(Ax) §~ By exp(iug) + sin(Ax) S > Be exp(n2), 
k=1 k=1 


where the constants B;, and C;, can be found by the method of undetermined coefficients. 


11°. For g(x) = sin(Ax) > Ax exp(4z,2), the equation has a solution of the form 
k=l 


y(x) = cos(x) Y | Be exp(nx) + sin(x) } | Be exp(n), 
k=1 k=1 


where the constants B; and Ci, can be found by the method of undetermined coefficients. 


b 
y(x) + | y(x + Bt) f(t, y(t) dt = Ax + B. 


A solution: 
y(x) = px +4q, (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
p+p | ft, pt+q@dt-A=0, 
. (2) 
a+ [ (pts oft.pt+pat-B =, 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
ya) + i y(x + Bt) f (t, y(t)) dt = Ae**. 


Solutions: 
y(@) = kne™, 


where k,, are roots of the algebraic (or transcendental) equation 


b 
k+kF(k)-A=0,  F(k)= i f(t.ke™) e™ al. 
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b 
y(a) + / y(x + Bt) f(t, y(t) dt = AsindrAx + Boos Ax. 


A solution: 
y(x) = psin Ax + qcos Ax, (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
pt i [p cos(A Gt) — q sin(\St)| f(t, psin At + q cos At) dt =A, 
. (2) 
qt / lq cos(AGt) + p sin(\Bt)] f(t, psin At + qcos At) dt=B. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
y(a) + if yla + Bt) f(t,y(t)) dt = g(a). 


1°. For g(a) = 55 A; exp(\;,2), the equation has a solution of the form 
k=l 


y(a) = S~ Br exp), 


k=1 


where the constants B; are determined from the nonlinear algebraic (or transcendental) system 


Bp + BF A(B)-Ap=0, k=1,...,n, 


b n 
B={B,,...,Bn}, F,(B)= / s(t YBa expt) exp(A;,8t) dt. 
a m=l1 


Different solutions of this system generate different solutions of the integral equation. 


2°. For a polynomial right-hand side, g(x) = S> Azx", the equation has a solution of the 
k=0 


y(2) = SS B,2*, 


k=0 


form 


where the constants B;, can be found by the method of undetermined coefficients. 


3°. For g(x) = err > A;,x*, the equation has a solution of the form 


ya) =e 5° Bys*, 
k=0 


where the constants B; can be found by the method of undetermined coefficients. 


4°. For g(x) = >> A, cos(A, 2), the equation has a solution of the form 
k=l 


y(x) = S- By, cos(Apx) + S- Cy sin(\, 2), 


k=1 k=1 


where the constants B; and C; can be found by the method of undetermined coefficients. 
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5°. For g(x) = > Ax sin(A, 2), the equation has a solution of the form 
k=l 


yr) = S~ By cos(Anr) + > Cy sinQ,2), 


k=1 k=1 


where the constants B; and C; can be found by the method of undetermined coefficients. 


6°. For g(a) = cos(Ax) > A, 2", the equation has a solution of the form 
k=0 


y(x) = cos(Ax) ¥~ Bya* + sin(Ax) S > Cyac*, 
k=0 k=0 


where the constants B; and C; can be found by the method of undetermined coefficients. 


7°. For g(x) = sin(Ax) >> A,«", the equation has a solution of the form 
k=0 


ya) = cos(Ar) §~ Byar* + sin(Ar) S Cya*, 
k=0 k=0 


where the constants B; and Ci, can be found by the method of undetermined coefficients. 


8°. For g(a) = e"* > Ax cos(A\zx), the equation has a solution of the form 
k=l 


yl) =e!” S~ By cos(Anr) +e" S> Cy sing), 
k=1 k=1 


where the constants B; and Ci, can be found by the method of undetermined coefficients. 


9°. For g(a) = e#* S* A; sin(A;,2), the equation has a solution of the form 
k=l 


y(x) = e!* S- By cos(Apx) + ce” a Cr sin(A, x), 
k=1 k=1 


where the constants B; and C; can be found by the method of undetermined coefficients. 


10°. For g(a) = cos(Ax) $+ A; exp(f1,.2), the equation has a solution of the form 
k=l 


y(x) = cos(Ax) §” By exp(jipx) + sin(Av) 5 > Cy exp(tin), 
k=1 k=1 


where the constants B; and C; can be found by the method of undetermined coefficients. 


11°. For g(x) = sin(Ax) >> Ax exp(4z2), the equation has a solution of the form 
k=l 


y(x) = cos(x) Y | Be expr) + sin(x) } | Ch exp(ui), 
k=1 k=1 


where the constants B; and C; can be found by the method of undetermined coefficients. 
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b 
y(a) + / yOs(t y(t) dt=0, € = 2¢t). 


1°. A solution: 
y(x) = kx, (1) 


where C’ is an arbitrary constant and the dependence k = k(C) is determined by the algebraic 
(or transcendental) equation 


b 
1+ / [p(y] © F(t, ktC) dt = 0. (2) 


Each root of equation (2) generates a solution of the integral equation which has the form (1). 


n 
2°. The equation has solutions of the form y(a) = > E,,x™, where the constants E,, can 


be found by the method of undetermined coefficients. 


b 
y(a) + / vOFGud) Hage); eS 8e@: 


1°. For g(x) = >> Axx", the equation has a solution of the form 
k=l 


y(x) = ys By, 


k=l 
where By, are roots of the algebraic (or transcendental) equations 


By + By F,(B)— Ax = k=1,. 


B={By,...,Bn}, sat y(t) iG Ss, eat 


Different roots generate different solutions of the integral equation. 


2°. For solutions with some other functions g(x), see items 2°-5° of equation 6.8.53. 


b 
ie i: yO (ty) dt=0, €=2+¢(0). 


1°. A solution: 
y(x) = ke*, (1) 


where C is an arbitrary constant and the dependence k = k(C) is determined by the algebraic 
(or transcendental) equation 


b 
1+ i; ere Fike at =O) (2) 


Each root of equation (2) generates a solution of the integral equation which has the form (1). 


n 
2°. The equation has a solution of the form y(x) = S> E,x”, where the constants F,,, can 
m=! 


be found by the method of undetermined coefficients. 
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b 
70. y(«) + | yOFGUO)di=o@), £22450. 


1°. For g(a) = 55 Ax exp(\,x) the equation has a solution of the form 
k=l 


ya) = S~ Br expOx2), 
k=1 


where the constants B;, are determined from the nonlinear algebraic (or transcendental) system 
By + By F,(B) — Ax = 0, k=1,...,n, 


b n 
B={B,...,Bn}, F,(B)= / s(t pee expt) exp[A,p(t)] dt. 
& m=l 


2°. Solutions for some other functions g(x) can be found in items 2°—11° of equation 6.8.66. 
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Part Il 


Methods for Solving 
Integral Equations 


* 


Chapter 7 


Main Definitions and Formulas. 
Integral Transforms 


7.1. Some Definitions, Remarks, and Formulas 


7.1-1. Some Definitions 


A function f(x) is said to be square integrable on an interval [a, b] if f?(a) is integrable on [a, b]. 
The set of all square integrable functions is denoted by L(a, b) or, briefly, D2.* Likewise, the set of 
all integrable functions on [a, b] is denoted by L,(a, b) or, briefly, Ly. 

Let us list the main properties of functions from LD. 


1°. The sum of two square integrable functions is a square integrable function. 
2°. The product of a square integrable function by a constant is a square integrable function. 
3°. The product of two square integrable functions is an integrable function. 


4°. If f(x) € Lo and g(x) € Ln, then the following Cauchy—Schwarz—Bunyakovsky inequality 
holds: 
(f.97 $ IIfIPligll?. 
b b 
a= f feg@d:, I fP=G0= f Peds 


The number (f, g) is called the inner product of the functions f(x) and g(x) and the number || f|| is 
called the L2-norm of f(x). 


5°. For f(a) € L and g(x) € In, the following triangle inequality holds: 


IIf+gll < fll+ Ill 


6°. Let functions f(x) and f(x), fo(x),..-., fn(x), ... be square integrable on an interval [a, b]. If 


b 
im, / [fn(a) — fla)]” dx = 0, 


then the sequence f\(x), fo(x), ... is said to be mean-square convergent to f(x). 
Note that if a sequence of functions { f;,(x)} from Lz converges uniformly to f(x), then f(x) € D2 
and { f,,(a)} is mean-square convergent to f(x). 


In the most general case the integral is understood as the Lebesgue integral of measurable functions. As usual, two equivalent 
functions (i.e., equal everywhere, or distinct on a negligible set (of zero measure)) are regarded as one and the same element 
of Lo. 
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The notion of an integrable function of several variables is similar. For instance, a function f(z, t) 
is said to be square integrable ina domain S = {a<a<b,a<t< b}if f(x) is measurable and 


b b 
Wis ff Pendrat <oo. 


Here || || denotes the norm of the function f(x, t), as above. 


7.1-2. The Structure of Solutions to Linear Integral Equations 


A linear integral equation with variable integration limit has the form 


aya) f K(a, t)yt) dt = f(a), () 


where y(x) is the unknown function. 
A linear integral equation with constant integration limits has the form 


b 
By(a) + / K(e,t)y(t) dt = f(a). (2) 


For 2 = 0, Eqs. (1) and (2) are called linear integral equations of the first kind, and for 3 # 0, 
linear integral equations of the second kind.* 

Equations of the form (1) and (2) with specific conditions imposed on the kernels and the 
right-hand sides form various classes of integral equations (Volterra equations, Fredholm equations, 
convolution equations, etc.), which are considered in detail in Chapters 8-12. 

For brevity, we shall sometimes represent the linear equations (1) and (2) in the operator form 


L[y] = f(x). (3) 


A linear operator L possesses the properties 


L[y + yo] = Lyi) +L [yal, 
L{[oy]=ocL[y], o =const. 

A linear equation is called homogeneous if f(x) = 0 and nonhomogeneous otherwise. 

An arbitrary homogeneous linear integral equation has the trivial solution y = 0. 

If yy = yi(@) and yo = yo(@) are particular solutions of a linear homogeneous integral equation, 
then the linear combination Cy; + Cyy2 with arbitrary constants C, and C4 is also a solution (in 
physical problems, this property is called the linear superposition principle). 

The general solution of a linear nonhomogeneous integral equation (3) is the sum of the general 
solution Y = Y (x) of the corresponding homogeneous equation L [Y ] = 0 and an arbitrary particular 
solution ¥ = 4(x) of the nonhomogeneous equation L [y] = f(x), that is, 


y=Yry. (4) 


If the homogeneous integral equation has only the trivial solution Y = 0, then the solution of the 
corresponding nonhomogeneous equation is unique (if it exists). 

Let % and % be solutions of nonhomogeneous linear integral equations with the same left-hand 
sides and different right-hand sides, L [j] = fi(a) and L [2] = fo(v). Then the function 7 = 4 + 
is a solution of the equation L [y] = f\ (x) + fa(z). 

The transformation 


r=g(z), t=g9(7), ya) =v(zjw(z) + ¥@), (5) 


where g(z), (z), and 7)(z) are arbitrary continuous functions (g/, # 0), reduces Eqs. (1) and (2) to 
linear equations of the same form for the unknown function w = w(z). Such transformations are 
frequently used for constructing exact solutions of linear integral equations. 


* In Chapters 1-4, which deal with equations with variable and constant limits of integration, we sometimes consider 
more general equations in which the integrand contains the unknown function y(z), where z = z(x, t), instead of y(t). 
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7.1-3. Integral Transforms 


Integral transforms have the form 


b 
foy= | v(x, A) f(x) dx. 


The function f(A) is called the transform of the function f(x) and y(x, \) is called the kernel of 
the integral transform. The function f(x) is called the inverse transform of fi (A). The limits of 
integration a and b are real numbers (usually, a = 0, b = co or a = —00, b = 00). 

In Subsections 7.2—7.6, the most popular (Laplace, Mellin, Fourier, etc.) integral transforms, 
applied in this book to the solution of specific integral equations, are described. These subsections 
also describe the corresponding inversion formulas, which have the form 


f@= [ wa, NFA) dd 


and make it possible to recover f(x) if f(A) is given. The integration path £ can lie either on the 
real axis or in the complex plane. 

Integral transforms are used in the solution of various differential and integral equations. Figure | 
outlines the overall scheme of solving some special classes of linear integral equations by means 
of integral transforms (by applying appropriate integral transforms to this sort of integral equations, 
one obtains first-order linear algebraic equations for f(.)). 

In many cases, to calculate definite integrals, in particular, to find the inverse Laplace, Mellin, 
and Fourier transforms, methods of the theory of functions of a complex variable can be applied, 
including the residue theorem and the Jordan lemma, which are presented below in Subsections 7. 1-4 
and 7.1-5. 


7.1-4. Residues. Calculation Formulas 


The residue of a function f(z) holomorphic in a deleted neighborhood of a point z = a (thus, a is an 
isolated singularity of f) of the complex plane z is the number 


res fle) = 5 / f(@dz, ?=-1, 


where c, is a circle of sufficiently small radius € described by the equation |z — a] = €. 
If the point z = a is a pole of order n* of the function f(z), then we have 


m1 


res f@= ( [(z a)” f(z]. 


li 
n—Iyl za da” 
For a simple pole, which corresponds to n = 1, this implies 


res f(z) = lim [(z-a)f(2)]. 


If f(~)= ee where (a) # 0 and 7(z) has a simple zero at the point z = a, i.e., w(a) = 0 and 
z 
w'(a) # 0, then 
IO Tey 


* Jn a neighborhood of this point we have f(z) ~ const (z-—a)”. 
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Original integral equation for a function y = y(x) 


Application 
of an integral 
transform 


Algebraic equation for the transform j = j(A) 


Solution 
of the equation 
for the transform 


Derivation of an explicit form of the function ¥ = (A) 


Application 
of the inverse 
integral transform 


Derivation of a solution to the original integral equation 


Fig. 1. Principal scheme of applying integral transforms for solving integral equations 


7.1-5. The Jordan Lemma 


If a function f(z) is continuous in the domain |z| => Ro, Im z = a, where a is a chosen real number, 
andif lim f(z) =0, then 
Zz CO 


lim e’*? f(z)dz =0 
R-0oo Cr 


for any \ > 0, where Cp is the arc of the circle |z| = R that lies in this domain. 


O) References for Section 7.1: A. G. Sveshnikov and A. N. Tikhonov (1970), M. L. Krasnov, A. I. Kiselev, and 
G. I. Makarenko (1971). 


7.2. The Laplace Transform 


7.2-1. Definition. The Inversion Formula 


The Laplace transform of an arbitrary (complex-valued) function f(x) of a real variable x (x = 0) is 
defined by 


f= [ eP* f(x) dz, (1) 


where p = s + io is a complex variable. 
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The Laplace transform exists for any continuous or piecewise-continuous function satisfying the 
condition | f(x)|< Me” with some M/ > 0 and op 2 0. In the following, oo often means the greatest 
lower bound of the possible values of oo in this estimate; this value is called the growth exponent of 
the function f(x). 

For any f(x), the transform fi (p) is defined in the half-plane Re p > oo and is analytic there. 

For brevity, we shall write formula (1) as follows: 


f@M=L£{f@}, oo f@=£{f@), r}. 


Given the transform f(p), the function can be found by means of the inverse Laplace transform 


1 ct+ioo . 
F@)= se / f@e?* dp, =? =-1, (2) 


—100 


where the integration path is parallel to the imaginary axis and lies to the right of all singularities 
of f(p), which corresponds to c > oo. 
The integral in (2) is understood in the sense of the Cauchy principal value: 


ctioo cHiw 
/ f(p)e?® dp = lim / f(p)e?® dp. 


—100 


In the domain x < 0, formula (2) gives f(x) = 0. 

Formula (2) holds for continuous functions. If f(x) has a (finite) jump discontinuity at a point 
X = Xo > O, then the left-hand side of (2) is equal to sf (xo —0) + f (xo +0)] at this point (for xp = 0, 
the first term in the square brackets must be omitted). 

For brevity, we write the Laplace inversion formula (2) as follows: 


f@=2'{f@m}, or f= 21 { fp), x}. 


7.2-2. The Inverse Transforms of Rational Functions 


Consider the important case in which the transform is a rational function of the form 


fo=—, (3) 


where @(p) and R(p) are polynomials in the variable p and the degree of Q(p) exceeds that of R(p). 
Assume that the zeros of the denominator are simple, i.e., 


Q(p) = const (p — A1)(p— Az)... (V— An). 


Then the inverse transform can be determined by the formula 


“. ROk) 
f(a) = ~~ exp(Ak), (4) 
» Q' (Ak) 


where the primes denote the derivatives. 
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If Q(p) has multiple zeros, i.e., 


Q(p) = const (p— Ay)"\(p— Az)” -.. D— Am), 


then 


m Sp-l 


1 _ & se z 
f@)= >) Gar dim, gat le rw" fore”). 


k=1 


7.2-3. The Convolution Theorem for the Laplace Transform 


The convolution of two functions f(a) and g(x) is defined as the integral if f@®g(a — t) dt, and is 
0 
usually denoted by f(x) * g(x). The convolution theorem states that 


Li f@*g@}=L{f@}L{g@}, 


and is frequently applied to solve Volterra equations with kernels depending on the difference of the 
arguments. 


7.2-4. Limit Theorems 


Let 0< x <ooand f(p)=2£ { f(x)} be the Laplace transform of f(x). If a limit of f(a) as x — 0 
exists, then 


lim, f(@) = lim [pf]. 
If a limit of f(x) as x — on exists, then 


jim, fe) = lim [pf]. 


7.2-5. Main Properties of the Laplace Transform 


The main properties of the correspondence between functions and their Laplace transforms are 
gathered in Table 1. 

There are tables of direct and inverse Laplace transforms (see Supplements 4 and 5), which are 
handy in solving linear integral and differential equations. 


7.2-6. The Post—-Widder Formula 


In applications, one can find f(a) if the Laplace transform fi (t) on the real semiaxis is known for 
t = p= 0. To this end, one uses the Post—Widder formula 


joy= im ["(2)"2°)] 5 


Approximate inversion formulas are obtained by taking sufficiently large positive integer n in (5) 
instead of passing to the limit. 


@) References for Section 7.2: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), I. I. Hirschman and 
D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965), J. W. Miles (1971), B. Davis (1978), Yu. A. Brychkov and 
A. P. Prudnikov (1989), W. H. Beyer (1991). 
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TABLE 1 
Main properties of the Laplace transform 


No Function Laplace Transform Operation 
1 afi (x) + bf2(x) af \(p) + bf2(p) Linearity 
2 f(x/a), a>0 af (ap) Scaling 
f (x ~ a), -ap Ff, . 
3 f(Q=0 for €<0 e “P f(p) Shift of the argument 
z Differentiation 
n r = tal | n fF(n) 
a PLES CON fe) of the transform 
1 uae: Integration 
oa di 
d x @) I M44 of the transform 
ax i Shift in 
° ene) f@-a) the complex plane 
7 fi (a) pf (p) — f(+0) Differentiation 
8 f(2) pe" fp) — > p”* f* (40) Differentiation 
k=l 
d my nN . «oe 
7 Ee) ee ae a) [p” fp)| Differentiation 
nm d™ iS 
10 ep (x)| , Men Cl)" p"—__ fe) Differentiation 
dx” i) 
11 | F f(@ dt F@) Integration 
. P 
12 I fi®fo(w —t) dt hip) fap) Convolution 


7.3. The Mellin Transform 


7.3-1. Definition. The Inversion Formula 


Suppose that a function f(a) is defined for positive x and satisfies the conditions 


1 fore) 
| eee? dx <0, i If(a)|a7! dx < oo 
0 1 


for some real numbers o; and 02, a; < 02. 
The Mellin transform of f(x) is defined by 


Oe | ” f(@)a™ de, 
0 


where s = 0 +77 is a complex variable (a; < a < 02). 
For brevity, we rewrite formula (1) as follows: 


f(s)=MU f(a}, or f(s) = MU f(x), s}. 


Given fi (s), the function can be found by means of the inverse Mellin transform 


Cee / ae aCe 
27% Jo 


—100 
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() 


(2) 


where the integration path is parallel to the imaginary axis of the complex plane s and the integral 
is understood in the sense of the Cauchy principal value. 

Formula (2) holds for continuous functions. If f(x) has a (finite) jump discontinuity at a point 
X = Xo > O, then the left-hand side of (2) is equal to + [ f(@o-0) + f(ao + 0) at this point (for 79 = 0, 


the first term in the square brackets must be omitted). 
For brevity, we rewrite formula (2) in the form 


fx)=DT'{ f(s}, or 


7.3-2. Main Properties of the Mellin Transform 


The main properties of the correspondence between the functions and their Mellin transforms are 


f(x) = DT'{ f(s), zc}. 


gathered in Table 2. 
TABLE 2 
Main properties of the Mellin transform 
No Function Mellin Transform Operation 
1 afi(x) + bfo(x) af\(s) + bfx(s) Linearity 
2 f(ax), a>0 a* f(s) Scaling 
a ae Shift of the argument 
i ier) of the transform 
4 f(x) 4 i ( a) Squared argument 
Inversion 
5 f(l/2) f(-s) of the argument 
of the transform 
1 —-SA .7s+X Power law 
a HR) 
6 | 2x f (ax i a>0,G#0 A? f 3 fae a 
7 L@ -(s—1)f(s—1) Differentiation 
8 xfi(x) ~s f(s) Differentiation 
I(s) 5 Multiple 
(n) 1)” Pp 
fr (2) Cc) I(s—n) fe=n) differentiation 
d\n" wR Multiple 
a (eZ) f@) Ce?) differentiation 


7 o | Pe pieopiat 
0 


fi(st a) fo —s—a+t B) 


Complicated integration 


12 | x® [en (=) Aw dt 


fi(staf(stat B+) 


Complicated integration 


7.3-3. The Relation Among the Mellin, Laplace, and Fourier Transforms 


There are tables of direct and inverse Mellin transforms (see Supplements 8 and 9), which are useful 
in solving specific integral and differential equations. The Mellin transform is related to the Laplace 
and Fourier transforms as follows: 


MY f(x), st} = L{ f(e*), -s} + L{ fle“), st = KL F(E*), as}, 
which makes it possible to apply much more common tables of direct and inverse Laplace and 
Fourier transforms. 


@) References for Section 7.3: V. A. Ditkin and A. P. Prudnikov (1965), Yu. A. Brychkov and A. P. Prudnikov (1989). 
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7.4. The Fourier Transform 


7.4-1. Definition. The Inversion Formula 


The Fourier transform is defined as follows: 


ee 1 ey. . 
fw) = if foe der. ) 


For brevity, we rewrite formula (1) as follows: 


SM=Hf@} of fw = Ff), ut. 


Given fi (u), the function f(x) can be found by means of the inverse Fourier transform 


Oe = i, ‘ Fe du. (2) 


Formula (2) holds for continuous functions. If f(x) has a (finite) jump discontinuity at a point 
x = Xo, then the left-hand side of (2) is equal to + [ f(@o — 0) + f(ao + 0)] at this point. 
For brevity, we rewrite formula (2) as follows: 


f@=F {fw}, or f(@)=F'{ FW), zh. 


7.4-2. An Asymmetric Form of the Transform 


Sometimes it is more convenient to define the Fourier transform by 
fws= / fae de. (3) 


For brevity, we rewrite formula (3) as follows: i (u) = F{f(x)} or fu) = F{ f(x), u}. 
In this case, the Fourier inversion formula reads 


1 28h : 
fe)=5- ih Ket du, (4) 
WT Joo 


and we use the following symbolic notation for relation (4): f(«) = F ty fw}, or f(x) = 
F'{ flu), x}. 


7.4-3. The Alternative Fourier Transform 


Sometimes, for instance, in the theory of boundary value problems, the alternative Fourier transform 
is used (and called merely the Fourier transform) in the form 


1 ~ 
F(u) = oe / fixe dz. (5) 


For brevity, we rewrite formula (5) as follows: 


F(uy=Fif@}, or Fu) =F{f(a), ut. 
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For given F(u), the function f(x) can be found by means of the inverse transform 


1 me 
f(x)= ae / F(uje™” du. (6) 
For brevity, we rewrite formula (6) as follows: 
f@=F YF @}, or fe) = FY F(), }. 


The function F(u) is also called the Fourier integral of f(a). 
We can introduce an asymmetric form for the alternative Fourier transform similarly to that of 
the Fourier transform: 


ey; es : 1 Oe : 
F(u) = / fixe” dz, f@e= ors / F(ujye” du, (7) 


where the direct and the inverse transforms (7) are briefly denoted by F (u) = F{ f (x)} and f(x) = 
F'{F(w}, or by F(u) = F{ f(x), u} and f(x) =F '{F(u) a}. 


7.4-4. The Convolution Theorem for the Fourier Transform 


The convolution of two functions f(x) and g(x) is defined as 


1 CO 
fla) * g(a) = i _ fe-tgltat. 


By performing substitution x —¢t = u, we see that the convolution is symmetric with respect to the 
convolved functions: f(x) * g(x) = g(x) * f(x). 
The convolution theorem states that 


&{ f(x) * 9(@)} = F{ f(a)} F{g@}. (8) 
For the alternative Fourier transform, the convolution theorem reads 
F{ f(x) « g(a)} = F{ f@)} Fig@}.- (9) 


Formulas (8) and (9) will be used in Chapters 10 and 11 for solving linear integral equations 
with difference kernel. 


@) References for Section 7.4: V. A. Ditkin and A. P. Prudnikov (1965), J. W. Miles (1971), B. Davis (1978), Yu. A. Brychkov 
and A. P. Prudnikov (1989), W. H. Beyer (1991). 


7.5. The Fourier Sine and Cosine Transforms 


7.5-1. The Fourier Cosine Transform 


Let a function f(x) be integrable on the semiaxis 0 < x < co. The Fourier cosine transform is defined 


by 
fe(u) =4/ 2 [ f(x) cos(xu) dz, 0<u<o. (1) 
0 
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For given f,(u), the function can be found by means of the Fourier cosine inversion formula 


f(x) = /2 | . fe(u) cos(xu) du, 0<2%<0. (2) 
0 


The Fourier cosine transform (1) is denoted for brevity by feu) = Ff f (x)}. It follows from 
formula (2) that the Fourier cosine transform has the property R = 1. There are tables of the 
Fourier cosine transform (see Supplement 7) which prove useful in the solution of specific integral 
equations. 

Sometimes the asymmetric form of the Fourier cosine transform is applied, which is given by 
the pair of formulas 


few = | ~ f(x) cos(xu) dx, f(a)= = | fe(u) cos(xu) du. (3) 
0 0 


The direct and inverse Fourier cosine transforms (3) are denoted by feu) = Fst f (x)} and f(x) = 
Fe { few} , respectively. 


7.5-2. The Fourier Sine Transform 


Let a function f(x) be integrable on the semiaxis 0 < x < oo. The Fourier sine transform is defined 


by 
2 2. fs . 
fs(u) = 4/ — | f(x) sin(cu) dz, 0<u<om. (4) 
T Jo 
For given f,(u), the function f(x) can be found by means of the inverse Fourier sine transform 
fDi f PP es . 
f@= = i fs(u) sin(zu) du, 0<4<@M. (5) 
0 


The Fourier sine transform (4) is briefly denoted by flu) =, { f (x)} . It follows from formula (5) 
that the Fourier sine transform has the property R = 1. There are tables of the Fourier sine transform 
(see Supplement 6), which are useful in solving specific integral equations. 

Sometimes it is more convenient to apply the asymmetric form of the Fourier sine transform 
defined by the following two formulas: 


fi(u) = i _ f(x) sin(xu) dz, f(z)= = : ‘ fi(u) sin(wu) du. (6) 
0 0 


The direct and inverse Fourier sine transforms (6) are denoted by fi(u) 7 F,{ f (x)} and f(x) = 
F, : { Fi(u) } , respectively. 


@) References for Section 7.5: V. A. Ditkin and A. P. Prudnikov (1965), J. W. Miles (1971), Yu. A. Brychkov and 
A. P. Prudnikov (1989), W. H. Beyer (1991). 


7.6. Other Integral Transforms 


7.6-1. The Hankel Transform 


The Hankel transform is defined as follows: 
f,(u) = | rJ,(ux) f(x) dx, 0<u<oo, (1) 
0 


where v > -+ and J,(x) is the Bessel function of the first kind of order v (see Supplement 10). 
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For given be (u), the function f(«) can be found by means of the Hankel inversion formula 
f(z) = | uJ, (ux) f,(u) du, 0<4%<o. (2) 
0 


Note that if f(a) = O(#%) as x > 0, where a+ +2 > 0, and f(x) = O(x®) as x — 00, where 
Bt 3 < 0, then the integral (1) is convergent. 

The inversion formula (2) holds for continuous functions. If f(a) has a (finite) jump discontinuity 
at a point x = %o, then the left-hand side of (2) is equal to s[ f(@o — 0) + f(xo + 0)] at this point. 

For brevity, we denote the Hankel transform (1) by fru) = 9, { fA (x)}. It follows from 
formula (2) that the Hankel transform has the property H = 1. 


7.6-2. The Meijer Transform 


The Meijer transform is defined as follows: 


fuls) = ai Vsa K,,(sx) f(x) dx, 0<s<o, (3) 
0 


where /’,,(x) is the modified Bessel function of the second kind (the Macdonald function) of order ys 
(see Supplement 10). 
For given fuls), the function f(a) can be found by means of the Meijer inversion formula 


C+100 


1 Z 
f(x) = ae em Vsx I,,(sx) f,,(s) ds, 0<24%<~a, (4) 


where J,,(x) is the modified Bessel function of the first kind of order 41 (see Supplement 10). For 
the Meijer transform, a convolution is defined and an operational calculus is developed. 


7.6-3. The Kontorovich—Lebedev Transform and Other Transforms 


The Kontorovich—Lebedev transform is introduced as follows: 
F(r)= | K;7(«) f(a) daz, 0<T<w, (5) 
0 


where J’ ,,(x) is the modified Bessel function of the second kind (the Macdonald function) of order ys 
(see Supplement 10) andi = V-1. 
For given Fr), the function can be found by means of the Kontorovich—Lebedev inversion 
formula 
2 Co 
f@=—= | 7 sinh(17T)K;-(x)F (rT) dr, O0<x4%<c@. (6) 
TL Jo 
There are also other integral transforms, of which the most important are listed in Table 3 (for the 


constraints imposed on the functions and parameters occurring in the integrand, see the references 
given at the end of this section). 
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TABLE 3 


Main integral transforms 


Integral Definition Inversion Formula 

Transform 

Laplace ye ree heer _ 1 ee pax 

ee Foy= [er fta) de f@=s— | Far 

C-1t0oO 

Two-sided ts oo 1 ction 

Laplace Fey= | €?*fleyde fay=s— fe Fav dp 

transform -0° 271 J e-ico 

Fourier FC ) 1 je tue £( )d f(a) 1 ies ius f( )d 
’ u)=—= e x) dx 2)=——= e u) du 

transform V20 J -0o V2T do66 


Fourier sine 
transform 


Fa(u) = (et sin(zu) f(x) dx 
mT Jo 


f(m= ‘2 ie sin(xu) fx(u) du 
mT Jo 


Fourier cosine 


few= jz i cos(xu) f(x) dx 
T Jo 


f= 1e he cos(xu) fe(t) du 
mT JO 


transform 

nee Fru) = se [© cu + sinxu) f(x) dx f(a)= = [6s xu + sin ru) fu) du 
Melli as a e 1 ctico = 

ana eo | a f(x) de f@)=5 ee x f(s) ds 

oe f w= [ed (aw) f(x) dx fay= [ws (ew) fy(w) dw 

transform ¥ Fe v v v 


Y -transform 


Fw= [~ Jus Yi(ux) f(x) dx 
0 


f(a)= | ¥ Juz Hur) FL(u) du 
0 


Meijer 
transform 
(K-transform) 


Fis)= ‘e | are K Asx) f(x) da 
T JO 


Ct+ioo 


f(@)= = Vsx I,(sx) f(s) ds 


tV 27 J c-~ico 


eral j= [ Inj 2rar)G(a, r) f(x) dx, fa)=[ In jriQnrx)G(r, 2) f(r) dr 

° Ga, 7r)=2nr(a/r)"/2,  n=1,2,... 0 
Weber F,(u)= W_(xu, au)a f(x) dx, fay= [~ Wi(ru, au) UE 

c m 2 2 sod 

Paige WiAB, = IABYY A) ~ JWYAB) 0 F{au) + ¥y(au) 
Kontorovich— fore 2 oo 
Lebedev Fos | Ky7(x) f(x) dx f= soe | 7 sinh(7r7)Ky7(a@)F (7) dr 
transform 0 TO 
eee F(r)= | P1 yjq(@)f(@) de f(x)= | rtanh(r)P 4 ,,,(a)P(r) dr 
Hilbert eo is ROP FL) 1 £& FO) 
transform* Ns 7 co L-S oe I OORS -co S—@ = 


Notation: 1=V-1, Jy(x) and Y,,(ax) are the Bessel functions of the first and the second kind, respectively, 
I,,(z) and K,,(x) are the modified Bessel functions of the first and the second kind, respectively, P,,(2) is the Leg- 


endre spherical function of the second kind, and H,,() is the Struve function, H,,(x)=)5> 


eo Ce /2ern 


po TG + 3) Pu +543) 


* REMARK. In the direct and inverse Hilbert transforms, the integrals are understood in the sense of the Cauchy principal 


value. 


@ References for Section 7.6: H. Bateman and A. Erdélyi (1954), V. A. Ditkin and A. P. Prudnikov (1965), J. W. Miles 
(1971), B. Davis (1978), D. Zwillinger (1989), Yu. A. Brychkov and A. P. Prudnikov (1989), W. H. Beyer (1991). 
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Chapter 8 


Methods for Solving Linear Equations 
of the Form [ ” K(x, thy(t) dt = f(x) 


8.1. Volterra Equations of the First Kind 


8.1-1. Equations of the First Kind. Function and Kernel Classes 


In this chapter we present methods for solving Volterra linear equations of the first kind. These 
equations have the form 


i: K(a, ty dt = f(x), () 


where y(x) is the unknown function (a < x < b), K(a,t) is the kernel of the integral equation, and 
f(&) is a given function, the right-hand side of Eq. (1). The functions y(x) and f(x) are usually 
assumed to be continuous or square integrable on [a,b]. The kernel K(a,t) is usually assumed 
either to be continuous on the square S = {a <x <b, a<t <b} or to satisfy the condition 


b b 
/ / K?(z, t) dx dt = B? <x, (2) 


where B is a constant, that is, to be square integrable on this square. It is assumed in (2) that 
K(a,t) =0 fort > x. 

The kernel K(a,t) is said to be degenerate if it can be represented in the form K(z,t) = 
gi(x)hy (0) test Gn(@)hn (Et). 

The kernel K(x, t) of an integral equation is called difference kernel if it depends only on the 
difference of the arguments, K(x, t) = K(a—-1). 


Polar kernels 
L(a,t) 


(x —t)P 
and logarithmic kernels (kernels with logarithmic singularity) 


K(a,t) = + M(a, t), 0<6<1, (3) 


K(z, t) = L(z, t) In(v —t) + M(z, 0), (4) 


where L(x, t) and M(z, t) are continuous on S and L(x, x) #0, are often considered as well. 

Polar and logarithmic kernels form a class of kernels with weak singularity. Equations containing 
such kernels are called equations with weak singularity. 

The following generalized Abel equation is a special case of Eq. (1) with the kernel of the 
form (3): 


/ pan dt=f(z), O<6<1. 


In case the functions K(x, t) and f(a) are continuous, the right-hand side of Eq. (1) must satisfy 
the following conditions: 
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1°. If K(a,a) #0, then f(x) must be constrained by f(a) = 0. 


2°. If K(a,a) = Ki (a,a) =--+ = KY YV(a,a) =0, 0<|K{(a,a)| < oo, then the right-hand side 
of the equation must satisfy the conditions 


(@=f@ea sfOOs0. 
3°. If K(a,a) = K/(a,a) =---= K@-(a,a) = 0, Ka, a) = 00, then the right-hand side of the 


equation must satisfy the conditions 
f@)= fi@ =o = ff %@ =0. 


For polar kernels of the form (4) and continuous f(x), no additional conditions are imposed on 
the right-hand side of the integral equation. 


Remark 1. Generally, the case in which the integration limit a is infinite is not excluded. 


8.1-2. Existence and Uniqueness of a Solution 


Assume that in Eq. (1) the functions f(x) and K(z, t) are continuous together with their first 
derivatives on [a, b] and on S, respectively. If K(a, x) #0 (a € [a, b]) and f(a) = 0, then there exists 
a unique continuous solution y(x) of Eq. (1). 


Remark 2. The problem of existence and uniqueness of a solution to a Volterra equation of 
the first kind is closely related to conditions under which this equation can be reduced to Volterra 
equations of the second kind (see Section 8.3). 


Remark 3. A Volterra equation of the first kind can be treated as a Fredholm equation of the 
first kind whose kernel K(x, t) vanishes for t > x (see Chapter 10). 


@) References for Section 8.1: E. Goursat (1923), H. M. Miintz (1934), F. G. Tricomi (1957), V. Volterra (1959), 
S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), J. A. Cochran (1972), C. Corduneanu (1973), 
V. I. Smirnov (1974), P. P. Zabreyko, A. I. Koshelev, et al. (1975), A. J. Jerry (1985), A. F. Verlan’ and V. S. Sizikov (1986). 


8.2. Equations With Degenerate Kernel: 
K(x, t) = gi(x)hi(t) + +++ + gn(x)hn(t) 


8.2-1. Equations With Kernel of the Form K (a, t) = gi(x)hi(t) + g2(x)ha(t) 


Any equation of this type can be rewritten in the form 
g(x) | hy(tuitrdt + axa) fF hacbuctat = fo. () 


It is assumed that g;(x) # const g2(x), hy(t) # const h(t), 0 < g(a) + g(a) < oo, and f(a) = 0. 
The change of variables 


ioe / hi(t)y(t) dt (2) 


followed by the integration by parts in the second integral in (1) with regard to the relation u(a) = 0 
yields the following Volterra equation of the second kind: 


ha(t) 
hi(t) 


[gah (x) + ga(ohaCw hua) — ga(eyhi(v) | | | u(t) dt = h(x) f(@). (3) 
a t 
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The substitution 


_ f? [eo] 
wie) = f Foe (4) 


reduces Eq. (3) to the first-order linear ordinary differential equation 


h2(x) 
hy(a) 


aa (5) 


| w = f(a)hi(x) | hi) 


[gi(x)hi (x) + go(x)ha(a)]wy — g2(x)hi (x) | 


1°. In the case g\(x)hi(x) + go(x)ho(x) # 0, the solution of equation (5) satisfying the condition 
w(a) = 0 (this condition is a consequence of the substitution (4)) has the form 


/ 


a f()hi(t) dt 
=@® : 6 
oe @) | Frolcomomorsonn (9) 
*Tho(t)]’ go (t)hy (t) dt 
co) = . 7 
) exp | Pol. a@rw snp ?) 


Let us differentiate relation (4) and substitute the function (6) into the resulting expression. After 
integrating by parts with regard to the relations f(a) = 0 and w(a) = 0, for f # const go we obtain 


g2(x)hi (x) P(x) 7 | fO "dt 


“= Tana) + one J, [oO], BO" 


Using formula (2), we find a solution of the original equation in the form 


d { go(x)hi (x) ®(x) is | f® | dt } 
hy(a) dx | gia)hi(x) + go(wyho(a) Ja | mt) |, OO J’ 
where the function ®(x) is given by (7). 


If f(x) = const g2(x), the solution is given by formulas (8) and (7) in which the subscript | must 
be changed by 2 and vice versa. 


y(x) = (8) 


2°. In the case gi (x)h1(x) + go(x)ho(x) = O, the solution has the form 


ld tea 1d Fama 


y(x) = hy dx |(g1/g2y,| hi dex | (ho/hiyh, 


8.2-2. Equations With General Degenerate Kernel 


A Volterra equation of the first kind with general degenerate kernel has the form 


S° Gm() / hm(t)y(t) dt = f(a). (9) 
m=l1 a 
Using the notation 
Wm(X) = , hm(by() dt, ma lyn, (10) 


we can rewrite Eq. (9) as follows: 


S Gm(@)Wm() = f (2). (11) 


m=l1 
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On differentiating formulas (10) and eliminating y(x) from the resulting equations, we arrive at the 
following linear differential equations for the functions w», = W(x): 


hi(xyw,, = hm(x)w}, m=2,...,n, (12) 
(the prime stands for the derivative with respect to x) with the initial conditions 
Wm(a) = 0, WM = Losers 
Any solution of system (11), (12) determines a solution of the original integral equation (9) by each 


of the expressions 


_ Wm) ss 
We Say? me=1,...,n, 


which can be obtained by differentiating formula (10). 
System (11), (12) can be reduced to a linear differential equation of order n — 1 for any 
function w,,(2) (m = 1,...,7) by multiple differentiation of Eq. (11) with regard to (12). 


@) References for Section 8.2: E. Goursat (1923), A. F. Verlan’ and V. S. Sizikov (1986). 


8.3. Reduction of Volterra Equations of the First Kind to 
Volterra Equations of the Second Kind 


8.3-1. The First Method 


Suppose that the kernel and the right-hand side of the equation 


/ K(a, t)y(t) dt = f(x), () 


have continuous derivatives with respect to x and that the condition K(x, x) # 0 holds. In this case, 
after differentiating relation (1) and dividing the resulting expression by K(x, x) we arrive at the 
following Volterra equation of the second kind: 


© GAG 1) f-@) 
y(a) + q RGD. at y(t) dt = Keay 


(2) 


Equations of this type are considered in Chapter 9. If K(a, x) = 0, then, on differentiating Eq. (1) 
with respect to x twice and assuming that K/. (a, t)lt22 #0, we obtain the Volterra equation of the 


second kind 
Kat) fits) 
wor [ze Rua as WG De 


If K/.(a, x) = 0, we can again apply differentiation, and so on. If the first m — 2 partial derivatives 
of the kernel with respect to x are identically zero and the (m — 1)st derivative is nonzero, then the 
m-fold differentiation of the original equation gives the following Volterra equation of the second 


kind: 
(m) (m) 
yor+ | aes unde = AO, 
Kz _ (x lez =r Kz” (x, Olt=x 
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8.3-2. The Second Method 


Let us introduce the new variable 


Y(x) = [ y(t) dt 


and integrate the right-hand side of Eq. (1) by parts taking into account the relation f(a) = 0. After 
dividing the resulting expression by K(x, x), we arrive at the Volterra equation of the second kind 
” Ki(a,t 
1) vq qe - L0_, 
K(a, 2) K(a, x) 
for which the condition K(x, 7) = 0 must hold. 


Y(x)- 


0) References for Section 8.3: E. Goursat (1923), V. Volterra (1959). 


8.4. Equations With Difference Kernel: K (a, t) = K(x -t) 


8.4-1. A Solution Method Based on the Laplace Transform 


Volterra equations of the first kind with kernel depending on the difference of the arguments have 
the form 


| K(a—t)y(t)dt = f(a). (1) 


To solve these equations, the Laplace transform can be used (see Section 7.2). In what follows 
we need the transforms of the kernel and the right-hand side; they are given by the formulas 


K(p) = if i K(ajeP* dx, f(p)= i: ‘7 f(aeP* de. (2) 
0 0 


Applying the Laplace transform £ to Eq. (1) and taking into account the fact that an integral 
with kernel depending on the difference of the arguments is transformed to the product by the rule 
(see Subsection 7.2-3) 


2 { [ K(e—ty(t) ar} = K@IO), 


we obtain the following equation for the transform (p): 


K(p)i(p) = fF). (3) 
The solution of Eq. (3) is given by the formula 

a fp) 
yp) = =. (4) 

K(p) 
On applying the Laplace inversion formula (if it is applicable) to (4), we obtain a solution of Eq. (1) 

in the form eer 

1 Ct+t00 f(p) f 
= — = * dp. 

O- a | Ro - 


When applying formula (5) in practice, the following two technical problems occur: 
1°. Finding the transform K(p) = ‘| K(a)e* dx for a given kernel K(z). 
0 


2°. Finding the resolvent (5) whose transform R(p) is given by formula (4). 

To calculate the corresponding integrals, tables of direct and inverse Laplace transforms can be 
applied (see Supplements 4 and 5), and, in many cases, to find the inverse transform, methods of the 
theory of functions of a complex variable are applied, including the Cauchy residue theorem (see 
Subsection 7.1-4). 


Remark. If the lower limit in the integral of a Volterra equation with difference kernel is a, then 
this equation can be reduced to Eq. (1) by means of the change of variables x = Z-—a, t =t-a. 
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8.4-2. The Case in Which the Transform of the Solution is a Rational Function 


Consider the important special case in which the transform (4) of the solution is a rational function 


of the form 


_._ F@) _ R@) 
HO Kw ~ Q0)’ 


where @(p) and R(p) are polynomials in the variable p and the degree of Q(p) exceeds that of R(p). 


If the zeros of the denominator Q(p) are simple, i.e., 


((p) = const (p— A1)(p— Az)... (V—An); 


and A; # A; for 7 # 7, then the solution has the form 


—~ ROx) 
(2) = ——~ exp(A;,2), 
> Q’Ow) 
where the prime stands for the derivatives. 


Example 1. Consider the Volterra integral equation of the first kind 
x 
| e a(t) dt = A sinh(bz). 
0 


We apply the Laplace transform to this equation and obtain (see Supplement 4) 


1 i(p) = Ab 
pean ~ p2—)2° 
This implies 
Ab(pt+a) _  Ab(p+a) 


p-b — (p—b)\(p+b) 


y(p) = 


We have Q(p) = (p— b)(p + b), R(p) = Ab(p + a), A, = b, and Az = —b. Therefore, the solution of the integral equation has 


the form 
y(x) = + Ab +ajer* + 5 Ab —a)e°* = Aasinh(bz) + Ab cosh(bz). 


8.4-3. Convolution Representation of a Solution 


In solving Volterra integral equations of the first kind with difference kernel K(x — t) by means of 


the Laplace transform, it is sometimes useful to apply the following approach. 
Let us represent the transform (4) of a solution in the form 


1 


§(p) = N(p)M(p)f(p), NOLS. 
Up) (p)M (p)f (p) (p) Kolm 


If we can find a function 1/(p) for which the inverse transforms 
£'{Mp)}=M@), L'{N@}=Ne@) 
exist and can be found in a closed form, then the solution can be written as the convolution 
x t 
y(x) = i: N(a —-t)F(t) dt, F(t)= , M(t—s)f(s) ds. 
0 0 


Example 2. Consider the equation 


| sin(kV'x —t) y(t) dt = f(a), f() =0. 
0 
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(6) 


(7) 


(8) 


(9) 


Applying the Laplace transform, we obtain (see Supplement 4) 


2 2 
H@)= Tap expla/p)F@), a= 4k (10) 
Let us rewrite the right-hand side of (10) in the equivalent form 
2 = 
Wp) = TER? [p'/? exp(a/p)|f@), a= tk, (11) 


where the factor in the square brackets corresponds to M(p) in formula (6) and N(p) = const p*. 
By applying the Laplace inversion formula according to the above scheme to formula (11) with regard to the relation 
(see Supplement 5) 


£" {re} = ola), LT {p'/? expla/p)} = = cosh (kz ), 
we find the solution inde 7 nee 
y(x) = age | eae f(t) dt. 
8.4-4. Application of an Auxiliary Equation 
Consider the equation : 
) K(x—by(t)dt = f(a), (12) 


where the kernel /’(z) has an integrable singularity at x = 0. 
Let w = w(x) be the solution of the simpler auxiliary equation with f(x) = 1 anda =0, 


i K(a-t)w(t) dt = 1. (13) 
0 


Then the solution of the original equation (12) with arbitrary right-hand side can be expressed as 
follows via the solution of the auxiliary equation (13): 


d x x 
y(x) = am w(x —t) f(t) dt = f(a)w(a - a) + w(a —t)f;@ dt. (14) 
a a 
Example 3. Consider the generalized Abel equation 
= y(t) dt 
= i O<p<l. 15 
gape a (5) 
We seek a solution of the corresponding auxiliary equation 
a t) dt 
‘ WOE at: HBB, (16) 
0 («-th 
by the method of indeterminate coefficients in the form 
w(x) = Az®. (17) 


Let us substitute (17) into (15) and then perform the change of variable t = x€ in the integral. Taking into account the 
relationship 
: T@Or@ 
Bo.w= f er ta-grtag =P 
0 Tp +q) 
between the beta and gamma functions, we obtain 
TG + DPU= 1) arte _ 
T(2+3—p) 


From this relation we find the coefficients A and (3: 


Ts 


1 si 

A= ae (18) 
Tw - p) T 

Formulas (17) and (18) define the solution of the auxiliary equation (16) and make it possible to find the solution of the 

generalized Abel equation (15) by means of formula (14) as follows: 

sinmp) d [* f(t)dt _ sin(mp) | f@ : ve fi(t) dt (19) 


dx Jq (a-t)l# T (a —a)l-e a (2-t)# 


B=p-l, 


yx) = 
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8.4-5. Reduction to Ordinary Differential Equations 


Consider the special case in which the transform of the kernel of the integral equation (1) can be 
represented in the form 
M(p) 


K(p) = No’ (20) 


where M(p) and N(p) are some polynomials of degrees m and n, respectively: 
M(p)=S_ Agp®, Np) = S° Bep*. (21) 
k=0 k=0 


In this case, the solution of the integral equation (1) (if it exists) satisfies the following linear 
nonhomogeneous ordinary differential equation of order ™m with constant coefficients: 


SC AP =. Beh. (22) 
k=0 k=0 
We can rewrite Eq. (22) in the operator form 
d 
M(D)y(a) = ND) f(@), =e 


The initial data for the differential equation (22), as well as the conditions that must be imposed on 
the right-hand side of the integral equation (1), can be obtained from the relation 


m k-1 n k-1 
DARD PPO - Do Bed PFO) = 0 (23) 
k=0 s=0 k=0 s=0 


by matching the coefficients of like powers of the parameter p. 
The proof of this assertion can be given by applying the Laplace transform to the differential 
equation (22) followed by comparing the resulting expression with Eq. (3) with regard to (20). 


| 8.4-6. Reduction of a Volterra Equation to a Wiener—Hopf Equation | 


A Volterra equation of the first kind with difference kernel of the form 


A K(a—t)y(t) dt = f(x), 0<4<@M, (24) 
0 


can be reduced to the following Wiener—Hopf equation of the first kind: 


if Ky(a -ty(t) dt = f(x), 0<4<@M, (25) 
0 


where the kernel /,(a — t) is given by 


K(s) for s>0, 
K4(s) = { 
(5) 0 for s <0. 
Methods for solving Eq. (25) are presented in Chapter 10. 


@ References for Section 8.4: G. Doetsch (1956), V. A. Ditkin and A. P. Prudnikov (1965), M. L. Krasnovy, A. I. Kiselev, 
and G. I. Makarenko (1971), V. I. Smirnov (1974), P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. D. Gakhov and 
Yu. I. Cherskii (1978). 
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8.5. Method of Fractional Differentiation 


8.5-1. The Definition of Fractional Integrals 


A function f(x) is said to be absolutely continuous on a closed interval [a, b] if for each ¢ > 0 there 


ses a 6 > 0 such that for any finite Syekem of disjoint intervals [a;,, b,] C [a,b], k=1,...,n, such 
that x — ay) < 6 the inequality = | f(bx) — f(ax)| < € holds. The class of all these functions is 
denoted by AC. 


Let AC", n=1,2,..., be the class of functions f(x) that are continuously differentiable on [a, 5] 
up to the order n — 1 and for which f(a) € AC. 
Let v(x) € D(a, b). The integrals 


1 f® ft 
leO= ay | ie dt, >a, (a) 
b 
I! g(a) = AON - ee (2) 


Tu) J, -2)'4 
where ju > 0, are called the integrals of fractional order js. Sometimes the integral (1) is called 
left-sided and the integral (2) is called right-sided. The operators If), and Ii! are called the operators 
of fractional integration. 


The integrals (1) and (2) are usually called the Riemann—Liouville fractional integrals. 
The following formula holds: 


b b 
/ pla)H, Wa) de = / Parl le) da, @) 


which is sometimes called the formula of fractional integration by parts. 
Fractional integration has the property 


EV y(a)=E ya), KR y@)=Ky@), p>0, B>0. (4) 


Property (4) is called the semigroup property of fractional integration. 


8.5-2. The Definition of Fractional Derivatives 


It is natural to introduce fractional differentiation as the operation inverse to fractional integration. 
For a function f(x) defined on a closed interval [a, b], the expressions 


1d f* f@® 
Td -p) dx J, (a@-t# 
1d f’ f@ 


Lb = P 
DS Ta de), G-ae (©) 


dt, (5) 


Di. f(x) mS 


are called the /eft and the right fractional derivative of order 1, respectively. It is assumed here that 
O<p<l. 
The fractional derivatives (5) and (6) are usually called the Riemann—Liouville derivatives. 
Note that the fractional integrals are defined for any order js > 0, but the fractional derivatives 
are so far defined only for 0 < uw < 1. 
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If f(x) € AC, then the derivatives D4, f(a) and Di f(x), 0 < pw < 1, exist almost everywhere, 
and we have D!), f(x) € L,(a, b) and Di. f(x) € L,(a,b), 1 <r < 1/j. These derivatives have the 
representations 


Pare f(a) 7 AO 

D4, f(x) = Td | aa Moar a), (7) 
eee: f(b) oA) 

Di f(x) = Td =p | Gaoa¥ i GaP a, (8) 


Finally, let us pass to the fractional derivatives of order 4 = 1. We shall use the following 
notation: [ju] stands for the integral part of a real number yu and {jz} is the fractional part of ju, 
0< {py} <1, so that 


w= [wu] + {pe}. (9) 
If ys is an integer, then by the fractional derivative of order 4, we mean the ordinary derivative 
d ub d L 
D4.=(—], Di=(-—], il ae 10 
ae ( da ) b= ( dx ) 2 om 


However, if ju is not integral, then Df, f and Dj} f are introduced by the formulas 


d [H] d [H]+1 
Di’, f(x) = (=) Dit! f(x) = (=) LS f(a), (11) 
d [vJ] d [u]+1 ; 
Di f(a) = (-<) Di" f(a) = (-<) F(z), (12) 
Thus, 
1 d\” f% t 
Di LO= Ta ( =) rl, nell, 13) 
Thy, Sca A fe N @) 7 
Di f(x) = Tap (=) Baer dt, n=[p]+l. (14) 


A sufficient condition for the existence of the derivatives (13) and (14) is as follows: 


7 F(t) dt 
if Gane e ACI, 


This sufficient condition holds whenever f(x) € AC™!. 


Remark. The definitions of the fractional integrals and fractional derivatives can be extended to 
the case of complex yu (e.g., see S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993)). 


8.5-3. Main Properties 


Let I4,(L1), > 0, be the class of functions f(x) that can be represented by the left fractional integral 
of order p: of an integrable function: f(x) = If, y(2), v(x) € Li(a,b), lS p< om. 
For the relation f(x) € I4,(L1), 1 > 0, to hold, it is necessary and sufficient that 


fn—p(z) = TY f € AC™, (15) 
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where n = [js] + 1, and* 
fi @=0; k=0,1,...,n-1. (16) 
Let 2 > 0. We say that a function f(a) € Ly has an integrable fractional derivative Di, f if 
Wn" f(x) € AC™, where n = [1] + 1. 
In other words, this definition introduces a notion involving only the first of the two condi- 
tions (15) and (16) describing the class If, (11). 
Let ps > 0. In this case the relation 


DENG) = 9() (17) 
holds for any integrable function v(x), and the relation 
1De.f(@) = f(®) (18) 
holds for any function f(x) such that 
f@) € MZ). (19) 


If we replace (19) by the condition that the function f(x) € L (a,b) has an integrable deriva- 
tive D4, f(x), then relation (18) fails in general and must be replaced by the formula 


1, Dé, f(x) = f(a) en a fi: (20) 


k) 


where n = [yu] + 1 and fr_,(x) = Wa" f(z). In particular, for 0 < ju < 1 we have 


fi-p(@) 


=1 
i (2 —ay, (21) 


1,.Do.f@) = f(a) - 


8.5-4. The Solution of the Generalized Abel Equation 


Consider the Abel integral equation 


y@) 
(x —t)# 


dt = f(a), (22) 


where 0 < ys < 1. Suppose that x € [a,b], f(a) € AC, and y(t) € Ly, and apply the technique of 
fractional differentiation. We divide Eq. (22) by (1 — y), and, by virtue of (1), rewrite this equation 
as follows: fo) 
x 
I; Yy(2) = : r>a. (23) 
T= p) 
Let us apply the operator of fractional differentiation Dj," to (23). Using the properties of the 
operators of fractional integration and differentiation, we obtain 


Din" f(x) 


ae SF, 24 
Td -p) =) 


y(@) = 


* From now on in Section 8.5, by f(a) we mean the nth derivative of f(«) with respect to x and f™(a)= L@)| 0 
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or, in the detailed notation, 


(25) 


Hore | | f@ [PP _fO a| 


PUMP -p) | @-al4 Jy (e@-th# 


Taking into account the relation 
1 _ sin(7p) 
T@rd- ot” 
we now arrive at the solution of the generalized Abel equation in the form 


sts) | f@ gO%) 


@-ay "J, @-H# 


y(@) = (26) 


which coincides with that obtained above in Subsection 8.4-4. 


@) References for Section 8.5: K. B. Oldham and J. Spanier (1974), Yu. I. Babenko (1986), S. G. Samko, A. A. Kilbas, and 
O. I. Marichev (1993). 


8.6. Equations With Weakly Singular Kernel 


8.6-1. A Method of Transformation of the Kernel 


Consider the Volterra integral equation of the first kind with polar kernel 


L(x, t) 


K@,)=7 


O0<a<l. (1) 


The integral equation in question can be represented in the form 


© T(z, t) - 
| Gapa tat = fo), (2) 


where we assume that the functions L(z, t) and OL(«, t)/Ox are continuous and bounded. To solve 
Eq. (2), we multiply it by dx /(€ — x)'~° and integrate from 0 to €, thus obtaining 


Shr” La, t) dx S f(x) dx 
oy ()at|—__ _— =) 2 
[ if @—pe™ ] €n j, (én 


By setting 
MG O= | Ga@-5* 
§ f(x) dz 
7 —_—_—__., 0) =0, 
eO= | Gop 90 


we obtain another integral equation of the first kind with the unknown function y(t): 


€ 
i K*(E, Dy) dt = oO, (3) 


in which the kernel K*(€, t) has no singularities. 

It can be shown that any solution of Eq. (3) is a solution of Eq. (2). Thus, after transforming 
Eq. (2) to the form (3), we can apply any methods available for continuous kernels to the latter 
equation. 
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8.6-2. Kernel With Logarithmic Singularity 


Consider the equation 
| In(a —t)y(t) dt = f(x), f(O) =0. 
0 
Let us apply the Laplace transform to solve this equation. Note that 


Sta") - | eP* x” dx 


Let us differentiate relation (5) with respect to v. We obtain 


T+ 
= put! 


Bie 1a" Ina} = 


Tw +l) pee 1) : 
+I1n : 
put! Tv +1) 7) 


For v = 0, it follows from (6) that 
ro. 


ray * ~? 


j y>-l. 


) 


(5) 


(6) 


where C = 0.5772... is the Euler constant. With regard to the last relation, formula (6) becomes 


£ {inc} - bse 


Applying the Laplace transform to Eq. (4) and taking into account (7), we obtain 


1 C 4 
=P ip) = Fo), 
and hence Z 
~._ PF) 
GP) = Inp+C° 


Now let us express 9(p) in the form 


Pf) f.0) fi.) 
pnp +C) p(inp+C)- 


yp) = 
Since f(0) = 0, it follows that 


Lif @)\ =p fo)-f,0). 


Let us rewrite formula (5) as 


x” _ ol 
Tw+ lf py! 


and integrate (11) with respect to v from 0 to co. We obtain 


ef [ ae a} | ae By 
9 Twtl) o pet! pinp 


(7) 


(8) 


(9) 


(10) 


(1) 


Applying the scaling formula for the Laplace transform (see Table 1 in Subsection 7.2-5) we see 


that 


Fs | (a/a) o = dv Z 1 = 1 
o lwtlh o pt! plnap  p(inp+Ina) 
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We set a = e© and obtain 


co gl’ ev 1 
2{/ rw+l iv} ~ pdnp+0)" ve 
Let us proceed with relation (9). By (12), we have 
FD 281 710) fF Pe iy (13) 
p(Inp+C) — T+) , 


Taking into account (10) and (12), we can regard the first summand on the right-hand side in (9) as 
a product of transforms. To find this summand itself we apply the convolution theorem: 


Pfo)- £0) _ (2-ty’e*” 
pimsx0) =f fos wo fr Tet)” vat} 
On the basis of relations (9), (13), and (14) we obtain the solution of the integral equation (4) in 
the form : ‘ 
2 (x- a en OS xe —-CV 
y(x) = -f wo [PS a dv dt — fi. of F Tor D dv. (15) 


@) References for Section 8.6: V. Volterra (1959), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971). 


8.7. Method of Quadratures 


8.7-1. Quadrature Formulas 


The method of quadratures is a method for constructing an approximate solution of an integral 
equation based on the replacement of integrals by finite sums according to some formula. Such 
formulas are called quadrature formulas and, in general, have the form 


b n 
/ U(x) dx = S° Anh(wi) + enlW, (1) 

a i=l 
where x; (i = 1,...,m) are the abscissas of the partition points of the integration interval [a, b], or 
quadrature (interpolation) nodes, A; (i = 1,...,n) are numerical coefficients independent of the 


choice of the function y(x), and €,,[y] is the remainder (the truncation error) of formula (1). As a 
rule, A; =O and >> A; = b-a. 
i=l 
There are quite a few quadrature formulas of the form (1). The following formulas are the 


simplest and most frequently used in practice. 
Rectangle rule: 


A, = Ay =+++ = An =h, An = 0, 
b- (2) 
Bie 8 Hi HGRA) SAL cs AY: 
n-1 
Trapezoidal rule: 
Ay =An= 4h, Ay = Ay ++ = Ani =h, 
b- (3) 
hes eee AGI: Sd 
n-1 
Simpson’s rule (or prizmoidal formula): 
A, = Arms = 5h, Ar =+++ = Aom = Fh, Az = +++ = Arma = Fh, 
b-a (4) 


h= 


, a =athi-l) (n=2m4l1, i=1,...,n), 
n—-1l 


where ™ is a positive integer. 

In formulas (2)—-(4), h is a constant integration step. 

The quadrature formulas due to Chebyshev and Gauss with various numbers of interpolation 
nodes are also widely applied. Let us illustrate these formulas by an example. 
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Example. For the interval [—1, 1], the parameters in formula (1) acquire the following values: 
Chebyshev’s formula (n = 6): 


A, = Ay Sects a = 3° vt) =—-% = -0.8662468181, (5) 


©) = 25 = -0.4225186538, 23 = 24 = -0.2666354015. 


Gauss’ formula (n = 7): 


A, = Az = 0.1294849662, Ay = Ag = 0.2797053915, 
A3 = As = 0.3818300505, A4 = 0.4179591837, (6) 
x, =-x7 = -0.9491079123, x2 =-x6 = —0.7415311856, 


23 =-a5 = —0.4058451514, x4 = 0. 


Note that a vast literature is devoted to quadrature formulas, and the reader can find books of 
interest (e.g., see G. A. Korn and T. M. Korn (1968), N. S. Bakhvalov (1973), S. M. Nikol’skii 
(1979)). 


| 8.7-2. The General Scheme of the Method | 


Let us solve the Volterra integral equation of the first kind 


/ K(a, thy(t) dt = f(x), f(a) =0, (7) 
on an interval a < x < b by the method of quadratures. The procedure of constructing the solution 
involves two stages: 


1°. First, we determine the initial value y(a). To this end, we differentiate Eq. (7) with respect to x, 
thus obtaining 


K(x, x)y(a) + i Ki.(a, t)y(t) dt = fi. (2). 
By setting x = a, we find that 


f(a) _ f(a) 


yi = y(a) = Rigas hat 
2°. Let us choose a constant integration step / and consider the discrete set of points x; =a+h(i-1), 
a=1,...,n. For x = x;, Eq. (7) acquires the form 
/ K(a;, Hy) dt = f(x), (a eee Lr (8) 


Applying the quadrature formula (1) to the integral in (8) and choosing x; (7 = 1,...,7) to be the 
nodes in t, we arrive at the system of equations 


S AgK@:, 2,))y@) = fe)t+elyl,  %=2,...,n, (9) 


jal 


where the A;, are the coefficients of the quadrature formula on the interval [a, x;] and e;[y] is the 
truncation error. Assume that the ¢,;[y] are small and neglect them; then we obtain a system of linear 
algebraic equations in the form 


S- Ais kizyj = fis GS Deas eth, (10) 


j=l 
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where Kj; = K(a;,2;) 7 =1,...,%), fi = f(as), and y; are approximate values of the unknown 
function at the nodes x;. 

Now system (10) permits one, provided that A;;K;; #0 (¢ = 2,...,7), to successively find the 
desired approximate values by the formulas 


n-l 
In - 0 Ang Kngy; 
j=l 


Ann Knn 


ie fi.(a) ie fo - Ar Kay pest 
Ky” AyKy 7 0 


’ 


whose specific form depends on the choice of the quadrature formula. 


8.7-3. An Algorithm Based on the Trapezoidal Rule 


According to the trapezoidal rule (3), we have 
Ay =Ay= th, Ag =--+= Ai =h, t=2,...,7. 


The application of the trapezoidal rule in the general scheme leads to the following step algorithm: 


_ fia) Pea | ics Sot 
Y1 ae Ky ’ f(a) = rh > 
i-l 
2 (fi 1 for j=1 : 
(= ——-?) ‘Kiy; ), = 2 2 , 4=2,...,7, 
a Kij ( h ry Bi iu; i { 1 for j>1, 


where the notation coincides with that introduced in Subsection 8.7-2. The trapezoidal rule is quite 
simple and effective and frequently used in practice for solving integral equations with variable limit 
of integration. 

On the basis of Subsections 8.7-1 and 8.7-2, one can write out similar expressions for other 
quadrature formulas. However, they must be used with care. For example, the application of 
Simpson’s rule must be alternated, for odd nodes, with some other rule, e.g., the rectangle rule or 
the trapezoidal rule. For equations with variable integration limit, the use of Chebyshev’s formula 
or Gauss’ formula also has some difficulties as well. 


8.7-4. An Algorithm for an Equation With Degenerate Kernel 


A general property of the algorithms of the method of quadratures in the solution of the Volterra 
equations of the first kind with arbitrary kernel is that the amount of computational work at each 
step is proportional to the number of the step: all operations of the previous step are repeated with 
new data and another term in the sum is added. 

However, if the kernel in Eq. (7) is degenerate, i.e., 


K(a,t) = S— pe(w)an(t), (11) 


k=1 


or if the kernel under consideration can be approximated by a degenerate kernel, then an algorithm can 
be constructed for which the number of operations does not depend on the index of the digitalization 
node. With regard to (11), Eq. (7) becomes 


m 


S- px(2) / gn(thy(t) dt = f(z). (12) 


k=1 
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By applying the trapezoidal rule to (12), we obtain recurrent expressions for the solution of the 
equation (see formulas in Subsection 8.7-3): 


/ 2 ; m i-l 
y(a) = ow ae Y= z——|F- Dw Yas], 
> pr(a)gn(a) >> Prides k=l aA 
k=l k=l 


where y; are approximate values of y(x) at x;, fj = f(@i), Pei = Pe (@i), and qei = Qe (i). 


@) References for Section 8.7: G. A. Korn and T. M. Korn (1968), N. S. Bakhvalov (1973), V. I. Krylov, V. V. Bobkov, and 
P. I. Monastyrnyi (1984), A. F. Verlan’ and V. S. Sizikov (1986). 


8.8. Equations With Infinite Integration Limit 


Integral equations of the first kind with difference kernel in which one of the limits of integration 
is variable and the other is infinite are of interest. Sometimes the kernels and the functions of these 
equations do not belong to the classes described in the beginning of the chapter. The investigation 
of these equations can be performed by the method of model solutions (see Section 9.6) or by the 
method of reducing to equations of the convolution type. Let us consider these methods for an 
example of an equation of the first kind with variable lower limit of integration. 


8.8-1. An Equation of the First Kind With Variable Lower Limit of Integration 


Consider the equation of the first kind with difference kernel 


/ K(e—ty(t)dt = fl). (1) 


Equation (1) cannot be solved by direct application of the Laplace transform, because the convolution 
theorem cannot be used here. According to the method of model solutions whose detailed exposition 
can be found in Section 9.6, we consider the auxiliary equation with exponential right-hand side 


i K (a —t)y(t) dt = e?*. (2) 
The solution of (2) has the form 


Y (x, p) = Bes K(-p) = [ K(-z)eP* dz. (3) 
0 


oe eee 
K(-p) 


On the basis of these formulas and formula (11) from Section 9.6, we obtain the solution of Eq. (1) 
for an arbitrary right-hand side f(a) in the form 


2 1 ctioo f(r) rs 
y(x) = ae if Bt as eP* dp, (4) 


where f(p) is the Laplace transform of the function f(z). 
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Example. Consider the following integral equation of the first kind with variable lower limit of integration: 


co 
/ et® y(t) dt = Asin(bz), a>0. 
x 


According to (3) and (4), we can write out the expressions for f(p) (see Supplement 4) and K(-p), 


% Ab x oe. 1 
FO=—so5 Kew = fr de = 
p +b 0 a-p 


and the solution of Eq. (5) in the form 


1 C+t00 Ab(a — 
yx) = = / eed) eP® dp. 
mi Jeico =p? +. 


Now using the tables of inverse Laplace transforms (see Supplement 5), we obtain the exact solution 
y(x) = Aa sin(ba) — Ab cos(bz), a>0, 


which can readily be verified by substituting (8) into (5) and using the tables of integrals in Supplement 2. 


8.8-2. Reduction to a Wiener—Hopf Equation of the First Kind 


Equation (1) can be reduced to a first-kind one-sided equation 


K_(a -t)y@ dt = -f(x), 0<r%<aM, 
0 


where the kernel K_(a — t) has the following form: 


Methods for studying Eq. (9) are described in Chapter 10. 


@ References for Section 8.8: F. D. Gakhov and Yu. I. Cherskii (1978), A. D. Polyanin and A. V. Manzhirov (1997). 
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(5) 


(6) 


(7) 


(8) 


(9) 


Chapter 9 


Methods for Solving Linear Equations 
of the Form (x) - [ ” K(x, thy(t) dt = f(x) 


9.1. Volterra Integral Equations of the Second Kind 


9.1-1. Preliminary Remarks. Equations for the Resolvent 


In this chapter we present methods for solving Volterra integral equations of the second kind, which 
have the form 


ye) | K(a, t)y(t) dt = f(x), () 


where y(x) is the unknown function (a < x < b), K(a,t) is the kernel of the integral equation, and 
f(a) is the right-hand side of the integral equation. The function classes to which y(x), f(x), and 
(a, t) can belong are defined in Subsection 8.1-1. In these function classes, there exists a unique 
solution of the Volterra integral equation of the second kind. 

Equation (1) is said to be homogeneous if f(x) = 0 and nonhomogeneous otherwise. 

The kernel K(az,t) is said to be degenerate if it can be represented in the form K(a,t) = 
gi(x)hi(t) +++ + gn(a)n(t).- 

The kernel K(x, t) of an integral equation is called difference kernel if it depends only on the 
difference of the arguments, K(x, t) = K(x -t). 


Remark 1. A homogeneous Volterra integral equation of the second kind has only the trivial 
solution. 


Remark 2. The existence and uniqueness of the solution of a Volterra integral equation of the 
second kind hold for a much wider class of kernels and functions. 


Remark 3. A Volterra equation of the second kind can be regarded as a Fredholm equation of 
the second kind whose kernel /(x, t) vanishes for t > x (see Chapter 11). 


Remark 4. The case in which a = —oo and/or b = oo is not excluded, but in this case the square 
integrability of the kernel K(x, ¢) on the square S = {as a<b, a<t< bt} is especially significant. 


The solution of Eq. (1) can be presented in the form 


Omir i) R(w, t) f(t) dt, (2) 


a 


where the resolvent R(x,t) is independent of f(x) and the lower limit of integration a and is 
determined by the kernel of the integral equation alone. 
The resolvent of the Volterra equation (1) satisfies the following two integral equations: 


R(a,t) = K(a,t)+ ia K(a,s)R(s, t) ds, (3) 
t 


© 1998 by CRC Press LLC 


R(a,t) = K(a,t)+ i K(s, t)R(a, s) ds, (4) 
t 


in which the integration is performed with respect to different pairs of variables of the kernel and 
the resolvent. 


9.1-2. A Relationship Between Solutions of Some Integral Equations | 


Let us present two useful formulas that express the solution of one integral equation via the solutions 
of other integral equations. 


1°. Assume that the Volterra equation of the second kind with kernel K (2, t) has a resolvent R(z, t). 
Then the Volterra equation of the second kind with kernel K*(x,t) = —K(t, x) has the resolvent 
R*(a,t) =—-RC, x). 


2°. Assume that two Volterra equations of the second kind with kernels K,(a, t) and K (a, t) are 
given and that resolvents R(x, t) and R2(x, t) correspond to these equations. In this case the Volterra 
equation with kernel 


K(a,t) = Ky(a,t) + Ko(a, t)- a Ki (a, s)K2(s, t) ds (5) 
t 


has the resolvent : 
R(w,t) = Ry(a,t) + Ro(a,t) + / Ry(s,t)Ra(2, 8) ds. 6) 
t 


Note that in formulas (5) and (6), the integration is performed with respect to different pairs of 
variables. 


@) References for Section 9.1: E. Goursat (1923), H. M. Miintz (1934), V. Volterra (1959), S. G. Mikhlin (1960), 
M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), J. A. Cochran (1972), V. I. Smirnov (1974), P. P. Zabreyko, 
A. I. Koshelev, et al. (1975), A. J. Jerry (1985), F. G. Tricomi (1985), A. F. Verlan’ and V. S. Sizikov (1986), G. Gripenberg, 
S.-O. Londen, and O. Staffans (1990), C. Corduneanu (1991), R. Gorenflo and S. Vessella (1991), A. C. Pipkin (1991). 


9.2. Equations With Degenerate Kernel: 
K(x, t) = gi(x)hi(t) + +++ + gn(x)hn(t) 


9.2-1. Equations With Kernel of the Form K (a, t) = p(x) + w(x)(a — t) 


The solution of a Volterra equation (see Subsection 9.1-1) with kernel of this type can be expressed 
by the formula 


Y = Whe» (1) 
where w = w(2) is the solution of the second-order linear nonhomogeneous ordinary differential 
equation 

Wye — P(x)w, — Y(ayw = f(x), (2) 
with the initial conditions 
w(a) = w),(a) = 0. (3) 


Let w; = w,(x) be a nontrivial particular solution of the corresponding homogeneous linear differ- 
ential equation (2) for f(z) = 0. Assume that w (a) # 0. In this case, the other nontrivial particular 
solution w2 = w(x) of this homogeneous linear differential equation has the form 


x a) 2 ere 
w2(x) = wi(o) | wor dt, @(x) = exp if p(s) ds| : 
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The solution of the nonhomogeneous equation (2) with the initial conditions (3) is given by the 
formula 

wi(t) w2(t) 
®(t) ®(t) 


On substituting expression (4) into formula (1) we obtain the solution of the original integral equation 
in the form 


wey ae) | f(t) dt — wi (2) / f(t) dt. (4) 


x 


yon) = feo)+ | R(a, t) fb) dt, 


a 


where 
R(a, t) = [wy (x)wi (t) - wi} (x) w(t] ai 
O(r) wilt) : w(t) (s) 
= OT Gy op * OUI + Hourly [ mere 


x 


Here ®(x) = exp / p(s) ds| and the primes stand for x-derivatives. 


a 


For a degenerate kernel of the above form, the resolvent can be defined by the formula 
Ria, t) = ul, 


where the auxiliary function u is the solution of the homogeneous linear second-order ordinary 
differential equation 
u 


ne ~ P(t)U, — Y(x)u = 0 (5) 


with the following initial conditions at x = t: 


20) a) Sk (6) 


u| xat 


x=t 


The parameter ¢ occurs only in the initial conditions (6), and Eq. (5) itself is independent of t. 


Remark 1. The kernel of the integral equation in question can be rewritten in the form K(z, t) = 
G(x) + tGo(x), where Gj (x) = p(x) + ev (a) and G2(x) = -y(2). 


9.2-2. Equations With Kernel of the Form K (a, t) = y(t) + w(t)(t- x) 


For a degenerate kernel of the above form, the resolvent is determined by the expression 
R(a, t) =v}, (7) 


where the auxiliary function v is the solution of the homogeneous linear second-order ordinary 
differential equation 
vy + V(t)U, + Pu = (8) 


with the following initial conditions at t = x 
v|,_, = 0, v,|,_.=1 (9) 


The point x occurs only in the initial data (9) as a parameter, and Eq. (8) itself is independent of x. 
Assume that v; = v;(t) is a nontrivial particular solution of Eq. (8). In this case, the general 
solution of this differential equation is given by the formula 


t 


@(t) = exp ‘| y(s) ds| : 


v(t) = conn con f Torr’ 
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Taking into account the initial data (9), we find the dependence of the integration constants C} 
and C on the parameter x. As a result, we obtain the solution of problem (8), (9): 


Us ove | — (10) 


On substituting the expression (10) into formula (7) and eliminating the second derivative by means 
of Eq. (8) we find the resolvent: 


ro) 
RE, 1) = 9) OO 5 pn WOW oHu{(t) + YOO] j 


v1 (HOO) &(s)I oP 


Remark 2. The kernel of the integral equation under consideration can be rewritten in the form 
K(a,t) = Gi(t) + xGo(t), where G1 (t) = y(t) + ty(t) and Go(t) = -y(t). 


9.2-3. Equations With Kernel of the Form K (za, t) = See Pm (a)(a - t)™1 


To find the resolvent, we introduce an auxiliary function as follows: 


(x _ pr! 
(n—1)!’ 


at x = t, this function vanishes together with the first n — 2 derivatives with respect to x, and the 
(n — 1)st derivative at x = t is equal to 1. Moreover, 


u(x, t) = acti i R(s,t)\(a—s)"! ds + 


dad” u(x,t 
ul = a) » 


RG, =a a0), (11) 
dx” 
On substituting relation (11) into the resolvent equation (3) of Subsection 9.1-1, we see that 
ul (a, t) = K(a,t) + i K (a, s)uo(s, t) ds. (12) 
t 
Integrating by parts the right-hand side in (12), we obtain 
n-l 
uM (a, t) = K(a,t)+ S“(-D™ KL, sue Ms, t)| (13) 
m=0 


On substituting the expressions for K(x, t) and u(x, ¢) into (13), we arrive at a linear homogeneous 
ordinary differential equation of order n for the function u(, ft). 

Thus, the resolvent R(x, t) of the Volterra integral equation with degenerate kernel of the above 
form can be obtained by means of (11), where u(x, t) satisfies the following differential equation 
and initial conditions: 


(n-l) (n-2) (n-3) 


— 2(x)uy ” —23(a@)uy’ —- ++ -(n- 1)! Yn(w)u = 0 
=u, = su] =0, ut] 
Ug =t > x 


—pi(r)uy 


The parameter ¢ occurs only in the initial conditions, and the equation itself is independent of t¢ 
explicitly. 


Remark 3. A kernel of the form K(z,t) = >> om(x)t| can be reduced to a kernel of the 
m=1 
above type by elementary transformations. 
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9.2-4. Equations With Kernel of the Form K (<a, t) = Ane Ym(t\(t - x) 
Let us represent the resolvent of this degenerate kernel in the form 
yw = d” v(a, t) 

‘ atm” 
where the auxiliary function v(x, t) vanishes at t = x together with n—2 derivatives with respect to t, 
and the (n — 1)st derivative with respect to t at t = x is equal to 1. On substituting the expression for 
the resolvent into Eq. (3) of Subsection 9.1-1, we obtain 


R(a, t) = -v6 (a, t), 


vs” (ax, t) = i K(s, tu (a, s) ds — K(c, t). 
t 


Let us apply integration by parts to the integral on the right-hand side. Taking into account the 
properties of the auxiliary function u(x,t), we arrive at the following Cauchy problem for an 
nth-order ordinary differential equation: 
UW” + yi (tuk? + prtuf”™ + 2a (tuk +--+ (n= D! on(Ov = 0, 
n-2 n-1 
Vl pew a Ul tee ee vy Sle = 0, vf ie = 1. 

The parameter x occurs only in the initial conditions, and the equation itself is independent of x 
explicitly. 

Remark 4. A kernel of the form K(z,t) = >> om(t)xz™! can be reduced to a kernel of the 


m= 


above type by elementary transformations. 


9.2-5. Equations With Degenerate Kernel of the General Form 


In this case, the Volterra equation of the second kind can be represented in the form 
yr) — S~ 9m(2) / hm(t)y(t) dt = f(z). (14) 
m=l a 
Let us introduce the notation 


w,(a)= | h,(tyy@)dt,  j=1,...,n, (15) 


and rewrite Eq. (14) as follows: 


y(t) = S° dm(@)Wm(a) + f(a). (16) 


m=1 
On differentiating the expressions (15) with regard to formula (16), we arrive at the following system 
of linear differential equations for the functions w; = w;(2): 


wh = hg@)|Y> 9m(x)m + f@)], GMs, 

m=1 
with the initial conditions 

w;(a) = 0, YS dusts ns 
Once the solution of this system is found, the solution of the original integral equation (14) is defined 
by formula(16) or any of the expressions 
wi (x) 
h;(z)’ 


which can be obtained from formula (15) by differentiation. 


y(@) = Ce Peer 


@) References for Section 9.2: E. Goursat (1923), H. M. Miintz (1934), A. F. Verlan’ and V. S. Sizikov (1986), A. D. Polyanin 
and A. V. Manzhirov (1998). 
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9.3. Equations With Difference Kernel: K(z,t) = K(x -t) 


9.3-1. A Solution Method Based on the Laplace Transform 


Volterra equations of the second kind with kernel depending on the difference of the arguments have 
the form 


ya)- | Ke@e-bytat= fee) () 

0 
Applying the Laplace transform £ to Eq. (1) and taking into account the fact that by the 
convolution theorem (see Subsection 7.2-3) the integral with kernel depending on the difference of 


the arguments is transformed into the product K(p)(p), we arrive at the following equation for the 
transform of the unknown function: 


ip) - K(p)G(p) = FP). (2) 


The solution of Eq. (2) is given by the formula 


-._ _ F() 
Gp) = 1 _ K (p) > (3) 
which can be written equivalently in the form 
te et ee . Kk) 
Wp) = fp) + R@) FO) (p) i- Kw (4) 


On applying the Laplace inversion formula to (4), we obtain the solution of Eq. (1) in the form 


y(a) = fo) + | R(w—t) f(b) dt, 

< ee G) 
R(z) = — / R(p)eP® dp. 

271 Je. 


When applying formula (5) in practice, the following two technical problems occur: 


1°. Finding the transform K(p) = | K(a)e* dx for a given kernel K(z). 
0 


2°. Finding the resolvent (5) whose transform R(p) is given by formula (4). 

To calculate the corresponding integrals, tables of direct and inverse Laplace transforms can be 
applied (see Supplements 4 and 5), and, in many cases, to find the inverse transform, methods of the 
theory of functions of a complex variable are applied, including the Cauchy residue theorem (see 
Subsection 7.1-4). 


Remark. If the lower limit of the integral in the Volterra equation with kernel depending on the 
difference of the arguments is equal to a, then this equation can be reduced to Eq. (1) by the change 
of variables x = Z—a,t =f-a. 


Figure 2 depicts the principal scheme of solving Volterra integral equations of the second kind 
with difference kernel by means of the Laplace integral transform. 


© 1998 by CRC Press LLC 


The original integral equation: y(x) — i K(x — t)y(t) dt = f(x) 
0 


Application of the 
Laplace transform 
co 


fe= [ en P® (ar) dar 


Algebraic equation for the transform: 


Solution 
of the equation 
for the transform 


Application of the inverse 
Laplace onsionn 
eC 


f(2)=— i eb Fp) dp 


27% Je—ico 


Solution: y(x) = f(%)+ i R(a — t) f(t) dt, 


Fig. 2. Scheme of solving Volterra integral equations of the second kind with difference kernel by means 
K@) 
1- K(p) 


of the Laplace integral transform. R() is the inverse transform of the function Rp) = 


Example 1. Consider the equation 


yay+A yi sin[A(w - t)] y(t) dt = f(a), (6) 


which is a special case of Eq. (1) for K(x) = —A sin(Az). 
We first apply the table of Laplace transforms (see Supplement 4) and obtain the transform of the kernel of the integral 
equation in the form 


Ar 


K(p) =-——... 
(p) pee 


Next, by formula (4) we find the transform of the resolvent: 


Ar 


BOVE oe SAN 


Furthermore, applying the table of inverse Laplace transforms (see Supplement 5) we obtain the resolvent: 
Ar 
——sin(kx) for X(A+A)>0, 


R@=) 4 where k= |\(A +)|!/2. 
age sinh(kx) for (A +A) <0, 
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Moreover, in the special case \ =—A, we have R(x) = A?x. On substituting the expressions for the resolvent into formula (5), 
we find the solution of the integral equation (6). In particular, for ACA + A) > 0, this solution has the form 


AX [® 
ya) = f(a) - rs | sin[k(a —t)] f() dt, k=/XA+)A). (7) 


9.3-2. A Method Based on the Solution of an Auxiliary Equation 


Consider the integral equation 
Ay(x) +B a K(a-ty(t) dt = f(a). (8) 
Let w = w(a) be a solution of the simpler auxiliary equation with f(2) = 1 and a =0, 
Auw(z) +B [ K(a—-t)w(t) dt = 1. (9) 


In this case, the solution of the original equation (8) with an arbitrary right-hand side can be expressed 
via the solution of the auxiliary equation (9) by the formula 


x 


d x 
y(x) = al w(a —t) f(t) dt = flayute—a)+ f wa -t fi dt. (10) 


a 


Let us prove this assertion. We rewrite expression (10) (in which we first redenote the integration parameter t by s) in 
the form 


d x 
yo)= Ie), Tea) = i w(a —s)f(s) ds (11) 


and substitute it into the left-hand side of Eq. (8). After some algebraic manipulations and after changing the order of 
integration in the double integral with regard to (9), we obtain 


d « d d d « 
Gp Alm) + B if K(@w-t)7 I(t) dt = — Ala) + —B / K(a-t)I(t) dt 


x iH t 
= [4 / w(e-sf(s)ds+B | / K(x -Dw(t -s)f(s) ds at] 


dx 
= a{f fo[Awe-9+8 [” K@-pwt-sat] ds} 
= 1{f fo[awe-9+8 [ K@-s-rwoar| as} = © [ ferds= fo, 


which proves the desired assertion. 


9.3-3. Reduction to Ordinary Differential Equations 


Consider the special case in which the transform of the kernel of the integral equation (1) can be 
expressed in the form 


f QP) 
1- K(p) = ——, 12 
(p) Ro) (12) 
where Q(p) and R(p) are polynomials of degree n: 
Qi) = 57 Axp*, Rp) = D> Bep*. (13) 
k=0 k=0 
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In this case, the solution of the integral equation (1) satisfies the following linear nonhomogeneous 
ordinary differential equation of order n with constant coefficients: 


So Any (a) = S> Be fM(o). (14) 


k=0 k=0 


Equation (14) can be rewritten in the operator form 


d 
QD)y(@) = RD) f@), DS. 
ao 


The initial conditions for Eq. (14) can be found from the relation 


n k-1 n k-1 
SS An p12 O)- > BY pO =0 (15) 
k=0 s=0 k=0 s=0 


by matching the coefficients of like powers of the parameter p. 

The proof of this assertion can be performed by applying the Laplace transform to the differential 
equation (14) and by the subsequent comparison of the resulting expression with Eq. (2) with regard 
to (12). 

Another method of reducing an integral equation to an ordinary differential equation is described 
in Section 9.7. 


9.3-4. Reduction to a Wiener—Hopf Equation of the Second Kind 


A Volterra equation of the second kind with the difference kernel of the form 


y(2) +f K(a—t)y(t) dt = f(x), 0<4r<aM, (16) 
0 


can be reduced to the Wiener—Hopf equation 


y(a) +f K(x —-t)y(t) dt = f(x), 0<r%<aM, (17) 
0 


where the kernel /,(a# — t) is given by 


K(s) for s>0, 


Ki(s) = 
+(s) i for s<0. 


Methods for studying Eq. (17) are described in Chapter 11, where an example of constructing 
a solution of a Volterra equation of the second kind with difference kernel by means of con- 
structing a solution of the corresponding Wiener—Hopf equation of the second kind is presented 
(see Subsection 11.9-3). 


9.3-5. Method of Fractional Integration for the Generalized Abel Equation 


Consider the generalized Abel equation of the second kind 


= y(t 
y(x) —r i. 7 a dt=f(x), «>a, (18) 
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where 0 < p< 1. Let us assume that x € [a, b], f(a) € AC, and y(t) € Ly, and apply the technique 
of the fractional integration (see Section 8.5). We set 


u=1-B, O<B<l1, dX (19) 


of 
T(6)’ 
and use (8.5.1) to rewrite Eq. (18) in the form 


(1-v¥8,)y(a) = f(x), Z>a. (20) 
Now the solution of the generalized Abel equation of the second kind can be symbolically written 
as follows: i 
y(x) = (1-vI8,) f(a), xL> a. (21) 
On expanding the operator expression in the parentheses in a series in powers of the operator by 
means of the formula for a geometric progression, we obtain 


y(«) = f i ay" f(x), x>a. (22) 
n=l 
Taking into account the relation 2," 7 yer , we can rewrite formula (22) in the expanded form 


pe 


P(Gn) 


Let us transpose the integration and summation in the expression (23). Note that 


y(a) = f(z)+ >> : (e-tP""fidt, 2>a (23) 
n=l sd 


ica y™(2 —ter! : Avec. v" (a — te" 
> (bn) oe T+ Bn) ° 


In this case, taking into account the change of variables (19), we see that a solution of the generalized 
Abel equation of the second kind becomes 


ye)=fe)+ | Ra-pfidt, >a, (24) 
where the resolvent R(x — t) is given by the formula 


—d QS Prd-pw@-pyt]" 
ae DE ale Til+d-mn]) 


(25) 


In some cases, the sum of the series in the representation (25) of the resolvent can be found, and a 
closed-form expression for this sum can be obtained. 


Example 2. Consider the Abel equation of the second kind (we set p = , in Eq. (18)) 


@-r f° FQ a= fa, «> (26) 
ee = f(x), xZ>a. 
Y a Vert 
By virtue of formula (25), the resolvent for Eq. (26) is given by the expression 
d & [AVm@—-9 |” 
Rotye yy, el (27) 
dx — r(1 + 57) 
n=l 2 
We have 
Sr Pepe setae ie P (28) 
=e” erf /z, erf x = — e dt, 
Wel ra + in) VT 0 
where erf x is the error function. By (27) and (28), in this case the expression for the resolvent can be rewritten in the form 
d 
R(v-t)= {exp[\*n(« -t)lerf[A./m(a - 1) | \. (29) 
x 
Applying relations (24) and (27), we obtain the solution of the Abel integral equation of the second kind in the form 
d z 
y(a) = f(x) + ie / {exp[\?m(a —t)] erf [A/ T(x — t)] }1@ dt, a>a. (30) 
ze Ja 


Note that in the case under consideration, the solution is constructed in the closed form. 
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9.3-6. Systems of Volterra Integral Equations 


The Laplace transform can be applied to solve systems of Volterra integral equations of the form 


Ym(x)— >> ‘f King(e—tyg(t) dt = fin(w), = m=1,...,n. (31) 
k= 79 
Let us apply the Laplace transform to system (31). We obtain the relations 
Tm(p)- S- Kme(p)in(P) = fm(p), = m=1,...,n. (32) 
k=l 


On solving this system of linear algebraic equations, we find %,,(p), and the solution of the system 
under consideration becomes 


1 C+i00 
Y(t) = 5 — / Im(pye”* dp. (33) 
Mt J c-ioo 
The Laplace transform can be applied to construct a solution of systems of Volterra equations 
of the first kind and of integro-differential equations as well. 
@) References for Section 9.3: V. A. Ditkin and A. P. Prudnikov (1965), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko 
(1971), V. I. Smirnov (1974), K. B. Oldham and J. Spanier (1974), P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. D. Gakhov 


and Yu. I. Cherskii (1978), Yu. I. Babenko (1986), R. Gorenflo and S. Vessella (1991), S. G. Samko, A. A. Kilbas, and 
O. I. Marichev (1993). 


9.4. Operator Methods for Solving Linear Integral 
Equations 


9.4-1. Application of a Solution of a “Truncated”’ Equation of the First Kind 


Consider the linear equation of the second kind 


yx) +L[y] = f(x), () 
where L is a linear (integral) operator. 
Assume that the solution of the auxiliary “truncated” equation of the first kind 


L[u] = g(x), (2) 
can be represented in the form 

u(x) = M[L[g]]. (3) 

where M is a known linear operator. Formula (3) means that 

L1=ML. 
Let us apply the operator L“! to Eq. (1). The resulting relation has the form 

M[L[y]] + y@) = M[L[f]], (4) 

On eliminating y(x) from (1) and (4) we obtain the equation 
M [w] - w(x) = F(a), (5) 


in which the following notation is used: 


w=L{y], F(@)=M[LIf]] - f@. 
In some cases, Eq. (5) is simpler than the original equation (1). For example, this is the case if 
the operator M is a constant (see Subsection 11.7-2) or a differential operator: 
_d 
er 
In the latter case, Eq. (5) is an ordinary linear differential equation for the function w. 


If a solution w = w(x) of Eq. (5) is obtained, then a solution of Eq. (1) is given by the formula 
y(x) = M[L[w]]. 


M =a,,D" +an_;D"! +---+a,;D + a9, 
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Example 1. Consider the Abel equation of the second kind 


d 
* y(t) dt (6) 


y(x) + Tees = f(a). 


d 
To solve this equation, we apply a slight modification of the above scheme, which corresponds to the case M = const re 
x 
Let us rewrite Eq. (6) as follows: 


= y(t) dt f(z) - y(a) (7) 
a Va-t Xr ‘ 
Let us assume that the right-hand side of Eq. (7) is known and treat Eq. (7) as an Abel equation of the first kind. Its solution 
can be written in the following form (see the example in Subsection 8.4-4): 


* fO-y® 
mdz Jq AJf«-t 


d f® y(t)dt 1 d f® fit)dt 
WOE cde a GR EE (8) 


Let us differentiate both sides of Eq. (6) with respect to x, multiply Eq. (8) by -7?, and add the resulting expressions term 
by term. We eventually arrive at the following first-order linear ordinary differential equation for the function y = y(x): 


y(x) = dt 


or 


Yn —™y = F(x), (9) 
where = fi) dt 
F(a) = -r . 10 
(x) = f(x) Yay (10) 
We must supplement Eq. (9) with initial condition 
y(a) = f(a), (11) 
which is a consequence of (6). 
The solution of problem (9)—(11) has the form 
y(a) = F(a) + 7X i ° exp[7A?(a — t)] F(t) dt, (12) 


and defines the solution of the Abel equation of the second kind (6). 


9.4-2. Application of the Auxiliary Equation of the Second Kind 


The solution of the Abel equation of the second kind (6) can also be obtained by another method, 
presented below. 
Consider the linear equation 


yx) -L[y] = f@), (13) 


where L is a linear operator. Assume that the solution of the auxiliary equation 
w(x) -L”[w] = ®(2), L”[w] =L[L”"[w]], (14) 
which involves the nth power of the operator L, is known and is defined by the formula 
w(x) = M[®(z)]. (15) 
In this case, the solution of the original equation (13) has the form 
y(x) = M[®(a)], Ox) =L""'[f] +L" [f]+--- +L [fl+ f@. (16) 


This assertion can be proved by applying the operator L"”"! + L"? + --- +L +1 to Eq. (13), with 
regard to the operator relation 


(1-L)(L"'+L"74+---+L4+1) =1-L” 


together with formula (16) for ®(x). In Eq. (14) we may write y(x) instead of w(x). 
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Example 2. Let us apply the operator method (for n = 2) to solve the generalized Abel equation with exponent 3/4: 
yt) dt _ 
ya)—» fo Oey = feo) (17) 
We first consider the integral operator with difference kernel 
x 
L[y(x)] = | K(a—t)y(t) dt. 
0 


Let us find L?: 
L’ [y] =L [LIy]] =f i K(x —t)K(t—s)y(s) ds dt 


= [ veras Ke-oKe-syat= f° K(x —s)y(s) ds, (18) 
0 s 0 


Ky(2) = | KOK(z-6 dé. 


In the proof of this formula, we have reversed the order of integration and performed the change of variables € = t — s. 
For the power-law kernel 


K(§) = b&", 
we have 11 +) 
K2(z) = a eC ae (19) 
For Eq. (17) we obtain 
3 1 Py 
Le =EG) Ky(z) = er A= Je (q). 


Therefore, the auxiliary equation (14) corresponding to n = 2 has the form 
woe dt 
ya)-A f° HOR =H), (20) 


where 
fi) dt 
(a —-tp/4 
After the substitution A — —\ and ® — f, relation (20) coincides with Eq. (6), and the solution of Eq. (20) can be obtained 
by formula (12). 


D(x) = f(x) + of te 


Remark. It follows from (19) that the solution of the generalized Abel equation with exponent 3 


- 
yer fH HO = fla) 


can be reduced to the solution of a similar equation with the ete exponent 3, = 23-1. In 
particular, the Abel equation (6), which ga a to 8 = 5, is reduced to the solution of an 
equation with degenerate kernel for 3; = 


9.4-3. A Method for Solving “Quadratic” Operator Equations 


Suppose that the solution of the linear (integral, differential, etc.) equation 
y(a) — AL Ly] = f(@) (21) 


is known for an arbitrary right-hand side f(x) and for any from the interval (Amin, Amax). We 
denote this solution by 


y=Y(f,). (22) 


Let us construct the solution of the more complicated equation 


y(x) — aL [y] — bL? [y] = f(x), (23) 
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where a and b are some numbers and f(x) is an arbitrary function. To this end, we represent the 
left-hand side of Eq. (23) by the product of operators 


(1-aL-bL” )[y] = (1-\iL) (1-AoL )[y], (24) 
where A, and .z are the roots of the quadratic equation 
’ -ad\-b=0. (25) 


We assume that Amin < At, A2 < Amax- 
Let us solve the auxiliary equation 


w(x) - ArL[w] = f(«), (26) 
which is the special case of Eq. (21) for \ = Az. The solution of this equation is given by the formula 
w(x) = Y(f, A2). (27) 
Taking into account (24) and (26), we can rewrite Eq. (23) in the form 
(1-AiL) (1-AoL) [yl = (1-oL)[w), 
or, in view of the identity (1 — \,;L)(. — A2L) = (1 — A2xL)C — AD), in the form 


(1-AoL){ (1- AL )iy]-w@)} =0. 
This relation holds if the unknown function y(x) satisfies the equation 
y(x) — AL [y] = w(@). (28) 
The solution of this equation is given by the formula 
y(x) = Y(w,A1), where w=Y(f, 2). (29) 


If the homogeneous equation y(x) — A2L[y] = 0 has only the trivial* solution y = 0, then 
formula (29) defines the unique solution of the original equation (23). 


Example 3. Consider the integral equation 


ad A 
yee)~ f° (Tas +B) ubae= foo. 


It follows from the results of Example 2 that this equation can be written in the form of Eq. (23): 
* y(t) dt 
0 Va-t ; 


Therefore, the solution (in the form of antiderivatives) of the integral equation can be given by the formulas 


y(x)- AL[y]- + BL’ [yl= f@), = Liyl= 


yz) = Y(w, 1), w=Y(f,A2), 
© f(t) dt 


Y(f, A) = F(a) + 7? | 7 exp[mV(a—t)] F(t) dt, F(x) = f(a) +r 7 
0 x — 


0 


where A, and Ay are the roots of the quadratic equation \7 — Ad — 4 B=0. 
This method can also be applied to solve (in the form of antiderivatives) more general equations of the form 


z A B 
ue)~ [A + api] woat= fo, 


where (3 is a rational number satisfying the condition 0 < @ < | (see Example 2 and Eq. 2.1.59 from the first part of the book). 


* Tf the homogeneous equation y(x) — A2L[y] = 0 has nontrivial solutions, then the right-hand side of Eq. (28) must 
contain the function w(x) + yo(x) instead of w(x), where yo is the general solution of the homogeneous equation. 
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9.4-4,. Solution of Operator Equations of Polynomial Form 


The method described in Subsection 9.4-3 can be generalized to the case of operator equations of 
polynomial form. Suppose that the solution of the linear nonhomogeneous equation (21) is given 
by formula (22) and that the corresponding homogeneous equation has only the trivial solution. 

Let us construct the solution of the more complicated equation with polynomial left-hand side 
with respect to the operator L: 


ya)- > AL yl=f@, L's (Lt), (30) 
k=1 


where A; are some numbers and f(x) is an arbitrary function. 
We denote by Aj, ..., Ay, the roots of the characteristic equation 


~ 50 Apr* = 0. (31) 
The left-hand side of Eq. (30) can be expressed in the form of a product of operators: 
y(«) — 5 A,L* [y] = 1=][C (1-AcL)[yl. (32) 
k=l 


k=1 


The solution of the auxiliary equation (26), in which we use the substitution w — y,_; and A, > Ay, 
is given by the formula yp,_1(x) = Y(f, An). Reasoning similar to that in Subsection 9.4-3 shows 
that the solution of Eq. (30) is reduced to the solution of the simpler equation 


—1 


(1-AkL )[y] = yni@), (33) 
1 


; 


> 
ll 


whose degree is less by one than that of the original equation with respect to the operator L. We can 
show in a similar way that Eq. (33) can be reduced to the solution of the simpler equation 


—2 


(1 a ApL ) Ly] = Yn2(£), Yn-2(2) = Y¥ Yn-1> An-1) 
1 


7 


> 
I 


Successively reducing the order of the equation, we eventually arrive at an equation of the form (28) 
whose right-hand side contains the function y; (x) = Y (y2, A2). The solution of this equation is given 
by the formula y(x) = Y (y, 1). 

The solution of the original equation (30) is defined recursively by the following formulas: 


YrA@)=V YEA k=n,...,1, where yp(x)=f(@), yo(x) = y@). 


Note that here the decreasing sequence k = n,..., 1 is used. 


9.4-5. A Generalization 


Suppose that the left-hand side of a linear (integral) equation 


yx) -QTy] = f@) (34) 
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can be represented in the form of a product 


yr) -Qtyl =] [U0 -Le iy). (35) 
k=l 
where the L;, are linear operators. Suppose that the solutions of the auxiliary equations 
y(x) — Lx [y] = f(x), K=1,...,n (36) 
are known and are given by the formulas 
y(x) = Ye [f(a)], k=1,...,n. (37) 
The solution of the auxiliary Te (36) for & =n, in which we apply the substitution y — yn_1, 
is given by the formula y,,_)(x) = Yel f (x)). Reasoning similar to that used in Subsection 9.4-3 
shows that the solution of Eq. (34) can be reduced to the solution of the simpler equation 
n-l1 
[ [CG -Le ) 1 = yn. 
k=l 


Successively reducing the order of the equation, we eventually arrive at an equation of the form (36) 
for k = 1, whose right-hand side contains the function y;(x) = Y [y2(x)]. The solution of this 
equation is given by the formula y(x) = Y; [yi (x)] ‘ 
The solution of the original equation (35) can be defined recursively by the following formulas: 
yxi(t) = Yelye(@)|;  k=n,...,1, where yn(v) = f(x), yo(@) = y(a). 
Note that here the decreasing sequence k = n,..., 1 is used. 


©) Reference for Section 9.4: A. D. Polyanin and A. V. Manzhirov (1998). 


9.5. Construction of Solutions of Integral Equations With 
Special Right-Hand Side 


In this section we describe some approaches to the construction of solutions of integral equations 
with special right-hand side. These approaches are based on the application of auxiliary solutions 
that depend on a free parameter. 


9.5-1. The General Scheme 
Consider a linear equation, which we shall write in the following brief form: 


= f(x, A), (1) 
where L is a linear operator (integral, differential, etc.) that acts with respect to the variable x and is 
independent of the parameter A, and f,(x, ) is a given function that depends on the variable x and 
the parameter 1. 

Suppose that the solution of Eq. (1) is known: 


y = y(@, A). (2) 
Let M be a linear operator (integral, differential, etc.) that acts with respect to the parameter 


and is independent of the variable x. Consider the (usual) case in which M commutes with L. We 
apply the operator M to Eq. (1) and find that the equation 


=fu(t), — fu(v)=M [fe(x,)], (3) 


has the solution 
w=M [y(a, d)). (4) 
By choosing the operator M in a different way, we can obtain solutions for other right-hand 
sides of Eq. (1). The original function fg(x, A) is called the generating function for the operator L. 
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9.5-2. A Generating Function of Exponential Form 


Consider a linear equation with exponential right-hand side 
Liy]=e™. (5) 


Suppose that the solution is known and is given by formula (2). In Table 4 we present solutions 
of the equation L [y] = f(x) with various right-hand sides; these solutions are expressed via the 
solution of Eq. (5). 


Remark 1. When applying the formulas indicated in the table, we need not know the left-hand 
side of the linear equation (5) (the equation can be integral, differential, etc.) provided that a particular 
solution of this equation for exponential right-hand side is known. It is only of importance that the 
left-hand side of the equation is independent of the parameter ). 


Remark 2. When applying formulas indicated in the table, the convergence of the integrals 
occurring in the resulting solution must be verified. 


Example 1. We seek a solution of the equation with exponential right-hand side 
co 
y(x) + J K(a —t)y(t) dt =e” (6) 
xz 


in the form y(a, 4) = ke**” by the method of indeterminate coefficients. Then we obtain 


y(a, ») ert, BOA)=1+4+ | = K(-z)e** dz. (7) 
0 


~ BO) 


It follows from row 3 of Table 4 that the solution of the equation 


ya) | K(x—-ty(t) dt = Ax (8) 
has the form 
«444° 
ya) = Fe-Ty: 


p=1+/ K(-z) dz, c= | 2K (-z) dz. 
0 0 


For such a solution to exist, it is necessary that the improper integrals of the functions K(—z) and zK (—z) exist. This 
holds if the function K (—z) decreases more rapidly than z~? as z —> oo. Otherwise a solution can be nonexistent. It is of 
interest that for functions K(—z) with power-law growth as z — oo in the case A < 0, the solution of Eq. (6) exists and is 
given by formula (7), whereas Eq. (8) does not have a solution. Therefore, we must be careful when using formulas from 
Table 4 and verify the convergence of the integrals occurring in the solution. 

It follows from row 15 of Table 4 that the solution of the equation 


y(x) + / K (a —t)y(t) dt = Asin(Ax) (9) 
is given by the formula 
(x) = —“ _ [B, sin(Ax) — B, cos(d2)] 
v)= ¢ siIn(Aw) — B, cos(Ax)|, 
oe Beas 


Be=l+ a K(-z)cos(Az) dz, Bs= 7 K(-z) sin(Az) dz. 
0 0 
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Solutions of the equation L [y] = 


TABLE 4 


f(x) with generating function of the exponential form 


No | Right-Hand Side f(x) Solution y Solution Method 
1 er y(a, A) Original Equation 
2 | Ape 4... + Apere®™ | Ary(a, A1) +--+ + Any(@, An) Follows from linearity 
0 Follows from linearity 
3 Ax+B Any [yea ee y=0 + By(z, 0) and the results of row No 4 
Ax”, a” ly Follows from the results 
_ n=0, 1, 2, At Or ”) 52h of row No 6 for \ = 0 
=a Integration with respect 
5 Pola te es 0 ate eye, —A) ar to the parameter \ 
rs Ar”e**, Ae ie | Differentiation with respect 
n=0, 1, 2, Ann yn [Y to the parameter 
7 a” y(@, Ina) Follows from row No 1 
el Ressaag) Lge tye). ||| eee mareatone 
9 | Asini(aa) LAly(e, )—ye, 9] | Tineasty and relations 
Differentiation with respect 
a am _ h resp 
10 Ag! Feat 1 5A—— [y(a, A) — y(x, —A) to \ and relation 
MESS By aS i ONG ° to the exponential 
a Differentiation with respect 
11 ee ee: Ae to \ and relation 
US a ECTS “oye to the exponential 
Fees m ; Differentiation with respect 
12 rial fe ts —_[y(x, ) + y(a, -r) to \ and relation 
ia as tat Aaxm : to the exponential 
oe m Differentiation with respect 
13 ae pre ae ae [y(a, \)— ya, -d)] to \ and relation 
HRS Ee eR? “or . to the exponential 
14 Acos(3x) ARe[y(a, i()| eeerr eb ae 
is] Asin(bx) Aimiyte, 19) Secor of He taaricay 
n alg Differentiation with respect 
16 et es A Rel arm ae [y(x, A) |} to \ and selection of the real 
n=l, 2,3,... A=iB part for A = i 
nee aig Differentiation with respect 
17 aaa ae ®), Alm} aan [y(x, d) |} to \ and selection of the 
n=1,2,3,... r=i8 imaginary part for \ = i3 
ee : Selection of the real 
18 Ae” cos(Gx) ARe [y(a, + i@)| part for \ = +i 
9) Ae singin Alm[yte, n-+i9)] | Selection ofthe imaginary 
edie gn Differentiation with respect 
20 ae 23 (82), ARe oe aan ly (x, ») \ to \ and selection of the real 
n=1, 2, 3,... ASptiB part for \ = +i 
2 gn Differentiation with respect 
71 Ax” . oa «), A Im =[y (x, ») \ to and selection of the 
ee cere A=u+i8 | imaginary part for A = 4+7C 
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9.5-3. Power-Law Generating Function 


Consider the linear equation with power-law right-hand side 
L[y] = 2°. (10) 


Suppose that the solution is known and is given by formula (2). In Table 5, solutions of the equation 


L[y] = f(«) with various right-hand sides are presented which can be expressed via the solution of 
Eq. (10). 


TABLE 5 
Solutions of the equation L[y] = f(x) with generating function of power-law form 


No | Right-Hand Side f(x) Solution y Solution Method 
1 xv y(a, r) Original Equation 
Zz y Ana* D Axy(a, k) Follows from linearity 
k=0 k=0 
O Follows from linearity and 
4 aber e Aa Lyte. | d=0 a eGeEM) from the results of row No 4 
Aln” x 0 Follows from the results 
| Ad aye [uo 
: n=0,1,2,... oF ue ie of row No 5 for \ =0 
Ax" x, Pea " Differentiation 
5 n=0,1,2,... Ann [y(a, | with respect to the parameter \ 
: Selection of the real 
6 Acos(Z In) ARe[y(z, i)] paretoe y= e8 
7 Atal ine} AI One a) Selection of the imaginary 
sin(@ Inx m|y(a, 7 patter 516 
Selection of the real 
i . 
8 Ax" cos(3 In x) ARe [y(a, pt i@)| pait for A= ean 
9 AP aasins Kies [y red 8) Selection of the imaginary 


part for \ = +78 


Example 2. We seek a solution of the equation with power-law right-hand side 


ya) | 2K (=) ynat= 2 
0 «£ x 


in the form y(a, \) = ka by the method of indeterminate coefficients. We finally obtain 


= 1 X _ ; dX 
MAN Tepay” : Boy = | K(t)t? dt. 


It follows from row 3 of Table 5 that the solution of the equation with logarithmic right-hand side 


ya) | “i (£)yoat= Aina 
0 « x 


has the form 


A Al, 
Inx ; 
1+Io (1+ Ip)? 


y(@) = 


1 1 
he | K(dt, T= / K(t)Intdt. 
0 0 
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9.5-4. Generating Function Containing Sines and Cosines 


Consider the linear equation 
L[y] = sin(\z). (11) 


We assume that the solution of this equation is known and is given by formula (2). In Table 6, 
solutions of the equation L [y] = f(x) with various right-hand sides are given, which are expressed 
via the solution of Eq. (11). 
Consider the linear equation 
L[y] = cos(Az). (12) 


We assume that the solution of this equation is known and is given by formula (2). In Table 7, 
solutions of the equation L [y] = f(x) with various right-hand sides are given, which are expressed 


via the solution of Eq. (12). 


TABLE 6 
Solutions of the equation L[y] = f(«) with sine-shaped generating function 
No | Right-Hand Side f(a) Solution y Solution Method 
1 sin(Ax) y(a, A) Original Equation 
2 SO Ag sin(Apz) > Apy(@, Ax) Follows from linearity 
k=l 
Ax™, me : Follows from the results 
3 m= 1,35; ACI)? [Sue I, of row 5 for \ = 0 
Aa” sin. mo" Differentiation 
. m=2,4,6,... A(-1) > ox" Bum YCr; A) with respect to the parameter 
Ax™ aa Differentiation with respect 
5 WMEe= 1, 34255 4a A ly? _ ym YO, A) to the parameter 
: : ; Relation to the hyperbolic 
6 sinh(G2) —ty(, 13) sine, \ = 18 
Wis oi Differentiation with respect 
7 a ne eee mee l= oe —y (a, J, to A and relation to the 
a Ms see On Axi hyperbolic sine, A = 78 
TABLE 7 
Solutions of the equation L [y] = f(a) with cosine-shaped generating function 
No | Right-Hand Side f(a) Solution y Solution Method 
1 cos(Ax) y(a, A) Original Equation 
2 So Ap cos(Ap 2) So Anya, Ax) Follows from linearity 
k=l k=l 
Ax™, me Follows from the results 
3 m = 0, 2, 4, . A(C-1) 2 [ ya, ),, of row 4 for \ = 0 
Aa” cos) m a Differentiation 
. m=2,4,6,... A(-1) > Onn y(z, A) with respect to the parameter \ 
Ax™ oe tl Differentiation 
5 m= 1,355,..0 ACl) 2 a y(a, r) with respect to the parameter 
3 Relation to the hyperbolic 
6 cosh(Gx) y(x, 7B) cosine, 4 = 18 
™ cosh vn m. Differentiation with respect 
7 oie a 4 a (-1)2 law y(a, J, to \ and relation to the 
a i as cde ox” A=iB hyperbolic cosine, A = 13 
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9.6. The Method of Model Solutions 


9.6-1. Preliminary Remarks* 


Consider a linear equation, which we briefly write out in the form 


L[y(x)] = f(), (1) 


where L is a linear (integral) operator, y(a) is an unknown function, and f(a) is a known function. 
We first define arbitrarily a test solution 


yo = yo(x, A), (2) 


which depends on an auxiliary parameter \ (it is assumed that the operator L is independent of 
and yo # const). By means of Eq. (1) we define the right-hand side that corresponds to the test 
solution (2): 


fo(x, A) = L [yo(a, A)]. 


Let us multiply Eq. (1), for y = yo and f = fo, by some function y()) and integrate the resulting 
relation with respect to \ over an interval [a, b]. We finally obtain 


Liyp(«)] = fo), (3) 


where 


b b 
veto = f yo(x, A)p(A) da, fece)= f Jo(x, A)p(A) da. (4) 


It follows from formulas (3) and (4) that, for the right-hand side f = f,,(x), the function y = y,(x) 
is a solution of the original equation (1). Since the choice of the function y(A) (as well as of the 
integration interval) is arbitrary, the function f(x) can be arbitrary in principle. Here the main 
problem is how to choose a function (A) to obtain a given function f(x). This problem can be 
solved if we can find a test solution such that the right-hand side of Eq. (1) is the kernel of a known 
inverse integral transform (we denote such a test solution by Y (a, A) and call it a model solution). 


9.6-2. Description of the Method 


Indeed, let $8 be an invertible integral transform that takes each function f(x) to the corresponding 
transform F'(,) by the rule 


P(A) = Bt f(@)}- (5) 


Assume that the inverse transform Dt has the kernel w(x, A) and acts as follows: 


b 
PYUFNY}=f@), PLFO}= / PY, A) dd. (6) 


The limits of integration a and b and the integration path in (6) may well lie in the complex plane. 
Suppose that we succeeded in finding a model solution Y(z, A) of the auxiliary problem for 
Eq. (1) whose right-hand side is the kernel of the inverse transform Dt 


LY (a, A)] = Y@, d). (7) 


* Before reading this section, it is useful to look over Section 9.5. 
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Let us multiply Eq. (7) by F(,) and integrate with respect to \ within the same limits that stand in 
the inverse transform (6). Taking into account the fact that the operator L is independent of and 
applying the relation $3"! { F(A)} = f(x), we obtain 


b 
L / Y(x,)F() an = f(z). 


Therefore, the solution of Eq. (1) for an arbitrary function f(a) on the right-hand side is expressed 
via a solution of the simpler auxiliary equation (7) by the formula 


b 
y(x) = / Y (a, A)F(A) dA, (8) 


where F'(\) is the transform (5) of the function f(x). 

For the right-hand side of the auxiliary equation (7) we can take, for instance, exponential, power- 
law, and trigonometric function, which are the kernels of the Laplace, Mellin, and sine and cosine 
Fourier transforms (up to a constant factor). Sometimes it is rather easy to find a model solution 
by means of the method of indeterminate coefficients (by prescribing its structure). Afterwards, to 
construct a solution of the equation with arbitrary right-hand side, we can apply formulas written 
out below in Subsections 9.6-3—9.6-6. 


9.6-3. The Model Solution in the Case of an Exponential Right-Hand Side 


Assume that we have found a model solution Y = Y(a, A) that corresponds to the exponential 
right-hand side: 
L[Y (a, \)] = e**. (9) 


Consider two cases: 


1°. Equations on the semiaxis, 0 < x < oo. Let f(p) be the Laplace transform of the function f(x): 


f~=2@},  £Ef@)}= | HMae?® de. (10) 


The solution of Eq. (1) for an arbitrary right-hand side f(x) can be expressed via the solution of the 
simpler auxiliary equation with exponential right-hand side (9) for \ = p by the formula 


1 c+t0°o 7 
Yio) = 5 i Y(o, pF) dp. (11) 
T4 


c-1t00 


2°. Equations on the entire axis, -o0 < x < co. Let fi (u) the Fourier transform of the function f(z): 


a 1 a) . 
fl) = BL), BL@= / Haye de. (12) 


The solution of Eq. (1) for an arbitrary right-hand side f(x) can be expressed via the solution of the 
simpler auxiliary equation with exponential right-hand side (9) for \ = 7u by the formula 


y(x) = = ‘ Y(a, iu) f(u) du. (13) 


In the calculation of the integrals on the right-hand sides in (11) and (13), methods of the theory of 
functions of a complex variable are applied, including the Jordan lemma and the Cauchy residue 
theorem (see Subsections 7.1-4 and 7.1-5). 
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Remark 1. The structure of a model solution Y (zx, A) can differ from that of the kernel of the 
Laplace or Fourier inversion formula. 


Remark 2. When applying the method under consideration, the left-hand side of Eq. (1) need 
not be known (the equation can be integral, differential, functional, etc.) if a particular solution of 
this equation is known for the exponential right-hand side. Here only the most general information is 
important, namely, that the equation is linear, and its left-hand side is independent of the parameter X. 


Remark 3. The above method can be used in the solution of linear integral (differential, integro- 
differential, and functional) equations with composed argument of the unknown function. 


Example 1. Consider the following Volterra equation of the second kind with difference kernel: 


y() + Fl K(x —t)y(t) dt = f(a). (14) 


This equation cannot be solved by direct application of the Laplace transform because the convolution theorem cannot be 
used here. 
In accordance with the method of model solutions, we consider the auxiliary equation with exponential right-hand side 


co 
y(x) + / K(x -t)y(t) dt = e?”. (15) 
xz 
Its solution has the form (see Example | of Section 9.5) 
Kew = [~ (16) 
Y (a, p) = —=—e?", K(-p) = | K(-z)e?* dz. 
1+ K(-p) 0 


This, by means of formula (11), yields a solution of Eq. (12) for an arbitrary right-hand side, 


_ 1 C+ioo F() er 
NO on ee Tako wn 


where f(p) is the Laplace transform (10) of the function f(z) (see also Section 9.11). 
Note that a solution to Eq. (12) was obtained in the book of M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971) 
in a more complicated way. 


9.6-4. The Model Solution in the Case of a Power-Law Right-Hand Side 


Suppose that we have succeeded in finding a model solution Y = Y(z,s) that corresponds to a 
power-law right-hand side of the equation: 


L[Y(@,s)]=2°%, A= -8. (18) 


Let f (s) be the Mellin transform of the function f(x): 


fis)= NE f@)}. —- MLF(@)} = ‘i faa der. (19) 


The solution of Eq. (1) for an arbitrary right-hand side f(x) can be expressed via the solution of the 
simpler auxiliary equation with power-law right-hand side (18) by the formula 


1 ct+ioco 2 
y(x) = Om / Y (a, s)f(s) ds. (20) 
TT Se. 


—100 


In the calculation of the corresponding integrals on the right-hand side of formula (20), one can 
use tables of inverse Mellin transforms (e.g., see Supplement 9), as well as methods of the theory of 
functions of a complex variable, including the Jordan lemma and the Cauchy residue theorem (see 
Subsections 7.1-4 and 7.1-5). 
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Example 2. Consider the equation 


aod | t 
ua [ —K(=)ude= fo (21) 
0 « x 


In accordance with the method of model solutions, we consider the following auxiliary equation with power-law right-hand 
side: 


a7 oh t : 
y(a) + f —_K ( -) y(t) dt =a. (22) 
(ee x 
Its solution has the form (see Example 2 for = —s in Section 9.5) 
at 23 
Y(a,s) = = Bis)= | K (tye? dt. 
@9= Tam (s) i ©) (23) 
This, by means of formula (20), yields the solution of Eq. (21) for an arbitrary right-hand side: 
1 ctioo + ; 
y(a) = — / Le (24) 
2ti Seog 1+ Bs) 


where fs) is the Mellin transform (19) of the function f(x). 


9.6-5. The Model Solution in the Case of a Sine-Shaped Right-Hand Side 


Suppose that we have succeeded in finding a model solution Y = Y (a, u) that corresponds to the 
sine on the right-hand side: 
L[Y (a, u)] = sin(uz), A =U. (25) 


Let fi(u) be the asymmetric sine Fourier transform of the function f(x): 


EM=FAI@} FAf@} = f(x) sin(ux) dx. (26) 


The solution of Eq. (1) for an arbitrary right-hand side f(x) can be expressed via the solution of the 
simpler auxiliary equation with sine-shape right-hand side (25) by the formula 


2. ff x 
y(a) = = i Y (a, u)fi(u) du. (27) 
T Jo 


9.6-6. The Model Solution in the Case of a Cosine-Shaped Right-Hand Side 


Suppose that we have succeeded in finding a model solution Y = Y (a, u) that corresponds to the 
cosine on the right-hand side: 


L[Y (a, u)] = cos(ux), A=U. (28) 
Let fe(u) be the asymmetric Fourier cosine transform of the function f(x): 


RWM=FAf@}, Flf@}= i: f(«) cos(ux) da. (29) 


The solution of Eq. (1) for an arbitrary right-hand side f(x) can be expressed via the solution of the 
simpler auxiliary equation with cosine right-hand side (28) by the formula 


Do f= 7 
y(x) = — | Y (a, u) f-(u) du. (30) 
T Jo 
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9.6-7. Some Generalizations 


Just as above we assume that 98 is an invertible transform taking each function f(a) to the corre- 
sponding transform F'(\) by the rule (5) and that the inverse transform is defined by formula (6). 
Suppose that we have succeeded in finding a model solution Y (x, 4) of the following auxiliary 
problem for Eq. (1): 
Lz [Y (a, A)] = Hy [W(@, A)]. (31) 


The right-hand side of Eq. (31) contains an invertible linear operator (which is integral, differential, 
or functional) that is independent of the variable x and acts with respect to the parameter on the 
kernel w(x, A) of the inverse transform, see formula (6). For clarity, the operator on the left-hand 
side of Eq. (31) is labeled by the subscript x (it acts with respect to the variable x and is independent 
of A). 

Let us apply the inverse operator H}! to Eq. (31). As a result, we obtain the kernel a(x, \) on 
the right-hand side. On the left-hand side we intertwine the operators by the rule Hy! L,, = L,, Hy! 
(this is as a rule possible because the operators act with respect to different variables). Furthermore, 
let us multiply the resulting relation by F(A) and integrate with respect to within the limits that 
stand in the inverse transform (6). Taking into account the relation D {F(\)} = f(a), we finally 
obtain 


b 
L, / F(A)HS'[Y (x, )] dA) = f(a). (32) 


Hence, a solution of Eq. (1) with an arbitrary function f(x) on the right-hand side can be expressed 
via the solution of the simpler auxiliary equation (31) by the formula 


b 
ioe FOOHG![Y (@. 1d, (33) 


where F'(,) is the transform of the function f(a) obtained by means of the transform 8 (5). 
Since the choice of the operator H) is arbitrary, this approach extends the abilities of the method 
of model solutions. 


0) References for Section 9.6: A. D. Polyanin and A. V. Manzhirov (1997, 1998). 


9.7. Method of Differentiation for Integral Equations 


In some cases, the differentiation of integral equations (once, twice, and so on) with the subse- 
quent elimination of integral terms by means of the original equation makes it possible to reduce a 
given equation to an ordinary differential equation. Sometimes by differentiating we can reduce a 
given equation to a simpler integral equation whose solution is known. Below we list some classes of 
integral equations that can be reduced to ordinary differential equations with constant coefficients. 


9.7-1. Equations With Kernel Containing a Sum of Exponential Functions 


Consider the equation 
ya) + / [doce] y(t) dt = f(a). (1) 
oe Kel 
In the general case, this equation can be reduced to a linear nonhomogeneous ordinary differential 


equation of nth order with constant coefficients (see equation 2.2.19 of the first part of the book). 
In a wide range of the parameters A; and Ax, the solution can be represented as follows: 


y(a) = f(a) + a [> Byers f(@ dt, (2) 


k=1 


© 1998 by CRC Press LLC 


where the parameters B;, and ju, of the solution are related to the parameters A; and A, of the 
equation by algebraic relations. 
For the solution of Eq. (1) with n =2, see Section 2.2 of the first part of the book (equation 2.2.10). 


9.7-2. Equations With Kernel Containing a Sum of Hyperbolic Functions 


By means of the formulas cosh 3 = 4(e9 +e) and sinh 6 = +(e -e*), any equation with difference 
kernel of the form a 
yia)+ [ K(@—dyttyat =F, 


m s (3) 
K(a) = S> Ap cosh(yx) + S> By sinh(u1,2), 

k=l k=l 
can be represented in the form of Eq. (1) with n = 2m+2s, and hence these equations can be reduced 
to linear nonhomogeneous ordinary differential equations with constant coefficients. 


9.7-3. Equations With Kernel Containing a Sum of Trigonometric Functions 


Equations with difference kernel of the form 


y(x) + / K(a-ty@)dt = fiw), K(@) = S~ Ag cos(Ax2), (4) 
7 k=1 

ya) + : K(e-ty@)dt= f(a), K() = )> Ag sing), (5) 
2 k=1 


can also be reduced to linear nonhomogeneous ordinary differential equations of order 2m with 
constant coefficients (see equations 2.5.4 and 2.5.15 in the first part of the book). 

In a wide range of the parameters A; and Ax, the solution of Eq. (5) can be represented in the 
form 


y(a) = f(a) + / Ra-bf(dt, — Rw) = > By sin(up2), (6) 
o k=1 
where the parameters B;, and juz of the solution are related to the parameters A, and A, of the 
equation by algebraic relations. 
Equations with difference kernels containing both cosines and sines can also be reduced to linear 
nonhomogeneous ordinary differential equations with constant coefficients. 


9.7-4. Equations Whose Kernels Contain Combinations of Various Functions 


Any equation with difference kernel that contains a linear combination of summands of the form 
(c-t)” (m=0,1,2,...),  expla(x-d)], 
cosh [B(x - t)] , sinh [ye - t)] , COs [A(a - t)] , sin [ear - t)| ; 


can also be reduced by differentiation to a linear nonhomogeneous ordinary differential equation 
with constant coefficients, where exponential, hyperbolic, and trigonometric functions can also be 
multiplied by (2 -t)” (n = 1,2,...). 


(7) 


Remark. The method of differentiation can be successfully used to solve more complicated 
equations with nondifference kernel to which the Laplace transform cannot be applied (see, for 
instance, Eqs. 2.9.5, 2.9.28, 2.9.30, and 2.9.34 in the first part of the book). 
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9.8. Reduction of Volterra Equations of the Second Kind 
to Volterra Equations of the First Kind 


The Volterra equation of the second kind 


Wee / K(e,t)y(t) at = f(a) (1) 


can be reduced to a Volterra equation of the first kind in two ways. 


9.8-1. The First Method 


We integrate Eq. (1) with respect to x from a to x and then reverse the order of integration in the 
double integral. We finally obtain the Volterra equation of the first kind 


/ M(a, thy) dt = F(a), (2) 
where M(x, t) and F'(x) are defined as follows: 


M(a,t)=1- ‘ K(s, t) ds, F(a) = iD f@) dt. (3) 
t a 


9.8-2. The Second Method 


Assume that the condition f(a) = 0 is satisfied. In this case Eq. (1) can be reduced to a Volterra 
equation of the first kind for the derivative of the unknown function, 


/ N(@w,dyl(iat = fw), ya) =O, (4) 


where 


N(z,t)=1- / : K(a,s) ds. (5) 
t 


Indeed, on integrating by parts the right-hand side of formula (4) with regard to formula (5), we 
arrive at Eq. (1). 


Remark. For f(a) # 0, Eq. (1) implies the relation y(a) = f(a). In this case the substitution 
2(x) = y(x) — f(a) yields the Volterra equation of the second kind 


2(a) - i K(a, t)z(t) dt = ®(2), 
O(x) = f(x) - f(@) + fea) | K(a, t) dt, 


whose right-hand side satisfies the condition ®(a) = 0, and hence this equation can be reduced by 
the second method to a Volterra equation of the first kind. 


@) References for Section 9.8: V. Volterra (1959), A. F. Verlan’ and V. S. Sizikov (1986). 
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9.9. The Successive Approximation Method 


9.9-1. The General Scheme 


1°. Consider a Volterra integral equation of the second kind 


weds / K(e, y(t) dt = f(a). (1) 


Assume that f(a) is continuous on the interval [a, b] and the kernel K(x, t) is continuous for a<ax <b 
anda<t<a. 
Let us seek the solution by the successive approximation method. To this end, we set 


ya) = f(x) +S gnla), (2) 


n=l 


where the y,,(x) are determined by the formulas 


Oe a Ke, bf dt, 
Oe / K(e, tpi(t) dt = / Kolo, t)f(t)dt, 
3(x) = ie K(a, thyo(t) dt = a K3(a, Hf) dt, — ete. 


Here - 
K,(a, t) - | K(a, z)Ky1(, t) dz, (3) 


where n = 2,3,..., and we have the relations K (a, t) = K(a, t) and K,(a, t) = 0 for t > a. 
The functions K(x, t) given by formulas (3) are called iterated kernels. These kernels satisfy the 
relation 


Kya, t)= i‘ Km(&, 8)Kn-m(s, t) ds, (4) 


where ™ is an arbitrary positive integer less than n. 


2°. The successive approximations can be implemented in a more general scheme: 
wn(o)= fla) | K@.Dynad m= 1.2.0.5 (5) 


where the function yo(x) is continuous on the interval [a,b]. The functions y;(x), y2(x), ... which 
are obtained from (5) are also continuous on [a, }]. 

Under the assumptions adopted in item 1° for f(x) and K (a, t), the sequence {y,,(x)} converges, 
as nm — oo, to the continuous solution y(x) of the integral equation. A successful choice of the 
“zeroth” approximation yo(x) can result in a rapid convergence of the procedure. 

Note that in the special case yo(x) = f(a), this method becomes that described in item 1°. 


Remark 1. If the kernel K(x, t) is square integrable on the square S = {a<u<b, a<t<b} 
and f(a) € D(a, b), then the successive approximations are mean-square convergent to the solution 
y(x) € Lo(a, b) of the integral equation (1) for any initial approximation yo(x) € L(a, b). 
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9,.9-2. A Formula for the Resolvent 


The resolvent of the integral equation (1) is determined via the iterated kernels by the formula 


Re,)= >, Kase), (6) 


n=l 


where the convergent series on the right-hand side is called the Neumann series of the kernel I (a, t). 
Now the solution of the Volterra equation of the second kind (1) can be rewritten in the traditional 
form 


y(o) = f(z) + i R(x, tft) dt. (7) 


Remark 2. In the case of a kernel with weak singularity, the solution of Eq. (1) can be obtained 
by the successive approximation method. In this case the kernels K(x, t) are continuous starting 
from some n. For a < + even the kernel A(x, t) is continuous. 


@ References for Section 9.9: W. V. Lovitt (1950), V. Volterra (1959), S. G. Mikhlin (1960), M. L. Krasnoy, A. I. Kiselev, 
and G. I. Makarenko (1971), V. I. Smirnov (1974). 


9.10. Method of Quadratures 


9.10-1. The General Scheme of the Method 


Let us consider the linear Volterra integral equation of the second kind 


oe / K(e,t)y(t) dt = f(a), (1) 


on an interval a <a <b. Assume that the kernel and the right-hand side of the equation are continuous 
functions. 

From Eq. (1) we find that y(a) = f(a). Let us choose a constant integration step h and consider 
the discrete set of points 7; =a+h(@—-1),i=1,...,n. For x = 2;, Eq. (1) acquires the form 


y(ai)— / “Ka byOdt=f@),  i=l..sn. (2) 


Applying the quadrature formula (see Subsection 8.7-1) to the integral in (2) and choosing x; 
(j = 1,...,2) to be the nodes in t, we arrive at the system of equations 


y(x;) — S- Ay; K (es, £;))y(2;) = f(a) + e,Ly], 1=2,...,n, (3) 


j=l 


where ¢,[y] is the truncation error and A;,; are the coefficients of the quadrature formula on the 
interval [a, x;] (see Subsection 8.7-1). Suppose that ¢;[y] are small and neglect them; then we 
obtain a system of linear algebraic equations in the form 


ye=fis yi- >_ Ag Kigy; = fis 4=2,...,n, (4) 


jel 


where Kj; = K(2;,2;), fi = f(xi), and y; are approximate values of the unknown function y(a) at 
the nodes x;. 
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From (4) we obtain the recurrent formula 
i-l 


fit » Ai Kijyj 
JF : 
— = — 
mahi vege Re (5) 
valid under the condition 
1-Ay ky #0, (6) 


which can always be ensured by an appropriate choice of the nodes and by guaranteeing that the 
coefficients A;; are sufficiently small. 


9.10-2. Application of the Trapezoidal Rule 


According to the trapezoidal rule (see Section 8.7-1), we have 
An =Aw= gh, Ag =-+-=Ayi=h, ¢=2,...,n. 


The application of the trapezoidal rule in the general scheme leads to the following step algorithm: 


il 
fithd? Bi Kigy; 
j=l . 
= 5 a 5 t= Ds cr 5h, 
a (= 2hKy 


: b-a 4 for 7 = 1, 
g=atGi-Dh, n A +1, B; . for f 51, 
where the notation coincides with that introduced in Subsection 9.10-1. The trapezoidal rule 
is quite simple and effective, and frequently used in practice. Some peculiarities of using the 
quadrature method for solving integral equations with variable limits of integration are indicated in 
Subsection 8.7-3. 


9.10-3. The Case of a Degenerate Kernel 


When solving a Volterra integral equation of the second kind with arbitrary kernel, the amount 
of calculations increases as the index of the integration step increases. However, if the kernel is 
degenerate, then it is possible to construct algorithms with a constant amount of calculations at each 
step. Indeed, for a degenerate kernel 


K(a, t) = >> pe(a)ae(t), 
k=1 
we can rewrite Eq. (1) in the form 


iz) => pate) f guttyityat + fee) 


k=l 
The application of the trapezoidal rule makes it possible to obtain the following recurrent expression 
(see Subsection 9.10-2): 


m i-l 
fet h Spee G46; 
k=1 j=1 


ywe=fis Yi= 


Fi , 
= xh du Pkidki 

where y; are approximate values of the unknown function y(z) at the nodes x;, f;= f (Xi), Pei =Dk (Li), 

and q,; = qg(x;), and this expression shows that the amount of calculations is the same at each step. 


@ References for Section 9.10: V. I. Krylov, V. V. Bobkov, and P. I. Monastyrnyi (1984), A. F. Verlan’ and V. S. Sizikov (1986). 
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9.11. Equations With Infinite Integration Limit 


Integral equations of the second kind with difference kernel and with a variable limit of integration 
for which the other limit is infinite are also of interest. Kernels and functions in such equations need 
not belong to the classes described in the beginning of the chapter. In this case their investigation can 
be performed by the method of model solutions (see Section 9.6) or by the reduction to equations of 
convolution type. We consider the latter method by an example of an equation of the second kind 
with variable lower limit. 


9.11-1. An Equation of the Second Kind With Variable Lower Integration Limit 


Integral equations of the second kind with variable lower limit, in the case of a difference kernel, 
have the form 


yooy+ K(«—t)y(t) dt = f(x), 0<4r<~m. (1) 


This equation substantially differs from Volterra equations of the second kind studied above for 
which a solution exists and is unique. A solution of the corresponding homogeneous equation 


y(@) + i K(a-t)y(t) dt = 0 (2) 


can be nontrivial. 
The eigenfunctions of the integral equation (2) are determined by the roots of the following 
transcendental (or algebraic) equation for the parameter : 


i ; K(--2)e** dz =-1. (3) 
0 


The left-hand side of this equation is the Laplace transform of the function K (—z) with parameter X. 

To areal simple root A; of Eq. (3) there corresponds an eigenfunction 

YyR(x) = exp(—Ap@). 

The general solution is the linear combination (with arbitrary constants) of the eigenfunctions 
of the homogeneous integral equation (2). 

For solutions of Eq. (2) in the case of multiple or complex roots, see equation 52 in Section 2.9 
(see also Example | below). 

The general solution of the integral equation (1) is the sum of the general solution of the 
homogeneous equation (2) and a particular solution of the nonhomogeneous equation (1). 


Example 1. Consider the homogeneous Picard—Goursat equation 
co 
yar | (t—«)" y(t) dt = 0, n=0,1,2,..., (4) 
x 


which is a special case of Eq. (1) with K(z) = A(-z)”. 
The general solution of the homogeneous equation has the form 


ya) = a Cr exp(-Ax. 2), (5) 


k=l 
where C;, are arbitrary constants and A, are the roots of the algebraic equation 
A+ 4 An! =0 (6) 


that satisfy the condition Re Ay, > 0 (m is the number of the roots of Eq. (6) that satisfy this condition). Equation (6) is a 
special case of Eq. (3) with K(z) = A(-z)”. The roots of Eq. (6) such that Re Ax < 0 must be dropped out, since for them 
the integral in (3) is divergent. 

Equation (6) has complex roots. Consider two cases that correspond to different signs of A. 


1°. Let A <0. A solution of the Eq. (4) is 


1 
y(a) = Ce*, d= (-An!) mT, (7) 


where C is an arbitrary constant. This solution is unique for n = 0, 1, 2,3. 
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For n 2 4, taking the real and the imaginary part in (5), one arrives at the general solution of the homogeneous 
Picard—Goursat equation in the form 


[n/4] 
y(x) = Cert + be exp(—a;,x) rer cos(Gpx) + Cy sin(G,2)}, (8) 
k=l 


where Oe and oO are arbitrary constants, [a] stands for the integral part of a number a, X is defined in (7), and the 
coefficients a; and Gx are given by 


= 2nk =e 2nk 
ay =|An!| n+l cos ( us 1 By =|An!|n+1 sin( 2 ). 
n+1 n+1 
Note that Eq. (8) contains an odd number of terms. 


2°. Let A > 0. By taking the real and the imaginary part in (5), one obtains the general solution of the homogeneous 
Picard—Goursat equation in the form 


y(x) = ey exp(-a;,x) ere cos(G,x) + oS sin(B;,)| : (9) 


k=0 
where reg and oe are arbitrary constants, and the coefficients a; and (; are given by 


Qnk+7 

+1 
Note that Eq. (9) contains an even number of terms. In the special cases of n = 0 and n = 1, Eq. (9) gives the trivial solution 
y(x) = 0. 


Example 2. Consider the nonhomogeneous Picard—Goursat equation 


a By= aa sin(TE*). 


1 
ap, = (An!) net cos ( 
n+l 


y(a) + A [anya = Bet", n=0,1,2,..., (10) 


which is a special case of Eq. (1) with K(z) = A(-z)” and f(x) = Beh”. 
Let yz > 0. Consider two cases. 


1°. Let p"*! + An! #0. A particular solution of the nonhomogeneous equation is 


By"! 


a(x) = De® = 
y(xz) = Deh”, D= la wat 


(11) 


For A < 0, the general solution of the nonhomogeneous Picard—Goursat equation is the sum of solutions (8) and (11). 
For A > 0, the general solution of the Eq. (10) is the sum of solutions (9) and (11). 


2°. Let ut! 4+ An! =0. Since jis positive, it follows that A must be negative. A particular solution of the nonhomogeneous 
equation is 
B n+2 
pee 
A(n +1)! 
The general solution of the nonhomogeneous Picard—Goursat equation is the sum of solutions (8) and (12). 


g(a) = Exe *, (12) 


9.11-2. Reduction to a Wiener—Hopf Equation of the Second Kind 


Equation (1) can be reduced to a one-sided equation of the second kind of the form 


y(a) - i K_(a-t)y@ dt = f(x), 0<r<aM, (13) 
0 


where the kernel K_(a — t) has the form 


) for s>0, 
ae { _K(s) for s<0. 


Methods for studying Eq. (13) are described in Chapter 11, where equations of the second kind 
with constant limits are considered. In the same chapter, in Subsection 11.9-3, an equation of the 
second kind with difference kernel and variable lower limit is studied by means of reduction to a 
Wiener—Hopf equation of the second kind. 


©) Reference for Section 9.11: F. D. Gakhov and Yu. I. Cherskii (1978). 
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Chapter 10 


Methods for Solving Linear Equations 
of the Form [ ” K(a, t)y(t) dt = f(x) 


10.1. Some Definition and Remarks 


10.1-1. Fredholm Integral Equations of the First Kind 


Linear integral equations of the first kind with constant limits of integration have the form 


b 
/ K(e, y(t) dt = f(a), (1) 


where y(x) is the unknown function (a < x < b), K(a,t) is the kernel of the integral equation, and 
f(a) is a given function, which is called the right-hand side of Eq. (1). The functions y(a) and f(x) 
are usually assumed to be continuous or square integrable on [a,b]. If the kernel of the integral 
equation (1) is continuous on the square S = {a <x <b, a<t <b} or at least square integrable on 
this square, i.e., 


b b 
f i K°(z, t) dx dt = B? <x, (2) 


where B is a constant, then this kernel is called a Fredholm kernel. Equations of the form (1) with 
constant integration limits and Fredholm kernel are called Fredholm equations of the first kind. 

The kernel K (2, t) of an integral equation is said to be degenerate if it can be represented in the 
form K (a, t) = g\(a)hy(t) +--+ + gn(a)hn(t). 

The kernel /(z, t) of an integral equation is called a difference kernel if it depends only on the 
difference of the arguments: K(x, t) = K(a-t). 

The kernel K (x,t) of an integral equation is said to be symmetric if it satisfies the condition 
K(a,t) = K(t, x). 

The integral equation obtained from (1) by replacing the kernel K(x, t) by K(t, x) is said to be 
transposed to (1). 


Remark 1. The variables ¢ and x in Eq. (1) may vary within different intervals (e.g.,.a<t<b 
andc<a<d). 


10.1-2. Integral Equations of the First Kind With Weak Singularity 


If the kernel of the integral equation (1) is polar, i.e., if 


L(x, t) 
|x —t|° 


K(a,t)= + M(z, t), O0<a<l, (3) 
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or logarithmic, 1.e., 
K(a,t) = L(a, t)In|x -t| + M (a, t), (4) 


where L(x, t) and M(x, t) are continuous on S' and L(x, 7) #0, then K(z, t) is called a kernel with 
weak singularity, and the equation itself is called an equation with weak singularity. 


Remark 2. Kernels with logarithmic singularity and polar kernels with 0 < a < + are Fredholm 
kernels. 


Remark 3. In general, the case in which the limits of integration a and/or b can be infinite is not 
excluded, but in this case the validity of condition (2) must be verified with special care. 


10.1-3. Integral Equations of Convolution Type 


The integral equation of the first kind with difference kernel on the entire axis (this equation is 
sometimes called an equation of convolution type of the first kind with a single kernel) has the form 


oe K(a—-t)y(t) dt = f(z), -coo<x4<o, (5) 


where f(a) and K (2) are the right-hand side and the kernel of the integral equation and y(x) is the 
unknown function (in what follows we use the above notation). 
An integral equation of the first kind with difference kernel on the semiaxis has the form 


i K(a—-t)y(t) dt = f(z), O<a<m. (6) 
0 


Equation (6) is also called a one-sided equation of the first kind or a Wiener—Hopf integral equation 
of the first kind. 
An integral equation of convolution type with two kernels of the first kind has the form 


fore) 0 
: Ky (a —-t)y@) dt + i) K (a — t)y(t) dt = f(x), -00 <r< MH, (7) 
0 —0o 


where (x) and K(x) are the kernels of the integral equation (7). 
Recall that a function g(x) satisfies the Hélder condition on the real axis if for any real x; and x2 
we have the inequality 


Ig(x2) — g(a1)| $ Alar — a1), 0<A<1, 


and for any x; and x2 sufficiently large in absolute value we have 


r 


1 1 
jen) aes A] = », Were 
v2 Ly] 


where A and \ are positive (the latter inequality is the H6lder condition in the vicinity of the point 
at infinity). 

Assume that the functions y(a) and f(a) and the kernels K(x), K\(x), and K(x) are such that 
their Fourier transforms belong to L2(—co, co) and, moreover, satisfy the Holder condition. 

For a function y(x) to belong to the above function class it suffices to require y(x) to belong to 
In(-0o, oo) and xy(x) to be absolutely integrable on (—oo, oo). 


© 1998 by CRC Press LLC 


10.1-4. Dual Integral Equations of the First Kind 


A dual integral equation of the first kind with difference kernels (of convolution type) has the form 


J Kice-oynat= feo 0<4<~@M, 
a6 (8) 
: Ky(a -t)y() dt = f(x), -—00 < 4 <0, 


where the notation and the classes of functions and kernels coincide with those introduced above for 
equations of convolution type. 
In the general case, a dual integral equation of the first kind has the form 


a Ky (a, thy(t) dt = fi (x), a<xz<b, 


yo K(a, thy(t) dt = fo(x), b<r<um, 


where f)(x) and f2(x) are the right-hand sides, K\(x,t) and K(a,t) are the kernels of Eq. (9), and 
y(a) is the unknown function. Various forms of this equation are considered in Subsections 10.6-2 
and 10.6-3. 

The integral equations obtained from (5)-(8) by replacing the kernel K (a —t) with K(t—<2) are 
called transposed equations. 


Remark 3. Some equations whose kernels contain the product or the ratio of the variables x 
and ¢ can be reduced to equations of the form (5)-(8). 


Remark 4. Equations (5)—(8) of the convolution type are sometimes written in the form in which 
the integrals are multiplied by the coefficient 1//27. 


@ References for Section 10.1: I. Sneddon (1951), B. Noble (1958), S. G. Mikhlin (1960), I. C. Gohberg and M. G. Krein 
(1967), L. Ya. Tslaf (1970), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), P. P. Zabreyko, A. I. Koshelev, 
et al. (1975), Ya. S. Uflyand (1977), F. D. Gakhov and Yu. I. Cherskii (1978), A. J. Jerry (1985), A. F. Verlan’ and 
V. S. Sizikov (1986), L. A. Sakhnovich (1996). 


10.2. Krein’s Method 


10.2-1. The Main Equation and the Auxiliary Equation 


Here we describe a method for constructing exact closed-form solutions of linear integral equations 
of the first kind with weak singularity and with arbitrary right-hand side. The method is based on the 
construction of the auxiliary solution of the simpler equation whose right-hand side is equal to one. 
The auxiliary solution is then used to construct the solution of the original equation for an arbitrary 
right-hand side. 

Consider the equation 


i K (a —t)y(t) dt = f(x), -asu<a. (1) 


Suppose that the kernel of the integral equation (1) is polar or logarithmic and that (a) is an even 
positive definite function that can be expressed in the form 
K(@) = Blal* + M(x), 0<p<l, 
1 
K(a) = (In ial + M(2), 
x 
respectively, where 3 > 0, —2a < x < 2a, and M(x) is a sufficiently smooth function. 
Along with (1), we consider the following auxiliary equation containing a parameter € (OS € <a): 


é 
‘j K(x-w(t,Odt=1, €<a<eé. (2) 
- 
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10.2-2. Solution of the Main Equation 


For any continuous function f(a), the solution of the original equation (1) can be expressed via the 
solution of the auxiliary equation (2) by the formula 


1 d f% 
y(@) = 2M"(a) |= [ w(t, a) f(t) dt] w(x, a) 
ee d 1 da fs 
_) i we, 8) Fe row). wt Os@at| dé e) 
ld & wa, £) € 
2 dz lel M'é if, w(t, €) apis] d&, 


where M(£) = i. w(x, €) dx, the prime stands for the derivative, and the last inner integral is treated 
as a Stieltjes integral. 

Formula (3) permits one to obtain some exact solutions of integral equations of the form (1) 
with arbitrary right-hand side, see Section 3.8 of the first part of the book. 


Example 1. The solution of the integral equation 


ie nf) yb) dt = f(x), 
-a |x —t| 


which arises in elasticity, is given by formula (3), where 


M(é) = (In =) w(t, 2) = Te. 


Example 2. Consider the integral equation 


of UNE ce ae eee 


a ja —t|# 


which arises in the theory of elasticity. The solution is given by formula (3), where 


TU Be 


EF, w(t, = —cos(“H) (2-8) 2 


M()= 


@ References for Section 10.2: N. Kh. Arutyunyan (1959), I. C. Gohberg and M. G. Krein (1967). 


10.3. The Method of Integral Transforms 


The method of integral transforms enables one to reduce some integral equations on the entire 
axis and on the semiaxis to algebraic equations for transforms. These algebraic equations can readily 
be solved for the transform of the desired function. The solution of the original integral equation is 
then obtained by applying the inverse integral transform. 


10.3-1. Equation With Difference Kernel on the Entire Axis 


Consider the integral equation 


i K(a—-t)y(t) dt = f(z), -co<x2<o, (1) 


where f(x), y(x) € L2(—o0, 00) and K(x) € Ly(-o0, co). 
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Let us apply the Fourier transform to Eq. (1). In this case, taking into account the convolution 
theorem (see Subsection 7.4-4), we obtain 


V2 K(u)g(u) = fu). (2) 


Thus, by means of the Fourier transform we have reduced the solution of the original integral 
equation (1) to the solution of the algebraic equation (2) for the Fourier transform of the desired 
solution. The solution of the latter equation has the form 


FC ee 
Vin Ku)’ 


(3) 


where the function fi (u)/ K(u) must belong to the space L2(—00, oo). 

Thus, the Fourier transform of the solution of the original integral equation is expressed via the 
Fourier transforms of known functions, namely, the kernel and the right-hand side of the equation. 
The solution itself can be expressed via its Fourier transform by means of the Fourier inversion 
formula: ; 

y(@) = ae iv G(uje™”* du = a rae ee du. (4) 


10.3-2. Equations With Kernel K (a, t) = K(a/t) on the Semiaxis 


The integral equation of the first kind 
| K(a/Hy@ dt = f(x), O<x<o, (5) 
0 


can be reduced to the form (1) by the change of variables x = e,t=e7,w(r)= ty(t). The solution 
to this equation can also be obtained by straightforward application of the Mellin transform, and this 
method is applied in a similar situation in the next section. 


10.3-3. Equation With Kernel K (a, t) = K(at) and Some Generalizations 


1°. We first consider the equation 
‘i K(at)y(t) dt = f(x), OS a<o. (6) 
0 


By changing variables x = e§ and t = e~7 this equation can be reduced to the form (1), but it is more 
convenient here to apply the Mellin transform (see Section 7.3). On multiplying Eq. (6) by «*! and 
integrating with respect to x from 0 to oo, we obtain 


0 0 0 


We make the change of variables z = xt in the inner integral of the double integral. This implies the 
relation 


K(s) | y(t)t* dt = f(s). (7) 


Taking into account the formula 


[ y(t)t* dt = 91 —s), 
0 
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we can rewrite Eq. (7) in the form 


K(s)9(.-s) = f(s). (8) 
Replacing | —s by s in (8) and solving the resulting relation for 9(s), we obtain the transform 
it MCLE e) 
SS sas Se 9 
9) =z 5 (9) 


of the desired solution. 
Applying the Mellin inversion formula, we obtain the solution of the integral equation (6) in the 


form a 
| Ct+t00 f(l as s) 
xr) = —— + 2 ds 
wean fl Rana 


2°. Now we consider the more complicated equation 


| K(y@)b®)g@y@ dt = f(x). (10) 


Assume that the conditions y(0) = 0, y(co) = co, yi, > 0, (0) = 0, w(co) = 00, and , > 0 are 
satisfied. 
The transform 


_ g(t) 
uy (t) 


z= (2), T= V(t), yt) (7) 


takes (10) to the following equation of the form (6): 


i K(zr)w(t) dt = F(z), 
0 


where the function F(z) is defined parametrically by F = f(x), z = y(a). In many cases, on 
eliminating x from these relations, we obtain the dependence F’ = F(z) in an explicit form. 


‘O) References for Section 10.3: V. A. Ditkin and A. P. Prudnikov (1965), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971). 


10.4. The Riemann Problem for the Real Axis 


The Riemann boundary value problem is one of the main tools for constructing solutions of integral 
equations provided that various integral transforms can be applied to a given equation and the 
corresponding convolution-type theorems can be applied. This problem is investigated by an 
example of the Fourier integral transform. 


10.4-1. Relationships Between the Fourier Integral and the Cauchy Type Integral 


Let V(r) be a function integrable on a closed or nonclosed contour L on the complex plane of the 
variable z = u + iv (7 is the complex coordinate of the contour points). Consider the integral of the 
Cauchy type (see Section 12.2): 

1 Yr) 


271 J, T-Z% 


dt. 


This integral defines a function that is analytic on the complex plane with a cut along the contour L. 
If L is a closed curve, then the integral is a function that is analytic on each of the connected parts 
of the plane bounded by L. If the contour L is the real axis, then we have 


1 f° Yr) a) ee if Imz>0, 


27% Jogo T-Z% 


~) y(z) if Imz <0. @) 
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Moreover, there exist limit values of the functions Y*(z) on the real axis, and these values are 
related to the density Y of the integral by the Sokhotski—Plemelj formulas 


yw=tym+n fw, 
Ti Joo T-U (2) 
y=sy+ sf 2Ow, 
T digg T-U 
or j me y 
yr-Yw=yay, Yw+ym=— fo Oar, 3) 


—OO 
In the latter formulas, the integral is understood as a singular integral in the sense of the Cauchy 
principal value. 
In the Fourier integral* 


J(u) = =x f. y(x)e'* da, 


the real parameter u occurs in an analytic function, and therefore we can replace u in this integral 
by a complex variable z. The function Y(z) defined by the integral 


1 Pe 1Zu 
V(z) = =f. y(aje™ dx, (4) 


is analytic in the part of the complex plane of the variable z = u + iv in which the integral (4) is 
absolutely convergent. If this is a domain indeed, i.e., if it is not reduced to the real axis, then 
the integral (4) gives an analytic continuation of the Fourier integral into the complex plane. The 
integral (4) will also be called the Fourier integral. 

Let us establish a relationship between this integral and the integral of the Cauchy type with 
density (wu) taken along the entire axis. We have 


1 (Yo) 1 oh 
d = ZL d 
ore ease T ao | y(aje’* da, Imz>0, (5) 
Lf? Y@) ee be 
= ize Imz <0. 6 
271 Joo T-Z ar Jon [. Ue ae a (©) 


10.4-2. One-Sided Fourier Integrals 


If V(z) = Y*(z) is an analytic function in the upper half-plane whose limit value on the real axis 
is given by the function V(u) = Y*(u) € L2(-co, co), then the function V*(z) can be expressed by 
means of the Cauchy integral. Hence, by virtue of (5) we have 


cf = _f- 7 Izu 
We) = = | y(a)e'** da, 


and, since the integral defines a continuous function, the limit values on the axis can be obtained 
from the last relation merely by setting z = u: 


yr(u) = =x | y(a)e da, 


* Jn Sections 10.4—10.6, the alternative Fourier transform is used (see Subsection 7.4-3). 
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where, according to (5), y(a) the inverse transform of (wu). The right-hand side can be regarded as 
the Fourier integral of a function that is identically zero for negative x. Hence, by the uniqueness of 
the representation of the function Y*(u) by a Fourier integral, it follows that y(a) = 0 on the negative 
semiaxis. 

Conversely, if y = 0 for x < 0, then the Fourier integral of this function becomes 


1 me 1UL 
Y(u) = eal y(aye” da. 


If we replace the parameter u by a complex number z belonging to the upper half-plane, then the 
integral will converge even better. This implies the analyticity of the function 


1 = 
Vz) = — at y(ayje’** dx 
(2) Vand yx) 
in the upper half-plane. 


The case of the lower half-plane can be treated in a similar way. 
The integrals 


0 


V2) = Wor =f y(ae** dx, Y(z)= ume dx (7) 


<= | 


are called one-sided Fourier integrals, namely, the right and the iar Fourier integral, respectively. 
As well as in formula (1), the symbols + over symbols of functions mean that the corresponding 
function is analytic in the upper or lower half-plane, respectively. 

Let us introduce the functions 


ee ig for «> 0, ity . for x >0, (8) 


0 for «<0, -y(x) for 7<0. 


These functions are said to be one-sided functions for y(x), namely, the right function and the left 
function, respectively. Obviously, the following relation holds: 


yx) = y(X) - ya). (9) 
Applying the well-known function sign x defined by 
; 1 for x>0, 
eee { -1 for 7<0, aD) 


we can express y+ in terms of y as follows: 
ys(x) = 3(+1 + sign x)y(x). (11) 


The symbols + on symbols of one-sided functions will be always subscripts. 

The Fourier integrals of the right and left one-sided functions are the boundary values of functions 
that are analytic on the upper and lower half-planes, respectively. 

Let us indicate the following analogs of the Sokhotski—Plemelj formulas (3) in the Fourier 
integrals: 


1 sas tux 
Y(u) = Aa c yay” dx 


i ki 1 7 
= na h y(aye™” da + a / y(aje” dx = Y*(u) - VY (u), 
OD eth a5 GN 


T-U 


(12) 


TU Joo 


= it r y(x)e'™* dx - —— =f y(x)e'™* dx = far =f. y(x) sign xe’ dx. 
0 
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Thus, in this setting, the first Sokhotski—Plemelj formula (a representation of an arbitrary function 
in the form of the difference of boundary values of analytic functions) is an obvious consequence of 
the decomposition of a Fourier integral into the right and the left integral. The second formula can 
also be rewritten as follows: 


Hats oe Onde rife [> J O 4 ar} =y(x)signz. (13) 
TU Tr 


coo TU 


10.4-3. The Analytic Continuation Theorem and the Generalized Liouville Theorem 


Below is the analytic continuation theorem and the generalized Liouville theorem combined into a 
single statement, which will be used in Chapters 10 and 11. 

Let functions Y;(z) and y2(z) be analytic in the upper and lower half-planes, respectively, 
possibly except for a point z,. # oo, at which these functions have a pole. If (z) and \2(z) are 
bounded at infinity, the principal parts of their expansions in a neighborhood of z, have the form 


Cl C2 Cm = Pm-1(2) 
z: 2 ee mi m? 
a hx (2-2) (2-2) (2-2) 


and if the functions themselves coincide on the real axis, then these functions represent a single 
rational function on the entire plane: 


VAsga 
(2 - %)™ 


where co is a constant. The pole z, can belong either to the open half-planes or to the real axis. 
Let us also give a more general version of the above statement. 
If functions Y\(z) and Y(z) are analytic in the upper and lower half-planes, respectively, possibly except for finitely 


many points zp) = co, z% (k= 1,..., n), at which these functions can have poles, if the principal parts of the expansions of 
these functions in a neighborhood of a pole have the form 


G24 zr 4... 4 ae z™ = Po(z) at the point 20, 
k k ck 
m a oa aaa mk _ Pm,-1@) at the points zz, 
z-2, (z-zz)? *G@- 7 ie Ce 


and if the functions themselves coincide on the real axis, then these functions represent a single rational function on the entire 
plane: 


Pmy- 1(2) 
(Z- ZR) 


Vz) = C + Polz) + > 


where C is a constant. The poles z; can belong either to the open half-planes or to the real axis. 


10.4-4. The Riemann Boundary Value Problem 


The solution of the Riemann problem in this section differs from the traditional one, because it is 
expressed not by means of integrals of the Cauchy type (see Subsection 12.3-7) but by means of 
Fourier integrals. To solve equations of convolution type under consideration, the Fourier integral 
technique is more convenient. 

By the index of a continuous complex-valued nonvanishing function M(u) (M(u) = M,(u) + 
iM),(u), -o0 < u< 00, M(-oo) = M(co)) we mean the variation of the argument of this function 
on the real axis expressed in the number of full rotations: 


Ind M(u) = > 5, [are M(u)| 


1 ae p-- 4 
= [InM(u)| = a i, . dln M(u). 
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If M(u) is not differentiable but is of bounded variation, then the last integral must be understood 
as the Stieltjes integral. 
If an analytic function (z) has a representation of the form 


Vz) = (2 — 20)" Viz) 


in a neighborhood of some point z, where Y\(z) is analytic and V;(zo) # 0, then the integer m 
(which can be positive, negative, or zero) is called the order of the function V(z) at the point zo. 
If m > 0, then the order of the function is the order of its zero, and if m < 0, then the order of the 
function is minus the order of its pole. If the order of the function at zo is zero, then at this point 
the function takes a finite nonzero value. When considering the point at infinity we must replace the 
difference z — zo by 1/z. 

Let us pose the Riemann problem. Let two functions be given on the real axis, namely, D(w), the 
coefficient of the problem, and H(u), the right-hand side, and let the following normality condition 
hold: D(u) # 0. The functions 7/(u) and D(u) — | belong to L2(—co, oo) and simultaneously satisfy 
the Hélder condition. The problem is to find two functions Y*(z) that are analytic in the upper 
and the lower half-plane, respectively,* whose limit values on the real axis satisfy the following 
boundary condition: 


Y*(u) = Dw) (u) + Hu). (14) 


It follows from the representation of D(u) that D(co) = 1. The last condition implies no loss of 
generality of subsequent reasoning because by dividing the boundary condition (14) by D(co) we 
can always obtain the necessary form of the problem.** 

If D(u) = 1, then the Riemann problem is called the jump problem. For H(u) = 0, the Riemann 
problem is said to be homogeneous. The index v of the coefficient D(w) of the boundary value 
problem is called the index of the Riemann problem. 

Consider the jump problem, i.e., the problem of finding Y~(z) from the boundary condition 


Y*(u)- Yu) = Hu). (5) 


The solution of this problem is given by the first formula in (12): 


fore) 0 
yz) = om | H(a)e'** dz, V(2)= — / 7 H(a)e’** da, (16) 
where ' = 
A(a2)= Van [. Hue *“” du. (17) 


Let us construct a particular solution V(z) of the homogeneous Riemann problem (14), which 
we need in what follows: 
X*(u) = Du)¥(u), D(co) = 1, (18) 


where V(z) is assumed to be nonzero on the real axis with the additional condition ¥*(co) = 1. 
Denote by N, and N_ the numbers of zeros of the functions 1*(z) and Y~(z) in the upper and lower 
half-planes, respectively. On calculating the index of both sides of the boundary condition (18) and 
applying the properties of the index, we obtain 


N,+N_=IndD(u) =v. (19) 


* A couple of functions Y~(z) can be treated as a single function V(z) piecewise analytic in the entire complex plane. In 
some cases, we use the latter notation. 


** Since the boundary condition is the main analytic expression of the Riemann problem, in references to the corresponding 
problem we shall often indicate its boundary condition only and write, for instance, “Riemann problem (14).” 
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We first assume that vy = 0. In this case, In D(w) is a single-valued function. It follows from 
relation (19) that N, = N_ = 0, i.e., the solution has no zeros on the entire plane. Therefore, 
the functions In V*(z) and In Y~(z) are analytic in the corresponding half-planes, and hence are 
single-valued together with their boundary values In V*(u) and In ¥7(u). Taking the logarithm of 
the boundary condition (18), we obtain 


In Y*(u) — In & (wu) = In D(w). (20) 


On choosing a branch of In D(u) such that In‘D(oo) = 0 (it can be shown that the final result does 
not depend on the choice of the branch) we arrive at a jump problem. In this case, on the basis 
of (15)-(17) and (20), the solution of problem (18) can be represented in the form 


X*(z) = ef Xz) = ef &), 
+ ns 1 ra zx d = = 1 : 1Zu d 
G°(z) = =| g(x)e wt, G(zZ)= DR ie g(xje x, (21) 


1 ' —1UL 
g(x) = Fors [. In D(u) e du. 


Relations (21) imply the following important fact: a function D(u) of zero index that is nonvanishing 
on the real axis and satisfies the condition D(oco) = | can be represented as the ratio of functions 
that are the boundary values of nonzero analytic functions in the upper and the lower half-plane, 
respectively. 

Let us pass to the case in which the index of the homogeneous Riemann problem (18) is arbitrary. 
By a canonical function X(z) (of the homogeneous Riemann problem) we mean a function that 
satisfies the boundary condition (18) and the condition 4*(oo) = | and has zero order everywhere 
possibly except for the point —7, at which the order of V(z) is equal to the index v of the Riemann 
problem. Such a function can be constructed by reducing the homogeneous Riemann problem to 
the above case of zero index. Indeed, let us write out the boundary condition of the homogeneous 
Riemann problem (18) in the form 


x*(u) = (=) Dw) (=) x). (22) 


In this case, the function in the first square brackets has zero index and can be represented as the 
ratio of the boundary values of functions that are analytic in the upper and the lower half-plane. 
This, together with the boundary condition (22), gives the following expression for the canonical 
function: 


Xa, w= (5) oF, 
z 


+4 
G*(z) = —_= | _ (x)e’** dx GUyoo2 = ; (x)e'** da (23) 
ees ore es aan or ae 


1 se apy . 
gie= | in| (==) Dan] edu 


where, at the point 2, V~(z) has a zero of order v for vy > 0 and a pole of order |v| for the case v < 0. 
The coefficient D(u) of the Riemann boundary value problem can be represented as the ratio of 
the boundary values of the canonical function (see (22) and (23)): 


Xe 
D(u) = — (24) 
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Such a representation of D(w) in the form of the ratio of boundary values of the canonical function 
is often called a factorization. 
Now we consider the homogeneous Riemann problem with the boundary condition 


Yu) =Du)Y (u), D(co) = 1. (25) 
On substituting the expression (24) for D(w) into (25) we reduce the boundary condition to the form 


yu) _ Yu) 


Xu) X-(u) 26) 


According to formulas (23) for V(z), the left- and the right-hand sides of Eq. (26) contain the 
boundary values of functions that are analytic on the upper and lower half-planes, respectively, 
possibly except for the point —2 at which the order is equal to v. In the chosen function class, each 
function vanishes at infinity. In this case, it follows from the analytic continuation theorem and the 
generalized Liouville theorem (see Subsection 10.4-3) that for v > 0 we have 


Vz) V2) _ Pru 
Ni) Ae Cae’ 


(27) 
where P,_;(z) is an arbitrary polynomial of degree v — | (the degree of the numerator is less than 


that of the denominator because Y(co) = 0). Hence, 


Pv- (2) 
(z+i”” 


V(z) = KZ) (28) 
For v < 0, it follows from Y(co) = 0 that V(z) = 0 by the generalized Liouville theorem. 

Hence, for v > 0, the homogeneous Riemann boundary value problem has precisely v linearly 
independent solutions of the form 


k-l 
en. k=1,2,...,¥, 
(Zz +1)” 
and for v < 0, there are no nontrivial solutions. 

The right-hand side of Eq. (28) has exactly 1 zeros on the entire plane, including the zero at 
infinity. These zeros can lie at arbitrary points of the upper and lower half-plane or on the real axis. 
Denote the number of zeros on the real axis by No. In the general case (without the requirement that 
there are no zeros on the real axis), formula (19) is replaced by the relation 


N,+N_+ No = Ind D(u) = v. (29) 


Let us pass to the solution of the nonhomogeneous Riemann problem with the boundary condi- 
tion (14). We apply relation (24) and reduce the boundary condition to the form 


Yu) Vu) | HW) 
Xu) Xu) Xt(u)’ 


(30) 


Let us express the last summand as the difference of the boundary values of functions that are 
analytic in the upper and the lower half-plane (see the jump problem), that is, 


H(u) 
AT) 


W*(u) -—W(u) = (31) 
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where 


1 co 1 0 
Wrz -— | w(aje** dx, W(z)=-—= w(ax)e** da, 
(2) Jia ds (x) (2) Uae (x) 
es (32) 
ae 1 Hu) eviue 
V2m Joo €*(u) 
On substituting (31) into (30), we obtain 
Y*(u) + Yu) : 
= = = : 33 
¥*(u) W"(u) =u) Wu) (33) 
For v > 0, it follows from the analytic continuation theorem and the generalized Liouville theorem 
that 
Y@ vy. YO. Baw) 
wa) YO a Y O= Gripe 


Hence, for v > 0 we have 


(34) 


VW(z) = ¥(z) pve) # ra] ; 


(z +1)” 
The right-hand side of formula (34) contains the general solution (28) of the homogeneous problem 
as a summand, and hence the general solution of the nonhomogeneous problem is obtained. 

For v < 0 we must set P,_;(z) = 0, and the desired solution becomes 


V(z) = X(Z)W(2). (35) 


However, formula (35) gives a solution that satisfies all conditions for v = 0 only. For v < 0, the 
function ¥(z) has a pole of order |v| at the point —-2. In this case, for the existence of a solution in 
the chosen class of functions it is necessary that the second factor have a zero of the corresponding 
order at the point —7. On the basis of relations (6) and (32), we represent the function VWV(z) in the 


form 
1 ° Hr) dr 


te) = Qri J gg KT) Tz 
On expanding the last integral in series in powers of z + 7 and equating the coefficients of (z + i)*"! 
(k =1,2,...,|v]) with zero, we obtain the solvability conditions for the problem in the form 
HH d 
Me a P21 (36) 


oo Kt(u) (ut ik 


Figure 3 depicts a scheme of the above method for solving the Riemann problem on the real 
axis. 

Let us state the results concerning the solution of the Riemann problem in the final form. If the 
index v of the problem satisfies the condition v > 0, then the homogeneous and the nonhomogeneous 
Riemann problems are unconditionally solvable, and their solutions 


YV" (2) = €*(z) ae @) (the homogeneous problem), (37) 
(z +1)" 
Y*(z) = &*(z)|W*(z) + a “ (the nonhomogeneous problem) (38) 
zti 


depend on vy arbitrary complex constants, where P,_;(z) is a polynomial of degree v — 1. If vy < 0, 
then the homogeneous problem has only the trivial zero solution, and the nonhomogeneous problem 
has the unique solution 


Y~(z) = A (Z)W*(z) (39) 
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The Riemann boundary value problem: Y*(u) = D(u)V (u) + H(u) 


Calculation of the index v 
of the Riemann problem 


The auxiliary homogeneous problem: V'(u) = D(u)¥ (u) 


Factorization of the coefficient 

Xt (u) 

of the problem: D(u) = ——— 
X~(u) 


Y* (u) 
Reduction of the problem to the form = 
Xt (u) 


Representation of the 


ratio in a special form 


H(u) 
Xt (u) 


Determination of the functions 
W*(u) and W7 (u) 


Reduction to the form 


Application of the theorem on analytical 
continuation and the Liouville theorem 


Determination of the desired 
functions Yt (z) and Y~(z) 


Fig. 3. Scheme of solving the Riemann boundary value problem for the functions *(z) and Y~(z) that 
are analytic, respectively, in the upper and the lower half-plane of the complex plane z = u + iv. It is 
assumed that D(w) # 0 and Py_1(z) = 0 for v < 0. 
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provided that |v| conditions (36) hold. Here we have 


g(x) = Tae =| n| (=) oo) et du, (40) 


0 


1 ; 
Gr(z)= =f g(a)e** dx, G(z)= ae g(x)e’** dx, (41) 
X(z)=eFO, A(z) = (5) eF @) (42) 
: zti , 
zs 1 Pa Hu) Ux 
w(x“) = Ver ew € du, (43) 
0 
W*(z) = var Lp w(ayje’* dx, Wr (z)= <= | ee dx. (44) 


The sequence of operations to construct a solution can be described as follows. 


1°. By virtue of formula (40) we find g(x), and then, with the help of (41), for the given g(a) we 
find G*(z). 


2°. By formulas (42) the canonical function 1*(z) is determined. 


3°. By formula (43) we determine w(x), and then apply formula (44) to find W*(z). 


After this, solutions of the homogeneous and nonhomogeneous problems can be found by 
formulas (37)-(39) and (42). For the case v < 0, it is also necessary to verify the solvability 
conditions (36). 


10.4-5. Problems With Rational Coefficients 


The solution of the Riemann problem thus obtained requires evaluation of several Fourier integrals. 
This can also be readily expressed by means of integrals of the Cauchy type. As a rule, the integrals 
cannot be evaluated in the closed form and are calculated by various approximate methods. This 
process is rather cumbersome, and therefore it is of interest to select cases in which the solution can 
be obtained directly from the boundary condition by applying the method of analytic continuation 
without using the antiderivatives. 

Assume that in the boundary condition (14) we have 


Ru) Rw) 


= OG) OG): 


Here R4(u) and O,(u) (R_(u) and Q_(u)) are polynomials whose zeros belong to the upper (lower) 
half-plane (we must avoid confusing these polynomials with the one-sided functions introduced 
above, which have similar notation). Denote the degrees of the polynomials P,, R_, O,, and Q- 
by mz, m_, n4, and n_, respectively. Since, by the assumption of the problem, the value D(co) can 
be neither zero nor infinity, it follows that the relation m, +m_ =n, +n_ holds. The index of the 
problem can be expressed by the formula 


vy = Ind D(u) = m,-—n, =—-(m_-n_). 
On multiplying the boundary condition by Q_(u)/P_(u) we obtain 


OI Sse. Relacces sO) 
Roe aw ee 
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* 


If 7{(u) is a rational function as well, then the jump problem can readily be solved: 


wu) We) = Ha. (45) 
R_(u) 
To this end, it suffices to decompose the right-hand side into the sum of partial fractions. Then Wt(w) 
and YV-(u) are the sums of the partial fractions with poles in the lower and the upper half-planes, 
respectively. We can directly apply the continuity principle (the analytic continuation theorem) and 
the generalized Liouville theorem to the resulting relation 
Q-(u) R+(u) 
st" (u) - W*(u) = 
R_(u) Q,(u) 
The only exceptional point at which the analytic function, which is the same on the entire complex 
plane, can have a nonzero order is the point at infinity, at which the order of the function is equal to 
y-l=m,-n,-l=n_-m_-1. 
For v > 0, the solution can be written in the form 


R_(z) 4. = Q,(z) 

Ow W"(z)+ Pilz), Y= Ril) 

For v < 0 we must set P,_; = 0; moreover, for v < 0 we must also write out the solvability 
conditions that can be obtained by equating with zero the first |v| terms of the expansion of the 
rational function W(z) in a series (in powers of 1/z) in a neighborhood of the point at infinity. 

The solution of the jump problem (45) can be obtained either by applying the method of 
indeterminate coefficients, as is usually performed in the integration of rational functions, or using 
the theory of residuals of analytic functions. Let z, be a pole, of multiplicity m, of the function 
[2-(z) if R(z)| H(z). Then the coefficients of the principal part of the decomposition of this function 
in a neighborhood of the point z,, which has the form 


Yu) - Wu). 


Y*(2) = 


[W(z) + Pral2)]. 


k k; 
of neeeee _ Sm 
Z-Zk (z-zp)™”’ 


can be found by the formula 


“5 Ga! del 


peel STO) 
Lec) 


no) 
Z=Zk 

The above case is not only of independent interest, as it frequently occurs in practice, but also of 
importance as a possible way of solving the problem under general assumptions. The approximation 
of arbitrary coefficients of the class under consideration by rational functions is a widespread method 
of approximate solution of the Riemann boundary value problem. 


10.4-6. Exceptional Cases. The Homogeneous Problem 


Assume that the coefficient D(u) of a Riemann boundary value problem has zeros of orders a1,..., 
at points a),...,@,, respectively, and poles* of the orders (3), ..., Gs at points bj,..., bs (ay,..., Ap 
and (3, ..., @s are positive integers). Thus, the coefficient can be represented in the form 
[]@-ay : 
Diu) = ——_D\u), Diu) #0, -co<u<c, Soaj=m, S>B;=n. (46) 
[[u = b,) i=l jel 
j=l 


For the case in which the function D(w) is not analytic, the term “pole” will be used for points at which the function tends to 
infinity with integer order. 
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In turn, we represent the function D;(u) (see Subsection 10.4-5) in the form 


Ri(wR(u) 

D,(u) O,.(u)Q_(u) D2(u), (47) 
where, as above, R4(u) and O,(u) (R_(u) and Q_(u)) are polynomials of degrees m4 and ny (m_ 
and n_) whose zeros belong to the upper (lower) half-plane. The function D2(u) satisfies the Hélder 
condition, has zero index, and nowhere vanishes on the real axis. Moreover, this function can be 
subjected to some differentiability conditions in neighborhoods of the points a; and 6; and possibly 
in a neighborhood of the point at infinity. 

The boundary condition of the homogeneous Riemann problem can be rewritten in the form 


[[@-a"R«WRw 
Yiu) = Do(u)Y-(u). (48) 
[[@- op” mem) 


j=l 


We seek a solution in the class of functions that are bounded on the real axis and vanish at infinity: 


Y(co) = 0. (49) 
The coefficient D(w) has the order 
N=ntnytn_—mMm-mMm,-mM_ (50) 
at infinity. The number 
V=M_—N4 (51) 


is called the index of the problem. Let us introduce the notation 
h=n_-m.. (52) 
Then the order at infinity is expressed by the formula 
n=h-v+n—-m. (53) 


Now let us proceed with the solution of problem (48). Applying general methods, we set 


ace) 1 " —1UL 
Dil) = aap $= ef InDawe™* du, 


Pre tea Se 
Gr(z) = aR i g(a)e** dx, Gr(z)= am i g(a)e’** da 
and rewrite the boundary condition in the form 
Q (u)V*(u) > RW) (u) (55) 


[eran Rte? — Tf eu 65) stare 


i=l j=l 


As above, we can apply the analytic continuation and the generalized Liouville theorem and 
obtain a pole at infinity as the only possible singularity. 
Two cases are possible: 
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1°. Let the order 7 of the coefficient of the boundary value problem at infinity satisfy the condition 
7 2 0, i.e., let D(u) have a zero of order 77 at infinity. It follows from (53) thatn-v =m-—h. On 
equating the left- and right-hand sides of relation (55) with a polynomial P,_,_1(z), we obtain the 
solution of the boundary value problem in the form 


y@= He a) op 


v-n-1 (z), 
(56) 


yy @=[e- bj) ae OP aie): 


This problem has v — n linearly independent solutions for vy —n > 0 and only the trivial zero 
solution for vy —n < 0. 


2°. Let 7 <0, ie., let D(w) have a pole of order —7 at infinity. In this case, m—h >n-—v, and we 
can obtain the general solution from (56) by replacing P,_»_1(z) by Pr-m-_i(Z) in this expression. 
In this case, the problem has h — m solutions for h —m > 0 and only the trivial zero solution for 
h-ms0. 
According to (53), we have 
h-m=v-n+n. (57) 


Thus, in both cases under consideration, the number of linearly independent solutions is equal to 
the index minus the total number of the poles (including the pole at infinity) of the coefficient D(u). 
Hence, we have the following law: the number of linearly independent solutions of a homogeneous 
Riemann problem is not affected by the number of zeros of the coefficient and is reduced by the 
total number of its poles. 


10.4-7. Exceptional Cases. The Nonhomogeneous Problem 


Assume that the right-hand side has the same poles as the coefficient. The boundary condition can 
be rewritten as follows: 


[[@-a"RWRw 


w= DrwY-(u) + (58) 
[]@-4)% 2.2) [[e-ep” 
j=l a4 


where D2(u) and 71; (u) satisfy the Hélder condition and some additional differentiability conditions 
near the points a;, b;, and oo. 


1°. Assume that the order 7) at infinity of the coefficient of the boundary value problem satisfies 
the condition 7 = 0. Since the first two terms of relation (58) vanish at infinity, it follows that the 
minimal possible order of 71;(u) at infinity is equal to 1 — mn. Just as in the homogeneous problem, 
we replace D2(u) by the ratio of two functions (54) and write out the boundary condition in the 
following form (under the braces, the orders of the functions at infinity are indicated): 


[[@-%)%2 MY w  TJu-a*Rwyrw 


jal es Ai (wQ(u) 
RA(ujeF O.(ujeG RA(ujeF 
——S ES 
1-n-h l-m-v l-n-h 
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Assume that a polynomial S(u) of the degree n + h — 1 represents the principal part of the 
decomposition of the last term in a neighborhood of the point at infinity (for the case in which 
n+h—-120): 
Hi(u)Q-(u) 
RA(ujeF™ 
On replacing the function W(wu) by the difference of boundary values of analytic functions 


W(u) = W*(u)- W (u), (59) 


= S(u) + Wu), W(co) = 0. 


where 


w(x) = val W(ue*” du, 


fad 0 
W*(u) = = | w(x dx, Wu) = — / wae da, 
Mu V —00 


we reduce the boundary condition to the form 


(60) 


[[@-o)*% 2wyw [J@ aa" Rwor-w 


Jal +7.) — t=] 
R(ujee S(u)- W"(u) = O,(ujeF 


On applying the analytic continuation theorem and the generalized Liouville theorem and taking 
into account the fact that the only possible singular point of the function under consideration is the 
point at infinity, while we have the relation —n —h < —m-—v (7n 2 0), we obtain the expressions 


R(z)eF 


W (u). 


y= [W*(2) + S(2) + Prank 

[[@-)? 2 

- Gz) (61) 
wey ae [W-(2) + Pram-i(2)] 


[[G-a"R© 
i=l 

The last formulas define a solution that has pole singularities at the points a; and b;. To obtain 
a bounded solution, we apply the canonical function of the nonhomogeneous problem. 

By acanonical function V(z) of the nonhomogeneous Riemann problem in the exceptional case 
we mean a piecewise analytic function that satisfies the boundary condition (58), has the zero order 
on the entire finite part of the complex plane, including the points a; and b;, and has the least possible 
order at infinity. 

Let U,,(z) be the Hermite interpolation polynomial with interpolation nodes of orders a; and (3; 
at the points a; and b;, respectively. Such a polynomial of degree p = m+n -—1 exists and is 
determined uniquely (see Subsection 12.3-1). The functions D; (wu) and 71{;(u) must be subjected to 
the additional condition that in neighborhoods of the points a; and 6; these functions have derivatives 
of the orders a; and (;, respectively, and these derivatives satisfy the Hélder condition. Then the 
canonical function of the nonhomogeneous problem can be represented in the form 


Vig) = ROE wie 4 52) Up] 

[[e-')%2@ 

™ G (z) (62) 
ee ee [W-(2) -U(2)]. 


[[@- a)" Re 


i=1 
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Adding V(z) to the above general solution of the homogeneous problem, we find the general 
solution of the nonhomogeneous Poe under consideration: 


+ + a; &-(@) ss 
y= vere [Te- ai) ae 


Q.(z) ef @) 
Ri 


OD, »1(2); 
(63) 
Y@)=V(2)+ Ie- be on 


v- n-1(Z). 
For vy—n > 0, the problem has v—n Gees independent solutions. In the case v—n < 0 we must set 
Pyn_1(Z) = 0. For vy—n <0, the canonical function V(z) has the order y—n < 0 at infinity and hence 
is no longer a solution of the nonhomogeneous problem. However, on subjecting the right-hand side 
to n—v conditions we can increase the order of the function V(w) at infinity by n —v and thus make 
the canonical function V(z) be a solution of the nonhomogeneous problem again. 

To make the above operations possible, it suffices to require that the functions u*,(u) and 
D>2(u) have derivatives of order < n-v at infinity, and these derivatives satisfy the Hélder condition. 


2°. Let <0. The least possible order at infinity of 71,(u) is h-v—m +1. In this case, the function 
[Hi(u)Q_(u)]/ [R_(u)e?'™] in the boundary condition (58) has the order 1—-m-—v at infinity. After 
selecting the principal part of the expansion of [Hj (u)Q_(u)]/ [Rue] in a neighborhood of 
the point at infinity for m+ — 1 > 0, the boundary condition can be rewritten in the form 


[[@-2)% 2my*w [J@ ad" Rew) 


j=l +7), — tel 

RAuyer W') = O. (wer 

The canonical function of the nonhomogeneous problem can be expressed via the interpolation 
polynomial as follows: 


W (u) + S(u). 


R(z)eF 


Vil = [W*(z)-U,(2)], 


[[@-)% 2 

Zz (64) 
Q.(z)eF @ 

- [W-(z)-S(z) -Up(2)]. 


[[@- a)" R® 
1=1 


The general solution of problem (58) becomes 


Vi) = 


R(z) sg? 


Y@=Vi @+[]e- a) Gye Phem-i(2) 


(65) 
Y (2) =Vi(2) + Ie Os ee 


(2) 6g) 
‘ Ph- m— (z). 
Ri) 
For h —m > 0, the problem has h — m linearly independent solutions. In the case h-—m < 0, 
we must set the polynomial P),_;n_;(z) to be identically zero and, for the case in which h —m < 0, 
impose m—h, conditions of the same type as in the previous case on the right-hand side. Under these 
conditions, the nonhomogeneous problem (58) has a unique solution. 


Remark. In Section 10.5 we consider equations that can be reduced to the problem by applying 
the convolution theorem for the Fourier transform. Equations to which the convolution theorems for 
other integral transforms can be applied, for instance, for the Mellin transform, can be investigated 
in a similar way. 


@ References for Section 10.4: F. D. Gakhov and Yu. I. Cherskii (1978), S. G. Mikhlin and S. Préssdorf (1986), 
N. I. Muskhelishvili (1992). 
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10.5. The Carleman Method for Equations of the 
Convolution Type of the First Kind 


By the Carleman method we mean the method of reducing an integral equation to a boundary 
value problem of the theory of analytic functions, in particular, to the Riemann problem. For 
equations of convolution type, this reduction can be performed by means of the integral transforms. 
After solving the boundary value problem, the desired function can be obtained by applying the 
inverse integral transform. 


10.5-1. The Wiener—Hopf Equation of the First Kind 


Consider the Wiener—Hopf equation of the first kind 


1 lo) 
War | K (a —t)y(t) dt = f(x), 0<4<~@M, (1) 


which is frequently encountered in applications. Let us extend its domain to the negative semiaxis 
by introducing one-sided functions, 


_ Jj yx) for «>0, _ Jj f() for «>0, _ 
Ye(@) = fe Meese. . =O aenmeu. aera tore at 


Using these one-sided functions, we can rewrite Eq. (1) in the form 


1 co 
Von i K(x — thys(t) dt = fr) + y(), -00 << OO. (2) 


The auxiliary function y_(x) is introduced to compensate for the left-hand side of Eq. (2) for x < 0. 
Note that y_(x) is unknown in the domain x < 0 and is to be found in solving the problem. 

Let us now apply the alternative Fourier transform to Eq. (2). Then we obtain the boundary 
value problem 


Ps | Fr(u) 

VD ag OO ea 

If o is the order of K(u) at infinity, then the order of the coefficient of the boundary value problem 

at infinity is 7 = -o <0. The general solution of problem (3) can be obtained on the basis of 

relations (65) from Subsection 10.4-7 by replacing Pp_m_1(z) with Py_n+n-1(z) there. The solution 

of the original equation (1) can be obtained from the solution of problem (3) by means of the 
inversion formula 


(3) 


Y(@) = ys. (2) = = hi yrwe du, x>0. (4) 


Note that in formula (4), only the function Y*(u) occurs explicitly, which is related to the 
function Y~(u) by (3). 


10.5-2. Integral Equations of the First Kind With Two Kernels 


Consider the integral equation of the first kind 


ee. 0 
=! Ky (a —t)y(t) dt + al. Ko(a - ty(t) dt = f(x), eee en (5) 
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The Fourier transform of Eq. (5) results in the following boundary value problem: 


Ki FG) 
may Ra 


Y*(u) = 


-—00 <U< OO. (6) 


The coefficient of this problem is the ratio of functions that vanish at infinity, and hence, in contrast 
to the preceding case, it can have a zero or a pole of some order at infinity. 

Let Ky (u) = Ti(u)/u> and K2(u) = To(u)/u“, where the functions Jj(u) and J(u) have zero 
order at infinity. In the dependence of the sign of the difference 7 = ju — A, two cases can occur. For 
generality, we assume that there are exceptional points at finite distances as well. Let the functions 
K(u) and K2(u) have the representations 


s Pp 
Ki(u) = | [u-b;) | [(u- ex) Kis(u), 


j=l k=l 


r Pp 
Ky(u) = | [w= ai)™ | [ue cn)* Kiow). 


i=l k=1 


Along with the common zeros at points c;, of multiplicity y,, the functions (wu) and K2(u) 
have a common zero of order min(A, jz) at infinity. 
The coefficient of the Riemann problem can be represented in the form 


[[@-a)" RWRw) 
Diu) = = Dy(u). 
[[@- 6)” Q@2_~w) 


j=l 


It follows from (6) that this problem and the integral equation (5) are solvable if at any point c;,, that 
is a common zero of the functions K\(u) and K2(u), the function F(u) has zero of order yz, i.¢., 


F(u) has the form 
p 


Fu) = |] [u-ex)y* Fi). 


k=1 


To this end, the following y; + --- +p» =! conditions must hold: 


FPO) 20, G0 


U=Ch 


or, which is the same, the conditions 
/ f(ax)x3* e***® daz = 0. (8) 


For the case under consideration in which the equation is of the first kind, we must add other 
d conditions, where 
d= min(A, 2) +1, (9) 


that are imposed on the behavior of F(w) at infinity because the functions (uw) and K(u) have a 
common zero of order min(,, 1) at infinity. Hence, F(u) must satisfy the conditions (8) and have at 
least the order d at infinity. 


© 1998 by CRC Press LLC 


If these conditions are satisfied, then the boundary value problem (6) becomes 


[[@-ai"R.WRw 


Yr(u) = = D2(u)Y (u) + pee, 
[[@- 4)" 2.2-w) [[@-4) 
jel et 


The solution was given above in Subsection 10.4-7. For the case in which 7 = 0 (4 2 A), this solution 
can be rewritten in the form 


. Q,(z) - 
(2) =V(e)+ NG b,)% a yee Prnsil2). 
For the case in which 7) < 0 (u < A), this solution becomes 
. Rs 
Y@= V4 T]Te-ay" FFP, maid, 
S ; ay) 


©) FOP, m1(2). 


weaves Te- by ee 


In both cases, the solution of the original integral equation can be obtained by substituting the 
expressions (10) and (11) into the formula 


1 aes 
yx) = Vin / [Y"(u)- Yule du. (12) 
27 Joo 
Example. Consider the following equation of the first kind: 


1 oo 1 0 
aa Ki (@— ty) dt + Vin ye Ko(x — ty(t) dt = f(x), 


where 


_s0 for x > 0, _ J -V/2r ie?” for x > 0, _s0 for x > 0, 
Ki@)={ az (ee _ 20) for x < 0, Ka@)={ 5 for x <0, F@)={ ya (et — 22) for x < 0. (13) 


Applying the Fourier transform to the functions in (13), we obtain 


1 1 : 
Me Tamas ae ean 


Here the boundary value problem (6) becomes 


(u — 22)(u — 32) 


+27 ate 


Y*(u) = 


The coefficient D(u) has a first-order pole at infinity (v =—1). In this case 


m,=2, ny =0, veme-ny=2, minrA,w)=1, d=2. 


The function F(u) has second-order zero at infinity, and hence the necessary condition for the solvability is satisfied. 
In the class of functions that vanish at infinity, the homogeneous problem 

(u — 2%)(u — 32) 
wt 2% 


Y*(u) = Y (wu) 
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has the following solution: 


Cc 


C 
+ nh ea op ee 
V@= Zz (z —2i)(z — 31)’ 


> (z 
+21 ace, 
where C is an arbitrary constant. 

The number of linearly independent solutions of problem (13) is less by one than the index, because D(u) has a first-order 
pole at infinity. 

The solution of the nonhomogeneous problem in the class of functions vanishing at infinity has the form 


C C-2i-z 
+ eal ote os — Se ee od 
ees z+2i” V@ (z — 2i)(z — 34)’ 
(Gi { —/2n iCe2* for x > 0, 
V2n Cle? — &*) — 4iv/2n €?* + 5iv/2r 8” for x <0. 


For the chosen right-hand side, the equation turns out to be solvable. However, if we take, for instance, 


0 for x >0, 
f@) = { Jin i(5e3” 402%) for x <0, Cy) 


then we have F(u) = (u + 22)/[(u — 2%)(u — 32)]. The corresponding Riemann boundary value problem has the form 


(u —24)(u — 34) 


Y*(u) = ———— (u) + uF 2%. 
ut 2e 
In the class of functions bounded at infinity, its solution can be represented in the form 
C-z C-z-(z2+2i) 
Oy) = -(2) = eae 15 
We) = eo) = ecaea) (15) 


For no choice of the constant C’ the solution vanishes at infinity, and hence the equation with the right-hand side defined 
by (14) has no solutions integrable on the real axis. 


@) References for Section 10.5: F. D. Gakhov and Yu. I. Cherskii (1978), S. G. Mikhlin and S. Préssdorf (1986), 
N. I. Muskhelishvili (1992). 


10.6. Dual Integral Equations of the First Kind 


10.6-1. The Carleman Method for Equations With Difference Kernels 


Consider the following dual integral equation of convolution type: 


se |. Kue-ouendt= fe), 0<24%<aM, i. 
= ee K (a — t)y() dt = f(x), -00 <x“ <0, 


in which the function y(x) is to be found. 

In order to apply the Fourier transform technique (see Subsections 7.4-3, 10.4-1, and 10.4-2), 
we extend the domain of both conditions in Eq. (1) by formally rewriting them for all real values 
of x. This can be achieved by introducing new unknown functions into the right-hand sides. These 
functions must be chosen so that the conditions given on the semiaxis are not violated. Hence, the 
first condition in (1) must be complemented by a summand that vanishes on the positive semiaxis 
and the second by a summand that vanishes on the negative semiaxis. Thus, the dual equation can 
be written in the form 


om / - Kile —by(t)dt = fle) + &(a), 


-woO<r7<M, 


= [. Kya - thy(t) dt = f(a) + &(2), 
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where the €4(2x) are some right and left one-sided functions so far unknown. 
On applying the Fourier integral transform, we have 


Ky(wYu) = Flu) + 2 (u), Kaw) Vu) = F(u) + B*(u). (2) 


Here the three functions V(u), =*(u), and = (uw) are unknown. 
Let us eliminate V(u) from relations (2). We obtain the Riemann boundary value problem in 


the form 
Kaw) —- Ka(u) —Ki(u) 
= (uw) + —__—__— 
Ky(u) Ky(u) 

In the present case, the coefficient of the boundary condition is the ratio of functions that vanish 
at infinity, and hence this coefficient can have a zero or a pole of some order at infinity. The solution 
of the Riemann boundary value problem can be constructed on the basis of Subsections 10.4-6 
and 10.4-7, and the solution of the integral equation (1) can be defined by the formula 


Btu) = F(u), 00 <uU<0oo. 


°° Et(u) + Flu) E(u) + F(u) 


1 . 1 ieacd ; 
= —2tUZL d = —2tUZL d : 3 
y@) = i i a ae iD Kao ce ee 


Example. Let us solve the dual equation (1), where 


1 22 
3a _ @2x 0 for «<0 1V/Ire for x <0, 
K _) V2nr(e e*) for «<0, K = : F _J4 
1@) { 0 for x >0, 2(z) -J2rie2* for x>0, F(a) -+ /Ire2" for x>0. 


We find the Fourier integrals 


1 


= a3 


1 
K(u) = - 


1 
» Fu)= 
+ 2% (u) uU 


244° 
In this case, the boundary value problem (2) corresponding to this equation becomes 


_ (u-2i)(u- 34) ae u-3i 1 (4) 


ot 
ao ut 2i (ut 22 uw2+4° 


The coefficient D(w) has a first-order pole at infinity (with index v = —1). The functions Kj(u) and K(u) have a 
common zero of the first order at infinity. We find that 


me=2, ne =0, v=mye-ny =2. 


On representing the boundary condition in the form 


(ut 20E*(u) 


u— 3% : ees 
- = (u—22)(u—32)E (u) 
+27 


and applying the analytic continuation and the generalized Liouville theorem, we see that the general solution of problem (4) 
in the class of functions vanishing at infinity is given by 


aja (SS +c), S(2)= : ( +e), (5) 


z+2i\ 242i (z—2i)(z - 30) \z-2 


u-20 


where C is an arbitrary constant. 
The solution of the integral equation in question is given by the expression 
1 © Bt(u) + Fu) 
ST i Ki)“ 
Since the function K°(w) has a first-order zero at infinity, it follows that the function =*(w) + F(u) must have a zero at 


infinity whose order is at least two. This condition implies the relation C = -1. 
For C = ~—1, formulas (5) become 


tux day 


Et (z) = aa BE (z)= ee y(a) = { iV2ne* for «<0, 
. (z4+282" (z — 2i)?(z — 31)’ 5/2 e2® for a> 0. 


Thus, we have succeeded in satisfying the solvability condition, which follows from the existence of a common zero of 
the functions Kj (u) and K2(u), by choosing an appropriate constant that enters the general solution, and the integral equation 
turns out to be unconditionally and uniquely solvable. 
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10.6-2. Exact Solutions of Some Dual Equations of the First Kind 


In applications (for example, in elasticity, thermal conduction, and electrostatics), one encounters 
dual integral equations of the form 


i Ky (a, thy(t) dt = f(x) for 0<a<a, 

0 

oo (6) 

'; Ko(a, thy(t) dt = fo(x) for a<@%<o, 
0 


where Ki (x,t), K(x, t), fi(x), and f2(a) are known functions and y(x) is the function to be found. 

Methods for solving various types of these equations are described, for instance, in the books 
mentioned in the references at the end of this section. Below we present solutions of some classes 
of dual integral equations that occur most frequently in applications. 


1°. Consider the following dual integral equation: 


ie Jo(at)y(t) dt = f(x) for O0<2<a, 

0 

ee (7) 

| tJo(xt)y(t) dt = 0 for a<4%<o, 
0 


where Jo(x) is the Bessel function of zero order. We can obtain the solution of Eqs. (7) by applying 
the Hankel transform. This solution is given by 


oie fis d [' sf(s)ds 
yoo)= = | cos(xt) E ; ee] dt. (8) 


2°. The exact solution of the dual integral equation 
ii tJo(xt)y(t) dt = f(x) for 0<a<a, 
0 


oo (9) 
| Jo(xt)y(t) dt = 0 for a<x4<w, 
0 


where Jo(x) is the Bessel function of zero order, can be constructed by means of the Hankel 


transform, ; 
De fons d sf(s) ds 


3°. The exact solution of the dual integral equation 


i tJ. (at)y(t) dt = f(x) for 0<a<a, 
poe (11) 

7 J, (xt)y(t) dt = 0 for a<xzr<a, 
0 


where J,,(x) is the Bessel function of order jz, can be defined by the following expression (here the 
calculation also involves the Hankel transform): 


a n/2 
y(x) = 4] oF i £3,,..(00| | sin’*! 6 f(t sin 0) d0| dt. (12) 
T Jo 0 
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4°. Consider the dual integral equation 


if 7° JT (at)y(t) dt = f(x) for O0<a<l, 
ee (13) 

iL J, (xt)y(t) dt = 0 for 1l<a<o, 
0 


where J,,(x) is the Bessel function of order 1. 
The solution of Eq. (13) can be obtained by applying the Mellin transform. For ( > 0, this 
solution is defined by the formulas 


Ci 
PB) 


1 1 
y(a) = t*? Fa(at)F(t)dt,  F(t)= | fager"a-¢)F" de. 14) 
0 0 


For 2 >-1, the solution of the dual equation (13) has the form 


Qa)? 


Y= Fas By 


1 1 
fat? Juaol if ama @ Mee a ede EAS i) te) —2?)P O(a, t)dt|, (15) 
0 0 


1 
Bet) = f (8 Jaane fA. 
0 
Formula (15) holds for @ > —1 and for —y -— + <20<ut 3, It can be shown that for 3 > 0 the 
solution of Eq. (15) can be reduced to the form (14). 


5°. The exact solution of the dual integral equation 


i tP_1 ,;,(cosh x)y(t) dt = f(x) for O0<a<a, 
: (16) 


i tanh(mt)P_1 ,;,(cosh x)y(t) dt = 0 for a<@%<o, 
0 


where P,,(x) is the Legendre spherical function of the first kind (see Supplement 10) and ast, 
can be constructed by means of the Meler—Fock integral transform (see Section 7.6) and is given by 


the formula 
B) a t : h 
y(x) = v2 | sin(at) | ON =| ig (17) 
T Jo 0 Vcosht—coshs 


Note that 


2). of ts 
P_144,(cosh x) = v2 | se ds, x >0, 
2 7 Jo Vcoshx—coshs 


where the integral on the right-hand side is called the Meler integral. 


10.6-3. Reduction of Dual Equations to a Fredholm Equation 


One of the most effective methods for the approximate solution of dual integral equations of the 
first kind is the method of reducing these equations to Fredholm integral equations of the second 
kind (see Chapter 11). In what follows, we present some dual equations encountered in problems of 
mechanics and physics and related Fredholm equations of the second kind. 
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1°. The solution of the dual integral equation of the first kind 


i gb) Jo(at)y@) dt = f(x) for 0<2<a, 
0 


oo (18) 
| tJo(xt)y(t) dt = 0 for a<@%<o, 
0 
where g(a) is a given function and Jo(x) is the Bessel function of zero order, has the form 
yz) = | gtt)eos(ct) at (19) 
0 
where the function y(x) to be found from the following Fredholm equation of the second kind: 
1 a 
p(x“) - — | K(a«, Hyp dt = w(x), 0<2<a, (20) 
T JO 
where the symmetric kernel K(x, t) and the right-hand side 7(x) are given by 
* 2d f" tft 
K(a,t)= oy [1 — g(s)] cos(as) cos(ts) ds, W(x) = ae, vee dt. (21) 
Methods for the investigation of these equations are presented in Chapter 11. 
2°. The solution of the dual integral equation of the first kind 
‘ tg(HJo(at)y(t) dt = f(x) for 0<a<a, 
yee (22) 
| Jo(xt)y(t) dt = 0 for a<4“%<aM, 
0 
where g(a) is a given function and Jo(x) is the Bessel function of zero order, has the form 
ye) = | vt) sin(xt) dt, (23) 
0 


where the function y(x) is to be found from the Fredholm equation (20) of the second kind with 


K(a,t) =2 [- t1-aesntsinces sinc Hee Z r 60 o 


Note that the kernel K (a, t) is symmetric. 
3°. The solution of the dual integral equation of the first kind 


i gt) J,,(at)y(t) dt = f(x) for O0<a<a, 
use (24) 
i; tJ, (xt)y() dt = 0 for a<@%<a, 
0 
where g(x) is a given function and J,,(x) is the Bessel function of order jz, has the form 


ya)=\/ f vid, lanyttrat (25) 
0 


where the function y(x) is to be found from the Fredholm equation (20) of the second kind with 


K(a,t) = aVat | oeyeg _1(as)J,,_1 (ts) ds, 
; ; : 


n/2 
W(x) = = { f(O)+ | [u(sin 0)“ f(x sin 0) + x(sin 0)" f’(a sin @)| ao}. 
0 


Note that f(x sin 6) = fi) fae sin 0 and the kernel K(z, t) is symmetric. 
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4°. The solution of the integral equation of the first kind 


E tg(t)J,,(at)y(t) dt = f(x) for O0<2<a, 
oo (26) 

| J, (at)y(t) dt = 0 for a<xr<a, 
0 


where g(x) is a given function and J,,(x) is the Bessel function of order jz, has the form 


ya) = 4) | Vt Tuas ado) dt, (27) 


where the function v(x) is to be found by solving the Fredholm equation (20) of the second kind 
with 


oe) n/2 
K(a,t)= rai [ [1 - g(s)]s Fi (es) J,,41 (ts) ds, w(x) = = | f(x sin 6)(sin oye! da, 
0 0 


and the kernel K (a, t) is symmetric. 


5°. The solution of the dual integral equation of the first kind 


r) gt) J, (at)y(t) dt = f(x) for O0<2<a, 
0 (28) 

| J, (at)y) dt = 0 for a<4r<am, 
0 


where g(x) is a given function and J,,(x) is the Bessel function of order jz, has the form 


ya) = 24/ | Vi Js (atyp(t) dt, (29) 
0 


and the function v(x) is to be found from the Fredholm equation (20) of the second kind with 


K(a, t) =o! Vint [ 


| [1 -g(s)]s*/? J,,(ps)J,,_1 (ts) ds dp, 


prt 
\/ p?—x* Jo 


Deis eee 
W(x) = md i Jgae dp. 


6°. The solution of the dual integral equation of the first kind 


i - P79 g(t)J,(at)y(t)dt = f(z) for O<a<a, 

00 (30) 

i J, (at)y(t) dt = 0 for a<x4r<w, 
0 


where 0 < @ < 1, g(x) is a given function, and J,,(x) is the Bessel function of order jz, has the form 


y(a) = [ee i, “Vi Jnxa(atyp(t dt, (31) 


and the function v(x) is to be found from the Fredholm equation (20) of the second kind with 


K(2,t) =71V at ii “ul ~ 9(s)]s Juxa(vs)Jusa(ts) ds, 
0 


1-6 m/2 
Y(«) = ra ap i f(xsin 0)(sin 0)4*!(cos 6)°7"! dé, 


and the kernel K (a, t) is symmetric. 
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7°. The solution of the dual integral equation of the first kind 


| g(t) P_1454(cosh x)y(t) dt = f(x) for O0<a<a, 
ae (32) 

| ttanh(rt)P 1 ,;,(cosh x)y(t) dt = 0 for a<@%<o, 
0 


where P,,(x) is the Legendre spherical function of the first kind (see Supplement 10), i =-1, and 
g(x) is a given function, is determined by the formula 


y(2) = fe cos(at)yp(t) dt, (33) 
0 


and the function v(x) is to be found from the Fredholm equation (20) of the second kind in which 
K(a,t)= | [1 — g(s)]{cos[(x + t)s] + cos[(a — t)s]} ds, 
0 


V2 d [* — f(s)sinhs 


c= Ss. 34 
ue) m dx Jo /cosha—coshs a 
On the basis of relations (34), we can readily see that the kernel K(x, t) is symmetric. 
8°. The solution of the dual integral equation of the first kind 
| tgt)P_1 44,(cosh x)y(t) dt = f(x) for O0<a<a, 
; (35) 


i) tanh(mt)P_ 1 ,;,(cosh x)y(t) dt = 0 for a<4%<o, 
0 


where P,,(x) is the spherical Legendre function of the first kind (see Supplement 10), i =-1, and 
g(x) is a given function, is determined by the formula 


y(x) = ie sin(xt) p(t) dt, (36) 
0 


and the function v(x) is to be found from the Fredholm equation (20) of the second kind in which 


K(a,t) = ae [1 — g(s)]{cos[(a — t)s] — cos[(a + t)s]} ds, 
0 


y= e is f(s) sinhs (37) 
0 


S. 
cosh x —coshs 


On the basis of relations (37), we can readily see that the kernel K(x, t) is symmetric. 


O) References for Section 10.6: E. C. Titchmarsh (1948), I. Sneddon (1951), Ya. S. Uflyand (1977), F. D. Gakhov and 
Yu. I. Cherskii (1978). 
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10.7. Asymptotic Methods for Solving Equations 
With Logarithmic Singularity 


10.7-1. Preliminary Remarks 


Consider the Fredholm integral equation of the first kind of the form 


1 
/ K(*) uoae= 10, -l<ax<l, (1) 
-1 


with parameter (0 < \ < 00). 

We assume that the kernel K = K (2) is an even function continuous for x # 0 which has a 
logarithmic singularity as x — 0 and exponentially decays as x — oo. Equations with such a kernel 
arise in solving various problems of continuum mechanics with mixed boundary conditions. 

Let f(x) belong to the space of functions whose first derivatives satisfy the Hélder condition 
with exponent a > s on [-1, 1]. In this case, the solution of the integral equation (1) in the class 
of functions satisfying the Hélder condition exists and is unique for any \ € (0,00) and has the 


structure 
w(x) 


y(2) = ; (2) 
V1-2x? 
where w(x) is a continuous function that does not vanish at x = +1.* 


It follows from formula (2) that the solution of Eq. (1) is bounded as x — +1. This important 
circumstance will be taken into account in Subsection 10.7-3 in constructing the asymptotic solution 
in the case \ — 0. 

Note that more general equations with difference kernel and arbitrary finite limits of integration 
can always be reduced to Eq. (1) by a change of variables. The form (1) is taken here for further 
convenience. 


10.7-2. The Solution for Large 


Let the representation 


K(x) =In|2| ¥— anlal” + 55 bala”, (3) 
=0 n=0 


where ao # 0, be valid for the kernel of the integral equation (1) as x — 0. 

It is obvious from (3) that two different-scale large parameters \ and In \ occur in Eq. (1) as 
A — oo. The latter, “quasiconstant” parameter grows much slower than the former (for instance, for 
X = 100 and A = 1000 we have In \ = 4.6 and In A = 6.9, respectively). 

Let us drop out all terms decaying as X — oo in Eq. (1). In view of (3), for the main (zeroth) 
approximation we have 


1 
i (ao In|x — t|— ao In \ + bo) yo(t) dt = f(a), -l<a<l. (4) 
-1 


It should be noted that one cannot retain in the integrand only one term proportional to In \ (since the 

corresponding “truncated” equation is unsolvable). The constant bg must also be included in (4) for 

the main-approximation equation to be invariant with respect to the scaling parameter in Eq. (1). 
The exact closed-form solution of Eq. (4) is given in Section 3.4 (see Equations 3 and 4). 


* The situation w(+1) = 0 is only possible in exceptional cases for special values of X. 
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To construct an asymptotic solution of Eq. (1) as 4 — ox, it is convenient to do the following. 
First, we consider the auxiliary integral equation 


1 
i K(x -t,B,Nydt= f(z), -l<2<l, 
-1 
(5) 


Co 


an n - bn n 
K(a, 8, ) = (In|2| - 8) Tall + ys Jnl! , 
n=0 n=0 
with two parameters \ and (3. We seek its solution in the form of a regular asymptotic expansion in 
negative powers of A (for fixed 3). That is, we have 


N 
ya, B,) = S° A" yn(w, B) + 0(XY). (6) 


n=0 


Substituting (6) into (5) yields a recurrent chain of integral equations of the form (4): 


1 
i (ao In |x — t| — ao + bo) Yn(t, B) dt = gn(a, 3), a ese oe (7) 


1 


from which the functions y,,(x, 3) can be successively calculated. The right-hand sides g,,(z, 3) 
depend only on the previously determined functions yo, yi, .-., Yn-1- 

Note that for 3 = In the auxiliary equation (5) coincides with the original equation (1) into 
which the expansion (3) is substituted. Therefore, the asymptotic solution of Eq. (1) can be obtained 
with the aid of (6) and (7) with @ = In A. 

Some contact problems of elasticity can be reduced to Eq. (1), in which the kernel can be 
represented in the form (3) with a, = 0 for all n > 0 and bo,,4; =0 form =0, 1, 2, ... In this case, 
one must set y,,(z, 3) = 0 (n = 1, 3, 5, ...) in the solution (6). In practice, it usually suffices to 
retain the terms up to \~. 


10.7-3. The Solution for Small A 


In analyzing the limit case \ — 0, we take into account the singularities of the solution at the 
endpoints of the interval —1 < x < | (see formula (2)). Consider the following auxiliary system of 
two integral equations: 


64 -1 
i K(2*)n@a= Aw | K(2*) nioat, AP eee 
=] —00 


1 foe) 
/ K(2*) moar Aw | K(2*) nat -o<a<il. 
EN 1 


The former equation provides for selecting the singularity at x = —1 and the latter for selecting the 
singularity at x = +1. 
The functions f|(az) and f(a) are such that 


(8) 


fitz) + fo(a) = f(x), -lsal, 
fila) = Ole) as 2M, (9) 


fo(a) = O(e™*) as &£—-0O, 


where a; > 0 and a2 > 0. 
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The first condition in (9) makes it possible to seek the solution of the integral equation (1) as the 
sum of the solutions of the integral equations (8), that is, 


y(x) = yi (x) + w(x), -lsasl. (10) 
Note that by virtue of the last two conditions in (9), the relations 


y(t) =O(e"%") as xo, a 


Yy2(x) = O(e”*) as © —-OO, 


where (3, > 0 and (3 > 0, are valid. 
Recall that the kernel K(x) is an even function. Therefore, if f(a) in Eq. (1) is an even or odd 
function, then one must set 


A@M=+hCx), y(®) = ty(-2) (12) 


in system (8).* 
In both cases, system (8) can be reduced by changes of variables to the same integral equation 


[ Ke-nwodr= Fe "PO saeae O<sz<~aM, (13) 
0 2/X 


in which the following notation is used: 


zo Ott, re eth w(t) = y(t), FQ) = + filo) (14) 


In view of the properties of the kernel (x) (see Subsection 10.7-1) and the first relation in (11), 
the asymptotic estimate 


rs f K(2/A-z-T)w(r) dr = O(e7/) (15) 
2/r 


can be obtained, which is uniform with respect to T. 
According to (15), for small \ the iterative scheme 


[ e-Duntar= FO) (un), Mss 222 oss (16) 
0 


can be used to solve the integral equation (13) by the method of successive approximations. In 
the main approximation, the integral [(wo) can be omitted on the right-hand side. Equations (16) 
are Wiener—Hopf integral equations of the first kind, which can be solved in a closed form (see 
Subsection 10.5-1). 

It follows from formulas (10), (12), and (14) that, as \ — 0, the leading term of the asymptotic 
expansion of the solution of the integral equation (1) has the form 


1 i= 
yo) = w( 52) 2 u( ="), (17) 


where wy) = w;(T) is the solution of Eq. (16) with n = 1 and wo = 0. 
For practical purposes, formula (17) is usually sufficient. 


* Jn formulas (12), (13), (16), and (17), the plus sign corresponds to even f(x) and the minus sign to odd f(z). 
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10.7-4. Integral Equation of Elasticity 


The integral equation (1) whose kernel is given via the Fourier cosine transform, 


K(x) = | ee LO ey (18) 
0 U 


frequently occurs in contact problems of elasticity. The function L(u) in (18) is continuous and 
positive for 0 < u < oc) and satisfies the asymptotic relations 


L(u) = Au + O(u3) as u—0, 
N-1 19 
D(u) = S- Bnu” + O(u) as u—>o, me 
n=0 


where A > 0 and Bo > 0. 

Formula (18) implies that the kernel is an even function: K (a2) = K(-2). 

It is usually assumed that L(u)u7! and u[L(u)|, treated as functions of the complex variable 
w=utiv, are regular at the pole |v| < 7; and the pole |v| < 72, respectively. It follows in particular 
that the kernel K(x) decays at least as exp(—y|t]) at infinity. 

Formulas (18) and (19) imply that A (a) has a logarithmic singularity at x = 0. Moreover, the 
representation (3) is valid with a,, = 0 forn = 1, 3,5, ... 

Thus, the kernel given by (18) has the same characteristic features as those inherent by assumption 
in the kernel of the integral equation (1). Therefore, the results of Subsections 10.7-2 and 10.7-3 
can be used for the asymptotic analysis of Eq. (1) with kernel (18) as \ — oo and A — 0. 


@) References for Section 10.7: I. I. Vorovich, V. M. Aleksandrov, and V. A. Babeshko (1974), V. M. Aleksandrov and 
E. V. Kovalenko (1986), V. M. Aleksandrov (1993). 


10.8. Regularization Methods 


10.8-1. The Lavrentiev Regularization Method 


Consider the Fredholm equation of the first kind (see also Remark 3, Subsection 11.6-5) 


b 
/ K (a, thy(t) dt = f(x), asas<b, (1) 


where f(a) € Lo(a, b) and y(x) € L2(a, b). The kernel K(x, t) is square integrable, symmetric, and 
positive definite (see Subsection 11.6-2), that is, for all p(x) € L2(a, b), we have 


b pb 
iy j K(a, Hy(x)p(t) dx dt = 0, 


where the equality is attained only for y(x) = 0. 
In the above classes of functions and kernels, the problem of finding a solution of Eq. (1) is 
ill-posed, i.e., unstable with respect to small variations in the right-hand side of the integral equation. 
Following the Lavrentiev regularization method, along with Eq. (1) we consider the regularized 
equation 


b 
EYe(X) +f K (a, thy-(t) dt = f(x), asaz<b, (2) 
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where € > 0 is the regularization parameter. This equation is a Fredholm equation of the second 
kind, so it can be solved by the methods presented in Chapter 11, whence the solution exists and is 
unique. 

On taking a sufficiently small ¢ in Eq. (2), we find a solution y-() of the equation and substitute 
this solution into Eq. (1), thus obtaining 


b 
/ K(a, thy-(t) dt = f.(x), a<as<ob. (3) 
If the function f.(x) thus obtained differs only slightly from f(x), that is, 
I| f(x) — fe(z)|| $6, (4) 


where 6 is a prescribed small positive number, then the solution y-(x) is regarded as a sufficiently 
good approximate solution of Eq. (1). 

The parameter 6 usually defines the error of the initial data provided that the right-hand side of 
Eq. (1) is defined or determined by an experiment with some accuracy. 

For the case in which, for a given ¢, condition (4) fails, we must choose another value of the 
regularization parameter and repeat the above procedure. 

The next subsection describes the regularization method suitable for equations of the first kind 
with arbitrary square-integrable kernels. 


10.8-2. The Tikhonov Regularization Method 
Consider the Fredholm integral equation of the first kind 


b 
/ K(a, thy(t) dt = f(x), csa<d. (5) 


Assume that K(a,t) is any function square-integrable in the domain {a <t <b, cS x < d}, 
f(x) € Lo(c, d), and y(x) € L2(a, b). The problem of finding the solution of Eq. (5) is also ill-posed 
in the above sense. 

Following the Tikhonov (zero-order) regularization method, along with (5) we consider the 
following Fredholm integral equation of the second kind (see Chapter 11): 


b 
eye) + / K*(a,Hye(dt=f"@), aSaSb, (6) 
where ‘ F 
K*(a,t) = K* (t,x) = / K(s,x)K(s,t)ds, f*(x)= | K(s, x) f(s) ds, (7) 


and the positive number ¢ is the regularization parameter. Equation (6) is said to be a regularized 
integral equation, and its solution exists and is unique. 

Taking a sufficiently small ¢ in Eq. (6), we find a solution y-(x) of the equation and substitute 
this solution into Eq. (5), thus obtaining 


b 
/ K(a, thye(t) dt = f.(x), ces<ak<d. (8) 


By comparing the right-hand side with the given f(a) using formula (4), we either regard f.(x) 
as a Satisfactory approximate solution obtained in accordance with the above simple algorithm, or 
continue the procedure for a new value of the regularization parameter. 

Presented above are the simplest principles of finding an approximate solution of the Fredholm 
equation of the first kind. More perfect and complex algorithms can be found in the references cited 
below. 


@ References for Section 10.8: M. M. Lavrentiev (1967), A. N. Tikhonov and V. Ya. Arsenin (1979), M. M. Lavrentiev, 
V. G. Romanoy, and S. P. Shishatskii (1980), A. F. Verlan’ and V. S. Sizikov (1986). 
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Chapter 11 


Methods for Solving Linear Equations 
of the Form y(x)- [” K(a, ty(t) dt = f(a) 


11.1. Some Definition and Remarks 


11.1-1. Fredholm Equations and Equations With Weak Singularity of the Second Kind 


Linear integral equations of the second kind with constant limits of integration have the form 


b 
yix)-A | K(a, thy) dt = f(a), (1) 


where y(x) is the unknown function (a < x < b), K(a,t) is the kernel of the integral equation, 
and f(x) is a given function, which is called the right-hand side of Eq. (1). For convenience 
of analysis, a number \ is traditionally singled out in Eq. (1), which is called the parameter of 
integral equation. The classes of functions and kernels under consideration were defined above in 
Subsections 10.1-1 and 10.1-2. Note that equations of the form (1) with constant limits of integration 
and with Fredholm kernels or kernels with weak singularity are called Fredholm equations of the 
second kind and equations with weak singularity of the second kind, respectively. 

A number 4 is called a characteristic value of the integral equation (1) if there exist nontrivial 
solutions of the corresponding homogeneous equation (with f(a) = 0). The nontrivial solutions 
themselves are called the eigenfunctions of the integral equation corresponding to the characteristic 
value \. If A is a characteristic value, the number 1/2 is called an eigenvalue of the integral 
equation (1). A value of the parameter , is said to be regular if for this value the above homogeneous 
equation has only the trivial solution. Sometimes the characteristic values and the eigenfunctions 
of a Fredholm integral equation are called the characteristic values and the eigenfunctions of the 
kernel K(a,t). 

The kernel K(x, t) of the integral equation (1) is called a degenerate kernel if it has the form 
K(a,t) = gi (a)hi() +--+ + gn(x)hn(), a difference kernel if it depends on the difference of the 
arguments (C(x, t) = K(x—-t)), and a symmetric kernel if it satisfies the condition K (a, t) = K(¢, x). 

The transposed integral equation is obtained from (1) by replacing the kernel K(x, t) by K(t, x). 


Remark 1. The variables t and x may vary in different ranges (e.g.,a<t<bandc<a<d). 
To be specific, from now on we assume that c = a and d = b (this can be achieved by the linear 
substitution x = az + 3 with the aid of an appropriate choice of the constants a and (3). 


Remark 2. In general, the case in which the limits of integration a and/or b can be infinite is 
not excluded; however, in this case, the validity of the condition that the kernel K(x, t) is square 
integrable on the square S = {a< «<b, a<t<b} is especially significant. 
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11.1-2. The Structure of the Solution 


The solution of Eq. (1) can be presented in the form 


b 
ya) = fw) + | R(a, ts Af dt, 


where the resolvent R(x, t; A) is independent of f(a) and is determined by the kernel of the integral 
equation. 
The resolvent of the Fredholm equation (1) satisfies the following two integral equations: 


b 

R(x, t; A) = K(a,t) +f K(a,s)R(s, t; A) ds, 
b 

R(x, t; A) = K(a,t) + / K(s,t)R(a, s; A) ds, 


in which the integration is performed with respect to different pairs of arguments of the kernel and 
the resolvent. 


11.1-3. Integral Equations of Convolution Type of the Second Kind 


By the integral equations of convolution type (see also Subsection 10.1-3) we mean the integral 
equations that can be reduced, by applying some integral transform and the convolution theorem 
for this transform, to an algebraic equation for the transforms or to boundary value problems of the 
theory of analytic functions. Consider equations of convolution type of the second kind related to 
the Fourier transform. 

An integral equation of the second kind with difference kernel on the entire axis (this equation 
is sometimes called an equation of convolution type of the second kind with a single kernel) has the 
form 


y(a) + - K(a—-t)y(t) dt = f(x), -—00 <2 < OO, (2) 


where f(x) and K(x) are the right-hand side and the kernel of the integral equation and y(x) is the 
function to be found. 
An integral equation of the second kind with difference kernel on the semiaxis has the form 


ya) + | K(x —t)y(t) dt = f(x), O0<x<o. (3) 
0 


Equation (3) is also called a one-sided equation of the second kind or a Wiener—Hopf integral 
equation of the second kind. 
An integral equation of convolution type of the second kind with two kernels has the form 


fore) 10) 
y(a) + | Ky (a —t)y() dt + / K(a -t)y@ dt = f(x), -00 <2 < OO, (4) 
0 roe) 


where /,(x) and K(x) are the kernels of the integral equation (4). The class of functions and 
kernels for equations of convolution type was introduced above in Subsection 10.1-3. 
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11.1-4. Dual Integral Equations of the Second Kind 


A dual integral equation of the second kind with difference kernels (of convolution type) has the 
form 


yoy [ Ky (a - t)y(t) dt = f(x), 0<24<0, 
pee (5) 
y(x) + / Ko(x —t)y(t) dt = f(x), -0o <2 <0, 


where the notation and the class of the functions and kernels coincide with those introduced for the 
equations of convolution type in Subsection 10.1-3. 
In a sufficiently general case, a dual integral equation of the second kind has the form 


y(a) + ‘e Ky (a, thy(t) dt = f(x), a<a<b, 
er (6) 
y(2) +f K2(a, ty) dt = fr(x), b<a%<o, 


where f)(x) and f2(x) (and K)(a, t) and K(a,t)) are the known right-hand sides (and the kernels) 
of Eq. (6) and y(a) is the function to be found. These equations can be studied by the methods 
of various integral transforms with reduction to boundary value problems of the theory of analytic 
functions and also by other methods developed for dual integral equations of the first kind (e.g., see 
I. Sneddon (1951) and Ya. S. Uflyand (1977)). 

The integral equations obtained from (2)—(5) by replacing the kernel K(a — t) by K(t—~) are 
said to be transposed to the original equations. 

If the right-hand sides of Eqs. (1)-(6) are identically zero, then these equations are said to be 
homogeneous. For the case in which the right-hand side of an equation of the type (1)—(6) does not 
vanish on the entire domain, the corresponding equation is said to be nonhomogeneous. 


Remark 3. Some equations whose kernel contains the product or the ratio of the variables x and 
t can be reduced to Eqs. (2)-(5). 


Remark 4. Sometimes equations of convolution type of the form (2)—(5) are written in the form 
in which the integrals are multiplied by the coefficient 1/27. 


Remark 5. The cases in which the class of functions and kernels for equations of convolution 
type (in particular, for Wiener—Hopf equations) differs from those introduced in Subsections 10.1-3 
are always mentioned explicitly (see Sections 11.10 and 11.11). 


@) References for Section 11.1: E. Goursat (1923), F. Riesz and B. Sz.-Nagy (1955), I. G. Petrovskii (1957), B. Noble 
(1958), M. G. Krein (1958), S. G. Mikhlin (1960), L. V. Kantorovich and G. P. Akilov (1964), A. N. Kolmogorov and 
S. V. Fomin (1970), L. Ya. Tslaf (1970), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), J. A. Cochran (1972), 
V. I. Smirnov (1974), P. P. Zabreyko, A. I. Kosheley, et al. (1975), F. D. Gakhov and Yu. I. Cherskii (1978), A. G. Butkovskii 
(1979), L. M. Delves and J. L. Mohamed (1985), F. G. Tricomi (1985), A. J. Jerry (1985), A. F. Verlan’ and V. S. Sizikov (1986), 
A. Golberg (1990), D. Porter and D. S. G. Stirling (1990), C. Corduneanu (1991), J. Kondo (1991), S. Préssdorf and 
B. Silbermann (1991), W. Hackbusch (1995), R. P. Kanwal (1997). 


11.2. Fredholm Equations of the Second Kind With 
Degenerate Kernel 


11.2-1. The Simplest Degenerate Kernel 


Consider Fredholm integral equations of the second kind with the simplest degenerate kernel: 


b 
y(a) - af g(x)h(t)y(t) dt = f(x), asx<b. (1) 
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We seek a solution of Eq. (1) in the form 
y(“) = f(x) + AAg(a). (2) 


On substituting the expressions (2) into Eq. (1), after simple algebraic manipulations we obtain 


b b 
Ali-. / nidgttat = / f(h(t) dt. (3) 


Both integrals occurring in Eq. (3) are supposed to exist. On the basis of (1)—(3) and taking into 
account the fact that the unique characteristic value \, of Eq. (1) is given by the expression 


b -1 
ine | / h(t)g(t) a| (4) 


we obtain the following results. 


1°. If A # A, then for an arbitrary right-hand side there exists a unique solution of Eq. (1), which 
can be written in the form 


AA fi 


le) = fe) + 5 


b 
ga). i= ff font (5) 
2°. If AX = ; and f; = 0, then any solution of Eq. (1) can be represented in the form 


y = f(a) +Cyi(@), yi(x) = g@), (6) 


where C is an arbitrary constant and y;(«) is an eigenfunction that corresponds to the characteristic 
value A). 


3°. If \= A, and f; # 0, then there are no solutions. 


11.2-2. Degenerate Kernel in the General Case 


In the general case, a Fredholm integral equation of the second kind with degenerate kernel has the 
form 


b n 
y(x)-A / bs ncn y(t) dt = f(x), n=2,3,... (7) 
@ Lk=l 


Let us rewrite Eq. (7) in the form 
n b 
y(x) = f(a) +S~ ge(x) / hey @dt,  n=2,3,... (8) 
k=l & 


We assume that Eq. (8) has a solution and introduce the notation 


b 
Avs / hy (tyy(t) dt. (9) 
In this case we have : 
ya) = f(a) +r>S° Aggn(a), (10) 
k=1 
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and hence the solution of the integral equation with degenerate kernel is reduced to the definition of 
the constants A,. 

Let us multiply Eq. (10) by h.,(a) and integrate with respect to x from a to b. We obtain the 
following system of linear algebraic equations for the coefficients A,: 


Apo: SAS tna, <US lpg (11) 
k=1 
where 
b b 
smn = f Nm(X)ge(x) dex, a, f(@)hm(x) dz; m,k=1,...,n. (12) 


In the calculation of the coefficients s,,; and f;, for specific degenerate kernels, the tables of integrals 
can be applied; see Supplements 2 and 3, as well as I. S. Gradshtein and I. M. Ryzhik (1980), 
A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1986). 

Once we construct a solution of system (11), we obtain a solution of the integral equation with 
degenerate kernel (7) as well. The values of the parameter \ at which the determinant of system (11) 
vanishes are characteristic values of the integral equation (7), and it is clear that there are just n such 
values counted according to their multiplicities. 

Now we can state the main results on the solution of Eq. (7). 


1°. If A is a regular value, then for an arbitrary right-hand side f(«), there exists a unique solution 
of the Fredholm integral equation with degenerate kernel and this solution can be represented in the 
form (10), in which the coefficients 4; make up a solution of system (11). The constants A; can be 
determined, for instance, by Cramer’s rule (see equation 4.9.20, Part I, Chapter 4). 


2°. If \ is a characteristic value and f(x) = 0, then every solution of the homogeneous equation 
with degenerate kernel has the form 


Pp 
ya) = > Cri), (13) 
i=l 


where the C; are arbitrary constants and the y;(x) are linearly independent eigenfunctions of the 
kernel corresponding to the characteristic value : 


yi(@) = S> Ana ge(). (14) 
k=1 


Here the constants A,,;) form p (p <n) linearly independent solutions of the following homogeneous 
system of algebraic equations: 


Amo-A>_ meAny=0; meal,....n, @=1,...,7. (15) 
k=1 


3°. If \ is acharacteristic value and f(a) # 0, then for the nonhomogeneous integral equation (7) to 
be solvable, it is necessary and sufficient that the right-hand side f(a) is such that the p conditions 


DE Bwfc=0, t= 1... DSN, (16) 
k=l 
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are satisfied. Here the constants B;,;) form p linearly independent solutions of the homogeneous 
system of algebraic equations which is the transpose of system (15). In this case, every solution of 
Eq. (7) has the form 


P 
yx) = yo(x) + S> Ciyi(a), (17) 

i=l 
where yo(x) is a particular solution of the nonhomogeneous equation (7) and the sum represents the 


general solution of the corresponding homogeneous equation (see item 2°). In particular, if f(7) #0 
but all f;, are zero, we have 


P 
y(a) = fw) + > Ciyi(a). (18) 

i=l 
Remark. When studying Fredholm equations of the second kind with degenerate kernel, it is 
useful for the reader to be acquainted with equations 4.9.18 and 4.9.20 of the first part of the book. 


Example. Let us solve the integral equation 
ms 
ya) | (x cost + t? sinx + cos x sin t)y(t) dt = x, —TS UST. (19) 
oF 


Let us denote 


Ai = / y(t)costdt, Ar = i 7 Py(t)dt, A3= / y(t) sin ¢ dt, (20) 


T T T 


where A,, Az, and A3 are unknown constants. Then Eq. (19) can be rewritten in the form 
y(a) = AjAx + AnAsina + AzAcosxt+ a. (21) 


On substituting the expression (21) into relations (20), we obtain 
Tv 
A, = / (A,At + AoA sint + A3A cost + t)cos t dt, 
ee 
Ay = if (AjAt + AoA sint + A3A cost + tt? dt, 
Pe 
A3= / (A,At + AoA sint + A3A cost + t) sint dt. 
—T 


On calculating the integrals occurring in these equations, we obtain the following system of algebraic equations for the 
unknowns A), Ao, and A3: 
A, — Ar Az = 0, 


Az +4A7-A3 = 0, (22) 
27 A; = At A2 + A3 = 27: 


The determinant of this system is 


1 0 -ATr 
A(A) =| 0 1 4\r| =142d?7? £0. 
2dr» -AT 1 
Thus, system (22) has the unique solution 
21? 8An?2 2a 
Aj = , Ag=- , AZ= : 
anny) \) Sn 0) (rs PCr 


On substituting the above values of A;, Az, and A3 into (21), we obtain the solution of the original integral equation: 


y(x) = (Ara — 4Ar sin x + cos x) + x. 


7 
142272 


@ References for Section 11.2: S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), 
I. S. Gradshteyn and I. M. Ryzhik (1980), A. J. Jerry (1985), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1986, 
1988). 
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11.3. Solution as a Power Series in the Parameter. 
Method of Successive Approximations 


11.3-1. Iterated Kernels 


Consider the Fredholm integral equation of the second kind: 


b 
y(x) — rf K(a, thy(t) dt = f(x), asas<b. (1) 
We seek the solution in the form of a series in powers of the parameter A: 
ya) = f(a) + 97 An (2). (2) 
n=l 


Substitute series (2) into Eq. (1). On matching the coefficients of like powers of A, we obtain a 
recurrent system of equations for the functions 7,,(). The solution of this system yields 


b 
pie | K(e,t)f(t)dt, 
b b 
eae if K(@, tun(t) dt = / Kyla, t) f(t) dt, 


b b 
3(x) = / K (a, t)y2(t) dt = / K3(2,t) f(t) dt, ete. 
Here , 
K,,(a,t) = i K(a, 2) Ky-1(z, t) dz, (3) 


where n = 2,3,..., and we have K (a, t) = K(a,t). The functions K,,(z, t) defined by formulas (3) 
are called iterated kernels. These kernels satisfy the relation 


b 
Ky (x,t) = / Km (a, 8) Kn-m(s, t) ds, (4) 


where ™ is an arbitrary positive integer less than n. 
The iterated kernels K,,(z, t) can be directly expressed via K(x, t) by the formula 


b pb b 
Kyat) = | if af K(a, 81) K(s1, 82)... K(Sp_1, t) ds; dso... dSp_. 
a a a 


n-l 
All iterated kernels (x,t), beginning with /2(z,t), are continuous functions on the square 
S={asa<b,a<t< d} if the original kernel K (2, t) is square integrable on S. 
If K(a, t) is symmetric, then all iterated kernels K,,(a, t) are also symmetric. 


11.3-2. Method of Successive Approximations 


The results of Subsection 11.3-1 can also be obtained by means of the method of successive 
approximations. To this end, one should use the recurrent formula 


b 
Yn(x) = f(x) + af K (a, t)yn_1@) dt, n= 1,2, 05 


with the zeroth approximation yo(x) = f(x). 
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11.3-3. Construction of the Resolvent 


The resolvent of the integral equation (1) is defined via the iterated kernels by the formula 


Co 


Ree ayK So NID), (5) 


n=l 


where the series on the right-hand side is called the Neumann series of the kernel K(a,t). It 
converges to a unique square integrable solution of Eq. (1) provided that 


1 b b 
Wi<z B= [ [ we@bacae (6) 


b 
/ K?(a,t) dt < A, a<x<b, 


If, in addition, we have 


where A is a constant, then the Neumann series converges absolutely and uniformly on [a, 0). 
A solution of a Fredholm equation of the second kind of the form (1) is expressed by the formula 


b 
y(a) = f(a) + rf R(x, t; A) f(@ dt, as<as<ob. (7) 


Inequality (6) is essential for the convergence of the series (5). However, a solution of Eq. (1) 
can exist for values |\| > 1/B as well. 


Remark 1. A solution of the equation 


b 
y(a) — af K(a, thy(t) dt = f(x), as<x<b, 


with weak singularity, where the kernel K (a, ¢) has the form 


L(x, t) 
|x —¢|° 


K(a,t) = ; 0<a<l, 


and L(x, t) is a function continuous on the square S = {a< «<b, a<t <b}, can be obtained by the 
successive approximation method provided that 


l-a 


NN < 2Bb— a 


B* = sup|L(a, t)J. 
The equation itself can be reduced to a Fredholm equation of the form 
b 
y(a“) - x | Ky (a, y(t) dt = F(a), as<as<ob, 


n-l b 
F(x) = f(a)+ S° / K, (x, tf dt, 
p=l - 


where K’,(z, t) (p = 1,...,m) is the pth iterated kernel, with K,,(z, ¢) being a Fredholm kernel for 
n> 5(1—a)! and bounded for n > (1- a). 
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Example 1. Let us solve the integral equation 


1 
y(x) — | aty(t) dt = f(x), O<a<il, 
0 
by the method of successive approximations. Here we have K(x, t) = xt, a = 0, and b = 1. We successively define 
1 1 
t 1 t t 
Ki(@,t)=2t, Koa, t) = | (az\(2t)dz=—, K3(a,t)= = | (az\(2t)dz=—, ..., Kn(a,t)=——. 
0 3 3 Jo 32 3n-1 


According to formula (5) for the resolvent, we obtain 


co d n-1 + 
Red) = Kale.) =2t (2) = a. 


oo 
n=l n=l 


where |A| < 3, and it follows from formula (7) that the solution of the integral equation can be rewritten in the form 


1 3xt 
ya) = fia) + | ——_ f(t)dt, O<a<l1, #3. 
0 3-A 


In particular, for f(x) = x we obtain 


3x 


y(x) = 3D 


. O<sa<l, AF3.z 
x x 


11.3-4. Orthogonal Kernels 


For some Fredholm equations, the Neumann series (5) for the resolvent is convergent for all values 
of A. Let us establish this fact. 

Assume that two kernels K(x, t) and D(a, t) are given. These kernels are said to be orthogonal 
if the following two conditions hold: 


b b 
i K(a, z)L(z,t) dz = 0, i. L(a, z)K(z,t)dz =0 (8) 


for all admissible values of x and t. 

There exist kernels that are orthogonal to themselves. For these kernels we have K(x, t) = 0, 
where /¢2(x, t) is the second iterated kernel. It is clear that in this case all the subsequent iterated 
kernels also vanish, and the resolvent coincides with the kernel K(x, t). 


Example 2. Let us find the resolvent of the kernel K(x, t) = sin(a —2t),0 <a <27,0<t<2r7. 
We have 


27 Qn 
| sin(x — 2z) sin(z — 2t) dz = 4 i [cos(x + 2t —3z) —cos(a — 2t — z)] dz = 
0 0 


= 4 [-4 sin(a + 2t —3z) + sin(a — 2t — 2)| oe = 0. 
Thus, in this case the resolvent of the kernel is equal to the kernel itself: 
R(a, t; A) = sin(a — 2¢), 
so that the Neumann series (6) consists of a single term and clearly converges for any . 
Remark 2. If the kernels M(x, t), ..., M(a, t) are pairwise orthogonal, then the resolvent 
corresponding to the sum 


K(a,t) = ye Mz, t) 


m=1 


is equal to the sum of the resolvents corresponding to each of the summands. 


O) References for Section 11.3: S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), 
J. A. Cochran (1972), V. I. Smirnov (1974), A. J. Jerry (1985). 
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11.4. Method of Fredholm Determinants 


11.4-1. A Formula for the Resolvent 


A solution of the Fredholm equation of the second kind 
b 
yia)-A f K(e.dybdt=f@), — a<28b, a) 
is given by the formula 


b 
y(a) = f(a) + rf R(x, t; A) f(@ dt, as<x<b, (2) 


where the resolvent R(x, t; A) is defined by the relation 


D(a, t; r) 
R(a, t; A) = ———_., D(A) #0. 3 
(x, t; r) DO) (\) (3) 
Here D(z, t; A) and D(A) are power series in 4, 
D(a, t: oe ee, (x, t)” pw=>° Cb" 3 x” (4) 
$a | n! n ? ? nl n ’ 
n=0 n=0 
with coefficients defined by the formulas 
K(a,t) K(a,t)) ++: K(a,tn) 
>) K(ti,t) K(t,ti) +++ K(ti,tn) 
Aotast) = Kart), Antesty= fae PPE OY OE dy ing 8) 
I Kita) Kitt) 0 Kitrste) 
K(ty,t1)  K(ei,t2) +++ Kt, tn) 
6 >| K(t2,t1) K(tz,t2) +--+ K(to, tn) 
Bo=1, By= fo | ; . dt;...dtn; n=0,1,2,... (6) 
LG): Benin Se GOD 


The function D(z, t; ) is called the Fredholm minor and D(X) the Fredholm determinant. The 
series (4) converge for all values of \ and hence define entire analytic functions of A. The resolvent 
R(a, t; A) is an analytic function of A everywhere except for the values of that are roots of D(,). 
These roots coincide with the characteristic values of the equation and are poles of the resolvent 
R(a,t; A). 


Example 1. Consider the integral equation 


1 
ua)-> f ce’ y(t) dt = f(x), O<a<l, A¥1. 
0 


We have 
: t F 1 | vet wet ae 
t re xe"! t t t 
Ao(x, t) = xe’, A(x, t) = dt; = 0, Ax(x, t) = tye’ tye"! tye’? | dt; dtz =0, 
0 tye’ tyetl 0 Jo 
toe? toell toe’? 


since the determinants in the integrand are zero. It is clear that the relation A,,(x, t) = 0 holds for the subsequent coefficients. 
Let us find the coefficients By: 


1 1 1 1 
B, = [ K(ti, t1) dt, = [ tyell aye 1, Bo = [ i; 
0 0 0 0 


tyetl tye 


thet! tre!2 Sate 5 
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It is clear that B,, = 0 for all subsequent coefficients as well. 
According to formulas (4), we have 


D(a, t; A) = K(a,t) = xe*; D(A) =1-). 


Thus, 
D(a, t;X t 
Rta, t; A) = eos CLs , 
D(A) 1-2 
and the solution of the equation can be represented in the form 
Leet 
ya) = fla) + | i y fo at, Osasl, AFI. 
on ALS 
In particular, for f(a”) = e~” we obtain 
vy=er+ a OSes. AFI 
y() i= 


11.4-2. Recurrent Relations 


In practice, the calculation of the coefficients A,,(a,t) and B, of the series (4) by means of 
formulas (5) and (6) is seldom possible. However, formulas (5) and (6) imply the following 
recurrent relations: 


b 
A,(a, t) = By, K(x, t)- nf K(a,8)An_1(s, #) ds, (7) 


b 
By, = / An_1(s, 8) ds. (8) 


Example 2. Let us use formulas (7) and (8) to find the resolvent of the kernel K(x, t) = x —2t, where 0 < x < 1 and 
Osts<l. 
Indeed, we have Bo = 1 and Ao(a, t) = x —2t. Applying formula (8), we see that 


1 
By = [ (-s)ds =-5. 
0 


Formula (7) implies the relation 


a —2t ! 2 
Aj (a, t) =- 5 (x — 2s)(s —2t)ds =-a-t+2at+ 3. 
F 3 
Furthermore, we have 


1 
B= [ (-2s + 2s? + 2) ds = i, 


0 

xv—2t 1 ) 
4 2 | (w-2s)(-s—t+2st+ =) ds =0, 
2 0 


Bz = By=---=0, A3(a,t) = Ag(x,t)=--- =0. 
Hence, 
DOA) =1+4A4+ G7; D(a, t; A) = 2-2 + A(w +t - 2at - 3). 


The resolvent has the form 
g-2t+r(a+t-2at- 2) 


Re, tAy= 
f : 1+4A4+ 2 


@) References for Section 11.4: S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), 
V. I. Smirnov (1974). 


© 1998 by CRC Press LLC 


11.5. Fredholm Theorems and the Fredholm Alternative 
11.5-1. Fredholm Theorems 


THEOREM 1. If \ is a regular value, then both the Fredholm integral equation of the second kind 
and the transposed equation are solvable for any right-hand side, and both the equations have unique 
solutions. The corresponding homogeneous equations have only the trivial solutions. 


THEOREM 2. For the nonhomogeneous integral equation to be solvable, it is necessary and 
sufficient that the right-hand side f(x) satisfies the conditions 


b 
i: f(x)br(x) dx = 0, B= Los att, 


where ~;,(a) is a complete set of linearly independent solutions of the corresponding transposed 
homogeneous equation. 


THEOREM 3. If \ is a characteristic value, then both the homogeneous integral equation and the 
transposed homogeneous equation have nontrivial solutions. The number of linearly independent 
solutions of the homogeneous integral equation is finite and is equal to the number of linearly 
independent solutions of the transposed homogeneous equation. 


THEOREM 4. A Fredholm equation of the second kind has at most countably many characteristic 
values, whose only possible accumulation point is the point at infinity. 


11.5-2. The Fredholm Alternative 


The Fredholm theorems imply the so-called Fredholm alternative, which is most frequently used in 
the investigation of integral equations. 

THE FREDHOLM ALTERNATIVE. Either the nonhomogeneous equation is solvable for any right- 
hand side or the corresponding homogeneous equation has nontrivial solutions. 

The first part of the alternative holds if the given value of the parameter is regular and the second 
if it is characteristic. 


Remark. The Fredholm theory is also valid for integral equations of the second kind with weak 
singularity. 
@) References for Section 11.5: S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), 


J. A. Cochran (1972), V. I. Smirnov (1974), A. J. Jerry (1985), D. Porter and D. S. G. Stirling (1990), C. Corduneanu (1991), 
J. Kondo (1991), W. Hackbusch (1995), R. P. Kanwal (1997). 


11.6. Fredholm Integral Equations of the Second Kind 
With Symmetric Kernel 


| 11.6-1. Characteristic Values and Eigenfunctions | 


Integral equations whose kernels are symmetric, that is, satisfy the condition K(x, t) = K(t, x), are 
called symmetric integral equations. 

Each symmetric kernel that is not identically zero has at least one characteristic value. 

For any n, the set of characteristic values of the nth iterated kernel coincides with the set of nth 
powers of the characteristic values of the first kernel. 

The eigenfunctions of a symmetric kernel corresponding to distinct characteristic values are 
orthogonal, i.e., if 


b b 
ae=r | K(a, ty (t) dt, aatv)= a | K(, t)pa(t) dt, Ar #A2, 
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then 


b 
Y.e)=0 P= / oe ae. 


The characteristic values of a symmetric kernel are real. 

The eigenfunctions can be normalized; namely, we can divide each characteristic function by its 
norm. If several linearly independent eigenfunctions correspond to the same characteristic value, say, 
yi(x), .--, Yn(a), then each linear combination of these functions is an eigenfunction as well, and 
these linear combinations can be chosen so that the corresponding eigenfunctions are orthonormal. 


Indeed, the function 
(x) 
Wiz) = Tall , llyill = V (1, Y1), 


has the norm equal to one, i.e., ||~1|| = 1. Let us form a linear combination aw + y2 and choose a 
so that 


(ay, + Y2, W1) = 0, 


1.€., 
22) oven 
The function r 
_— ayy +2 
2) = Tob + gall 


is orthogonal to y; (x) and has the unit norm. Next, we choose a linear combination ay, + Gy. + v3, 
where the constants a and 7 can be found from the orthogonality relations 


(ay, + By2 + 3, W1) =0, (ay + Gyr + 3, Yr) = 0. 
For the coefficients a and (@ thus defined, the function 


ek ap, + By. + Y2 
lav + Bey2 + ¥3]| 


is orthogonal to y, and 72 and has the unit norm, and so on. 

As was noted above, the eigenfunctions corresponding to distinct characteristic values are 
orthogonal. Hence, the sequence of eigenfunctions of a symmetric kernel can be made orthonormal. 

In what follows we assume that the sequence of eigenfunctions of a symmetric kernel is or- 
thonormal. 

We also assume that the characteristic values are always numbered in the increasing order of 
their absolute values. Thus, if 

Mis Ads se Aine hos (1) 


is the sequence of characteristic values of a symmetric kernel, and if a sequence of eigenfunctions 


Pls P25 -++5 Ons oss (2) 


corresponds to the sequence (1) so that 


b 
ely “i K(@,t)pn(t) dt = 0, 3) 
then 
: 1 for i=9, 
J vtares@rde= 49 for ga) (4) 
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and 


Il S Dal S20 S nl So 5) 


If there are infinitely many characteristic values, then it follows from the fourth Fredholm 
theorem that their only accumulation point is the point at infinity, and hence \,, — oo as n — oo. 

The set of all characteristic values and the corresponding normalized eigenfunctions of a sym- 
metric kernel is called the system of characteristic values and eigenfunctions of the kernel. The 
system of eigenfunctions is said to be incomplete if there exists a nonzero square integrable function 
that is orthogonal to all functions of the system. Otherwise, the system of eigenfunctions is said to 
be complete. 


11.6-2. Bilinear Series 


Assume that a kernel K(x, t) admits an expansion in a uniformly convergent series with respect to 
the orthonormal system of its eigenfunctions: 


K(a,t) = S> ax(w)pn) (6) 
k=1 


for all x in the case of a continuous kernel or for almost all x in the case of a square integrable 
kernel. 


We have 
ay(x) = i K(a, typ (t) dt = ae (7) 
and hence 
K(2,t) = s ee (8) 
Conversely, if the series 
Oe eae (9) 


is uniformly convergent, then 


RGHS 5 PERO 


Ar 
k=l k 


The following assertion holds: the bilinear series (9) converges in mean-square to the ker- 
nel K(z, t). 

If a symmetric kernel (x,t) has finitely many characteristic values, then it is degenerate, 
because in this case we have 


koe= ee (10) 


k=l Ax 


A kernel K(z,t) is said to be positive definite if for all functions y(x) that are not identically 
zero we have 


b pb 
| / K(a, Hyp(x)p(t) dx dt > 0, 


and the above quadratic functional vanishes for y(7)=0 only. Such a kernel has positive characteristic 
values only. A negative definite kernel is defined similarly. 
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Each symmetric positive definite (or negative definite) continuous kernel can be decomposed in 
a bilinear series in eigenfunctions that is absolutely and uniformly convergent with respect to the 
variables x, t. 

The assertion remains valid if we assume that the kernel has finitely many negative (positive, 
respectively) characteristic values. 

If a kernel A(z, t) is symmetric, continuous on the square S = {a< a2<b,a<t< bd}, and has 
uniformly bounded partial derivatives on this square, then this kernel can be expanded in a uniformly 
convergent bilinear series in eigenfunctions. 


11.6-3. The Hilbert-Schmidt Theorem 


If a function f(a) can be represented in the form 


b 
f(«) = / K(a, t)g() dt, (1) 


where the symmetric kernel K(x, t) is square integrable and g(t) is a square integrable function, 
then f(x) can be represented by its Fourier series with respect to the orthonormal system of 
eigenfunctions of the kernel [x (2, t): 


f(z) = S— anpr(a), (12) 


k=l 
where 
b 
Ok - | f(x) pr() dx, a ee 
Moreover, if 


b 
i PEREZ AS (13) 


then the series (12) is absolutely and uniformly convergent for any function f(x) of the form (11). 


Remark 1. In the Hilbert-Schmidt theorem, the completeness of the system of eigenfunctions 
is not assumed. 


11.6-4. Bilinear Series of Iterated Kernels 


By the definition of the iterated kernels, we have 
b 
Kin (a, t) = / K(a, z)Km_1(, 8) dz, MH 25. 350k. (14) 


The Fourier coefficients a;,(t) of the kernel K,,(z, t), regarded as a function of the variable x, with 
respect to the orthonormal system of eigenfunctions of the kernel K(x, t) are equal to 


b 
(t) 
an(t)= [ Km(e.tpx(e) de = PED. (15) 
a k 
On applying the Hilbert-Schmidt theorem to (14), we obtain 

= t 

Rey es ae ee (16) 
k=l AR 


In formula (16), the sum of the series is understood as the limit in mean-square. If in addition to the 
above assumptions, inequality (13) is satisfied, then the series in (16) is uniformly convergent. 
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11.6-5. Solution of the Nonhomogeneous Equation 


Let us represent an integral equation 
b 
y(a)—d i: K(a,ty(tdt= fle), asasb, (17) 
where the parameter . is not a characteristic value, in the form 
b 
yz)- fe)=2 f K¢e.ny(tat (18) 


and apply the Hilbert-Schmidt theorem to the function y(x) — f(a): 


ya) - f(x) = $7 Agyr(a), 


k=1 


b b b 
A, = ‘| [y(x) — f(x) yx (x) dx = ‘| y(x)pp(x) dx — / f(x)p,(x) dx = yx — fr. 


Taking into account the expansion (8), we obtain 


b love) 
d | K@.nyndt=r¥> Bono, 
a: k=1 


and thus Nef M 
Yk kJk k 
_—_—_ = = = = s 1 
ae Ye—-tk» Yk Wau Ae oan (19) 
Hence, 
fk 
ya) = f(w)+r > Xan Pe). (20) 
However, if 4 is a characteristic value, i.e., 
A= Ap = Ape = = Ags (21) 


then, fork # p,p+1,...,q, the terms (20) preserve their form. For k = p,p+1,...,q, formula (19) 
implies the relation f;, = Ay(A-,)/A, and by (21) we obtain f, = fpi1 =--- = fy = 0. The last 
relation means that 


b 
/ F(x)pr(x) dx = 0 


fork=p,p+1,...,q,1.e., the right-hand side of the equation must be orthogonal to the eigenfunctions 
that correspond to the characteristic value 1. 
In this case, the solutions of Eqs. (17) have the form 


ioe) qd 
y(t) = fl@)+)7 5 fi “pela +>) Cepe(a), (22) 
ke k=p 
where the terms in the first of the sums (22) with indices k = p,p+1,...,q must be omitted (for 


these indices, f;, and \ — A, vanish in this sum simultaneously). The coefficients C;, in the second 
sum are arbitrary constants. 
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Remark 2. On the basis of the bilinear expansion (8) and the Hilbert-Schmidt theorem, the 
solution of the symmetric Fredholm integral equation of the first kind 


b 
/ K(a, thy(t) dt = f(x), axa<b, 


can be constructed in a similar way in the form 


ya) = So frdner(a), 


k=1 


and the necessary and sufficient condition for the existence and uniqueness of such a solution 
in L2(a, b) is the completeness of the system of the eigenfunctions y;,(x) of the kernel K (z, t) together 
with the convergence of the series > f, ZN, where the \;, are the corresponding characteristic values. 
k=l 
It should be noted that the verification of the last condition for specific equations is quite 
complicated. In the solution of Fredholm equations of the first kind, the methods presented in 
Chapter 10 are usually applied. 


11.6-6. The Fredholm Alternative for Symmetric Equations 


The above results can be unified in the following alternative form. 
A symmetric integral equation 


b 
y(x) — af K(a, thy(t) dt = f(x), a<as<b, (23) 


for a given A, either has a unique square integrable solution for an arbitrarily given function 
f(x) ©€ Lp(a, b), in particular, y = 0 for f = 0, or the corresponding homogeneous equation has 


finitely many linearly independent solutions Y|(x), ..., Y;-(z), r > 0. 
For the second case, the nonhomogeneous equation has a solution if and only if the right-hand 
side f(x) is orthogonal to all the functions Y|(x), ..., Y;(x) on the interval [a, b]. Here the solution 


is defined only up to an arbitrary additive linear combination A, Y\(x) + --- + A,Y,-(a). 


11.6-7. The Resolvent of a Symmetric Kernel 


The solution of a Fredholm equation of the second kind (23) can be written in the form 


b 
ya) = f(a) + af R(a, t; yf dt, (24) 


where the resolvent R(x, t; A) is given by the series 


R(w,t:) =~ aoe (25) 
k=1 


Here the collections y;(x) and A; form the system of eigenfunctions and characteristic values of 
Eqs. (23). It follows from formula (25) that the resolvent of a symmetric kernel has only simple 
poles. 
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11.6-8. Extremal Properties of Characteristic Values and Eigenfunctions 


Let us introduce the notation 


b 
(u, w) = / u(x)yw(x) dx, || 2||7 = (u, u), 
° b pb 
(Ku, u) = i / K(a, thu(x)u(t) dx dt, 


where (u, w) is the inner product of functions u(x) and w(2), ||ul| is the norm of a function u(x), 
and (/¢u, u) is the quadratic form generated by the kernel K(z, t). 

Let A; be the characteristic value of the symmetric kernel K(x, t) with minimum absolute value 
and let y;(x) be the eigenfunction corresponding to this value. Then 


1 K 
- (ky, wl 


= ; (26) 
il yt IIyll? 
in particular, the maximum is attained, and y = y, is a maximum point. 

Let Aj, ..., An, be the first n characteristic values of a symmetric kernel K (z, t) (in the ascending 
order of their absolute values) and let y; (x), ..., Yn (a) be orthonormal eigenfunctions corresponding 
to A}, ..., An, respectively. Then the formula 

1 ky, 
= max 99)! (27) 
lAn+il lly! 


is valid for the characteristic value X,4; following \,,.. The maximum is taken over the set of 
functions y which are orthogonal to all y;, ..., y, and are not identically zero, that is, y 4 0 


(y, yj) = 9, fa Ts a8; (28) 


in particular, the maximum in (27) is attained, and y = yn+1 is a maximum point, where y,,4; 1s any 
eigenfunction corresponding to the characteristic value \,,4; which is orthogonal to y),..., Yn. 


Remark 3. For a positive definite kernel K(x, t), the symbol of modulus on the right-hand sides 
of (27) and (28) can be omitted. 


11.6-9. Integral Equations Reducible to Symmetric Equations 


An equation of the form 
b 
ya) — A / K(«, t)pt)y@) dt = f(x), (29) 


where K(s, t) is a symmetric kernel and p(t) > 0 is a continuous function on [a, b], can be reduced to 
a symmetric equation. Indeed, on multiplying Eq. (29) by \/ p(x) and introducing the new unknown 
function z(x) = / p(x) y(x), we arrive at the integral equation 


b 
2(x)— 2 / L(a, t)2(t) dt = f(«)V/ p(@), L(x, t) = Ka, thy p@)p), (30) 


where L(x, t) is a symmetric kernel. 
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11.6-10. Skew-Symmetric Integral Equations 


By a skew-symmetric integral equation we mean an equation whose kernel is skew-symmetric, 1.e., 
an equation of the form 


b 
yie)—d f K¢a,dyityat = F@ G1) 
whose kernel (x, t) has the property 
K(t, x) =—-K(a, 1). (32) 


Equation (31) with the skew-symmetric kernel (32) has at least one characteristic value, and all 
its characteristic values are purely imaginary. 


@) References for Section 11.6: E. Goursat (1923), R. Courant and D. Hilbert (1931), S. G. Mikhlin (1960), M. L. Krasnov, 
A. I. Kiselev, and G. I. Makarenko (1971), J. A. Cochran (1972), V. I. Smirnov (1974), A. J. Jerry (1985), F. G. Tricomi 
(1985), D. Porter and D. S. G. Stirling (1990), C. Corduneanu (1991), J. Kondo (1991), W. Hackbusch (1995), R. P. Kanwal 
(1997). 


11.7. An Operator Method for Solving Integral Equations 
of the Second Kind 


11.7-1. The Simplest Scheme 


Consider a linear equation of the second kind of the special form 


y(x) — AL [y] = f@), () 


where L is a linear (integral) operator such that L? = k, k = const. 
Let us apply the operator L to Eq. (1). We obtain 


L[y]-kAy() = L[f()]. (2) 
On eliminating the term L [y] from (1) and (2), we find the solution 
1 
y(@) = af @) + AL LSI}. (3) 


Remark. In Section 9.4, various generalizations of the above method are described. 


11.7-2. Solution of Equations of the Second Kind on the Semiaxis 


1°. Consider the equation 


y(x)— A | cos(at)y(t) dt = f(x). (4) 


In this case, the operator L coincides, up to a constant factor, with the Fourier cosine transform: 


Lily] = | cos(xt)y(t) dt = i> ely] (5) 


and acts by the rule L? = k, where k = 5 (see Subsection 7.5-1). 
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We obtain the solution by formula (3) taking into account Eq. (5): 


y(@) = =e fe) + pe: cos(xt) f(t) a| ; A#Ht /2. (6) 
2-1? 6 FZ 


2°. Consider the equation 


y(v) -d | tJ Aat)y(t) dt = f(2), (7) 


where J,,() is the Bessel function, Rev > 4. 
Here the operator L coincides, up to a constant factor, with the Hankel transform: 


L{y] = | tJ (atyy() dt (8) 


and acts by the rule L? = 1 (see Subsection 7.6-1). 
We obtain the solution by formula (3), for & = 1, taking into account Eq. (8): 


1 Co 
y(a) = Toe [rsa [ tJ, (at) f(t) al, AFH. (9) 
= 0 
©) Reference for Section 11.7: A. D. Polyanin and A. V. Manzhirov (1998). 
11.8. Methods of Integral Transforms and Model 
Solutions 
11.8-1. Equation With Difference Kernel on the Entire Axis 
Consider an integral equation of convolution type of the second kind with one kernel 
y(a) + ae K(a—-t)y(t) dt = f(x), -00 <%< OH, (1) 


where f(a) and K (2) are the known right-hand side and the kernel of the integral equation and y(x) 
is the unknown function. Let us apply the (alternative) Fourier transform to Eq. (1). In this case, 
taking into account the convolution theorem (see Subsection 7.4-4), we obtain 


Vu)[1 + K(w)] = Fu). (2) 


Thus, on applying the Fourier transform we reduce the solution of the original integral equation (1) 
to the solution of the algebraic equation (2) for the transform of the unknown function. The solution 
of Eq. (2) has the form 

Flu) 
1+K(u) 


Formula (3) gives the transform of the solution of the original integral equation in terms of the 
transforms of the known functions, namely, the kernel and the right-hand side of the equation. The 
solution itself can be obtained by applying the Fourier inversion formula: 


Vu) = (3) 


ae ae ee ey Le ee 
y(x) = sz f. V(uje du = <= f. TeKGD © du. (4) 


In fact, formula (4) solves the problem; however, sometimes it is not convenient because it 
requires the calculation of the transform F'(u) for each right-hand side f(a). In many cases, the 
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representation of the solution of the nonhomogeneous integral equation via the resolvent of the 
original equation is more convenient. To obtain the desired representation, we note that formula (3) 
can be transformed to the expression 


K(u) 


Yu) =U-RWIFU), — RW = TRG: 


(5) 
On the basis of (5), by applying the Fourier inversion formula and the convolution theorem (for 
transforms) we obtain 


1 CO 
x) = f(x) - —= R(x -—t)f@ dt, 6 
yle)= fla)- =f ¢ if) (6) 
where the resolvent R(x — t) of the integral equation (1) is given by the relation 


om | ica M7) 


Thus, to determine the solution of the original integral equation (1), it suffices to find the func- 
tion R(x) by formula (7). 

The function R(x) is a solution of Eq. (1) for a special form of the function f(x). Indeed, it 
follows from formulas (3) and (5) that for Y(u) = R(u) the function F(u) is equal to K(u). This 
means that, for f(x) = K(x), the function y(2) = R(x) is a solution of Eq. (1), i.e., the resolvent of 
Eq. (1) satisfies the integral equation 


R(x) = 


Rv) + = i K(az-t)RQ@ dt = K(x), —00 <%< CO. (8) 


Note that to calculate direct and inverse Fourier transforms, one can use the corresponding tables 
from Supplements 6 and 7 and the books by H. Bateman and A. Erdélyi (1954) and by V. A. Ditkin 
and A. P. Prudnikov (1965). 


Example. Let us solve the integral equation 


co 
y(x) — af exp(alx - tl) y(t) dt = f(x), —00 < © < 00, (9) 
-co 
which is a special case of Eq. (1) with kernel K (a — t) given by the expression 
K(2) =-V20 Ae, a>0. (10) 
Let us find the function R(x). To this end, we calculate the integral 
a . 2aXr 
K(u) = -| Dereltletut dy = 204 (11) 
wes uw +a? 
In this case, formula (5) implies 
K(u) 2ar 
its : 12 
ey 1+K(u) u2 +a? -2ar (12) 
and hence 
1 re . P2Y [2 ar . 
R sh Ri Ue d i Ue du. 13 
(2) Jor hs ive . T Jono U2 +02 -2ar . . (13) 


Assume that A < +a. In this case the integral (13) makes sense and can be calculated by means of the theory of residues on 
applying the Jordan lemma (see Subsections 7.1-4 and 7.1-5). After some algebraic manipulations, we obtain 


R(x) =-V20 ena exp (-|x|V a? - 2a) (14) 
and finally, in accordance with (6), we obtain 
ue) = f(a) + a exp(-|x -t|Va2 -2aA) f(t) dt, -co <x <oo. (15) 
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11.8-2. An Equation With the Kernel K (az, t) = t!Q(« /t) on the Semiaxis 
Here we consider the following equation on the semiaxis: 
es ey 2 
yo)- [ 70(F)unar= fa (16) 
0 


To solve this equation we apply the Mellin transform which is defined as follows (see also Sec- 
tion 7.3): 


f(s) = DU f(a), s} = | f(a)a*! da, (17) 


where s = 0 + 77 is a complex variable (a; < a < 02) and fi (s) is the transform of the function f(z). 
In what follows, we briefly denote the Mellin transform by IN{ f(x)} = Mt{ f(x), s}. 
For known f(s), the original function can be found by means of the Mellin inversion formula 


R 1 ctioo bs 
fo) = Ifo} = iE © fgets, a1 <c<ox (18) 


where the integration path is parallel to the imaginary axis of the complex plane s and the integral 
is understood in the sense of the Cauchy principal value. 

On applying the Mellin transform to Eq. (16) and taking into account the fact that the integral 
with such a kernel is transformed into the product by the rule (see Subsection 7.3-2) 


ode Ieee de as 
m{ [ eG) ar} = QS)H), 
we obtain the following equation for the transform §(s): 
G(s) — Q(s)H(s) = fs). 


The solution of this equation is given by the formula 


, f(s) 
y(s) = x. (19) 
1- Qs) 
On applying the Mellin inversion formula to Eq. (19) we obtain the solution of the original integral 
equation 
1 ctioco Pla 
y(£) = —— i Fe x ds. (20) 
2m% Joico 1-Q(s) 


This solution can also be represented via the resolvent in the form 


ae | x 
ya) = f(a) + | oN (2) fat, (21) 
0 
where we have used the notation 
Qs) 

1- Qs) 

Under the application of this analytical method of solution, the following technical difficulties 
can occur: (a) in the calculation of the transform for a given kernel /(~) and (b) in the calculation 
of the solution for the known transform %(s). To find the corresponding integrals, tables of direct 
and inverse Mellin transforms are applied (e.g., see Supplements 8 and 9). In many cases, the 
relationship between the Mellin transform and the Fourier and Laplace transforms is first used: 


MY f(x), s} = KL F(e*), is} = L{ fle*), -s} + LA f(E™), sh, (23) 
and then tables of direct and inverse Fourier transforms and Laplace transforms are applied (see 
Supplements 4—7). 


N(a) = OTL N(s)}, = M(s) = (22) 


Remark 1. The equation 


yo)- [a (Z)err tye at= fe) (24) 
0 


can be rewritten in the form of Eq. (16) under the notation K(z) = z° H(z). 
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11.8-3. Equation With the Kernel K(z, t) = t°Q(zxt) on the Semiaxis 


Consider the following equation on the semiaxis: 
ya) | PQ(wtyy(t) dt = f(a). (25) 
0 


To solve this equation, we apply the Mellin transform. On multiplying Eq. (25) by 2*! and 
integrating with respect to x from zero to infinity, we obtain 


| . y(a)a*! da - | io y(t)t? dt | i Q(at)z*! dz = | 7 f(a)a™! de. (26) 
0 0 0 0 


Let us make the change of variables z = xt. We finally obtain 


11s) - O08) | y(t)t?* dt = f(s). (27) 


Taking into account the relation 


[wor ae= G0 +5 
we rewrite Eq. (27) in the form 
G(s) - Q(s)9(1 + B-s) = fils). (28) 
On replacing s by | + 3—s in Eq. (28), we obtain 
91 + B-s)- QU + 8 -s)H(s) = f+ Bs). (29) 
Let us eliminate §(1 + G—s) and solve the resulting equation for G(s). We thus find the transform of 
the solution: 


f(s) + Q(s)f(1 + B-s) 
1-Q(s)QU+8-s) © 


ws) = (30) 


On applying the Mellin inversion formula, we obtain the solution of the integral equation (25) 
in the form 


I i fs) + Q(s) fa + B = s) x ds. (31) 


WO Fri Ieieo 1-0 +88) 


Remark 2. The equation 


y(x) - | “ A (axt)x? tt y(t) dt = f(x) 
0 


can be rewritten in the form of Eq. (25) under the notation Q(z) = z? H(z), where 3 = q-p. 
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11.8-4. The Method of Model Solutions for Equations on the Entire Axis 


Let us illustrate the capability of a generalized modification of the method of model solutions (see 
Subsection 9.6) by an example of the equation 


Ay(x) + / ‘ Q(x + the y(t) dt = f(x), (32) 


where Q = Q(z) and f(x) are arbitrary functions and A and / are arbitrary constants satisfying some 
constraints. 


For clarity, instead of the original equation (32) we write 
Liy@)] = f@). (33) 
For a test solution, we take the exponential function 
yo =e, (34) 


On substituting (34) into the left-hand side of Eq. (33), after some algebraic manipulations we obtain 
L [e?*] = Ae?” + q(p)e*9”, where q(p) = / Q(z)e*9* dz. (35) 


The right-hand side of (35) can be regarded as a functional equation for the kernel e?” of the inverse 
Laplace transform. To solve it, we replace p by —p — (7 in Eq. (33). We finally obtain 


L[e@9?] = Ac Pr 4 q(—p — B)eP”. (36) 

Let us multiply Eq. (35) by A and Eq. (36) by —q(p) and add the resulting relations. This yields 
L [Ae?* — (pe "| = [A? — gp)q-p— Bye”. (37) 

On dividing Eq. (37) by the constant A? — q(p)q(—p — 3), we obtain the original model solution 


AeP® — q(pye PtP 


Y = 
Pe apa pa By 


L[Y (2, p)] = e?”. (38) 


Since here —oo < x < oo, one must set p = 7u and use the formulas from Subsection 9.6-3. Then the 
solution of Eq. (32) for an arbitrary function f(a) can be represented in the form 


1 bai - ra f, ~ bs tux 
uo) = = if _Yeeiw fan flu / _ fae" ae. (39) 


@ References for Section 11.8: M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), V. I. Smirnov (1974), 
P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. D. Gakhov and Yu. I. Cherskii (1978), A. D. Polyanin and A. V. Manzhirov 
(1997, 1998). 
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* 


11.9. The Carleman Method for Integral Equations of 
Convolution Type of the Second Kind 


11.9-1. The Wiener—Hopf Equation of the Second Kind 


Equations of convolution type of the second kind of the form* 


uo) ef K(«a—t)y(t) dt = f(x), 0<24<aM, (1) 


frequently occur in applications. Here the domain of the kernel / (x) is the entire real axis. 
Let us extend the equation domain to the negative semiaxis by introducing one-sided functions, 


_ Jj yx) for «>0, _ Jj f(@@) for «>0, = 
ey . freee ro, someon, eo ee 


Then we obtain an equation, 


yo(x) + = / "RG bi OWE VOI. see See, (2) 


which coincides with (1) for x > 0. 

The auxiliary function y_(x) is introduced to compensate for the left-hand side of Eq. (2) for 
x <0. Note that y_(~) is unknown for x < 0 and is to be found in solving the problem. 

Let us pass to the Fourier integrals in Eq. (2) (see Subsections 7.4-3, 10.4-1, and 10.4-2). We 
obtain a Riemann problem in the form 


Yu) F*(u) 


PNT aKa aKa Ce @) 


1°. Assume that the normality condition is satisfied, 1.e., 
1+K(u) #0, 


then we rewrite the Riemann problem in the usual form 


Yu) =DwY (uw) +Htu), — -cwo < u< ov, (4) 
where ; Flu) 
U 

OO Teka TaKGD. 


The Riemann problem (4) is equivalent to Eq. (1); in particular, these equations are simulta- 
neously solvable or unsolvable and have an equal number of arbitrary constants in their general 
solutions. If the index v of the Riemann problem, which is given by the relation 


vy = Ind (6) 


1 
1+K(u) 


(which is also sometimes called the index of the Wiener—-Hopf equation of the second kind), is 
positive, then the homogeneous equation (1) (f(x) = 0) has exactly v linearly independent solutions, 


Prior to reading this section looking through Sections 10.4 and 10.5 is recommended. 
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and the nonhomogeneous equation is unconditionally solvable and its solution depends on v arbitrary 
complex constants. 

In the case 1 < 0, the homogeneous equation has no nonzero solutions. For v = 0, the nonhomo- 
geneous equation is unconditionally solvable, and the solution is unique. If the index v is negative, 


then the conditions 
= F(u) du : _ 
[ HOleKwiaa Neo ae 


are necessary and sufficient for the solvability of the nonhomogeneous equation (see Subsec- 
tion 10.4-4). 
For all cases in which the solution of Eq. (1) exists, it can be found by the formula 


Oe Oe _ / - ywe™ du, —-& > 0, (8) 


where V*(u) is the solution of the Riemann problem (4) and (5) that is constructed by the scheme of 
Subsection 10.4-4 (see Fig. 3). The last formula shows that the solution does not depend on (wu), 
i.e., is independent of the choice of the extension of the equation to the negative semiaxis. 


2°. Now let us study the exceptional case of the integral equation (1) in which the normality 
condition for the Riemann problem (3) (see Subsections 10.4-6 and 10.4-7) is violated. In this case, 
the coefficient D(u) = [1 + K(u)]! has no zeros, and its order at infinity is 7 = 0. The general 
solution to the boundary value problem (3) can be obtained by formulas (63) of Subsection 10.4-7 
for a; = 0. The solution of the original integral equation (1) can be determined from the solution of 
the boundary value problem on applying formula (8). 

Figure 4 depicts a scheme of solving the Wiener—Hopf equations (see also Subsection 10.5-1). 


Example. Consider the equation 
co 
ya) + | (a+ dle te "ly(t) dt = fa), x > 0, (9) 
0 
where the constants a and 6 are real, and b # 0. The kernel K(x — t) of Eq. (1) is given by the expression 
K(2) = V2r (at Ola|e™. 


Let us find the transform of the kernel, 


uw(a—b)+at+b 


= °° -|zl+iun _ 
kay= [ (adie dx =2 2+ D2 


Hence, 

P(u) 
(u2 + 12” 
On the basis of the normality condition, we assume that the constants a and 6 are such that the polynomial P(z) has no real 
roots. Let a + 7G be a root of the biquadratic equation P(z) = 0 such that a > 0 and G > 0. Since the coefficients of the 
equation are real, it is clear that (a — 7), (-a + 13), and (-a — 7/3) are the other three roots. Since the function 1 + K(w) is 
real as well, it follows that it has zero index, and hence Eq. (9) is uniquely solvable. 

On factorizing, we obtain the relation 1 + K(u) = X~(u)/¥*(u), where 


1+K(u) = P(z) = 24 +2(a—b+ 1)z? +2a42b4 1. 


x*(u) = Ma +2) vu) = (u-a Me +a-i) 
(u+atiB\u-a+tif) (u—1)? 
Applying this result, we represent the boundary condition (4), (5) in the form 
+ _4)\2 E+ — 
Yu) (u-i)°F*(u) eC) ern (10) 


Xt+(u) (u-a-iB\uta-iB) X-(u)’ 


It follows from the theorem on the analytic continuation and the generalized Liouville theorem (see Subsection 10.4-3) that 
both sides of the above relation are equal to 


Ci : C2 
u-a-iB uta-iZ’ 
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The Wiener—Hopf equation: Gy(x) + 


Introduction 
of one-sided 
functions 

y_(x)=0 ifa>0 
Extension of the domain 
of the equation to the 
negative semiaxis 
Application of the inverse 
Fourier transform 

1 
TT love) 


= + 
The Riemann boundary value problem: a i i So iz as 


Solution of the 
Riemann problem 
(see Section 10.4 and Fig. 3) 


Determination of the functions V*(u) and V7 (wu) 


Application 
of the inverse 
Fourier transform 


1 ne 
The solution of the integral equation: y(«) = oe / Yt (uje™* du 
WT J—oo 


Fig. 4. Scheme of solving the Wiener—Hopf integral equations. For @ = 0, we have the equation of the 
first kind, and for G = 1, we have the equation of the second kind. 
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where the constants C'; and C must be defined. Hence, 


(1) 


(ui Fru) Ci é io) ) 
a-iB\(ut+a-iB) u-a-iB uta-iB]™ 


Yu) = x 
(u- 
For the poles (a + i) and (-a + 7) to be deleted, it is necessary and sufficient that 


(a +i8-iP F(a tif) C (-a + 18 - i)? F*(-a + iB) 
> emia : 


Cl = 
2a —2a 


(12) 


Since the problem is more or less cumbersome, we pass from the transform (11) to the corresponding original function 
in two stages. We first find the inverse transform of the summand 


- yt (u-iP F*(u) at 1 + — Tt + 
Vi(u) HO Net ee) jake, o Fr(u) + R(u)F*(u). 
Here 
Ru) = 2u2(a—b) + 2a+ 2b : m " ji _ (atiBr(a-b)+a+b 
OTe? (a+ iB he —(@-18Y]  wW(ariBp wap "* 208 


Let us find the inverse transform of the first fraction: 


FE! BH = [2 _# Biota, 
u2 —(a +8)? 2 B-ia 


The inverse transform of the second fraction can be found in the form 
F! fh es us i e Btiallel, (13) 
u2 —(a—i)2 V2 Btia 


R(x) = 4/ * p(etortalel + e 1 tala) eAlal = V2r pe Fl cos(6 + ala) 


Thus, 


and 


yi(x) = f(x) + a e let cos(O + ala — t|) f(t) dt, x>O0, pet? = Me : (14) 
0 B-ia 


Note that, as a by-product, we have found the resolvent R(x — t) of the following integral equation on the entire axis: 
co 
yo(x) +f (a + Ola — te yo (t) dt = f(x), 00 < © < OO. 
—0° 


Now consider the remaining part of the transform (11): 


C. C. 
yw = aren (— 2 ) 


+ 
-a-iB uta-iZ 


We can calculate the integrals 


2° (u+ire@* du C2 oe (u+ iret’ du 


-1 = Ci / 
Few} V2T Joo GAO otuKeekaleaasia. “ar co (utiB-a)(utibt+a)(uta-if) 


by means of the residue theory (see Subsections 7.1-4 and 7.1-5) and substitute the values (12) into the constants C and C2. 
For x > 0, we obtain 


[a +(6-1P°P 


y(a) = ‘i * eB) costa(a — A] f(t) dt 
0 


2 
i - (8-1-ia)4 ee 
abies, -B(a+t) ip _ Wl 
+ a2 | e€ cos[y + a(x + t)] f() dt, pxe 8a2(B oie)” 


Since Y*(u) = V1 (u) + Y2(u), it follows that the desired solution is the sum of the functions (14) and (15). 
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11.9-2. An Integral Equation of the Second Kind With Two Kernels 


Consider an integral equation of convolution type of the second kind with two kernels of the form 


i fe i. 
y(a“) + =! Ky (a —t)y(@) dt + cal K x(a — t)y@) dt = f(x), —00 <x<oo. (16) 
C ee) 


Note that each of the kernels Aj (a) and K(x) is defined on the entire real axis. On representing the 
desired function as the difference of one-sided functions, 


y(Z) = ys(x) — y(2), (17) 
we rewrite the equation in the form 


1 om 1 ci 
mle) + i Ki(a—Dus() at 0) ] Kya —t)y(t)dt = f(x). (18) 


Applying the Fourier integral transform (see Subsection 7.4-3), we obtain 


[1 + Ki(u)]V*(u) [1 + Ko(u)|Y(u) = Fu). (19) 
This implies the relation 
ep SEM yay = EO 
Se) = aay TE ” 


Here K\(u), K2(u), and F(u) stand for the Fourier integrals of known functions. The unknown 
transforms Y*(u) and Y-(u) are the boundary values of functions that are analytic on the upper and 
lower half-planes, respectively. Thus, we have obtained a Riemann boundary value problem. 


1°. Assume that the normality conditions are satisfied, 1.e., 
1+K,\(u) #0, 14+K.(u) #0, 


then we can rewrite the Riemann problem in the usual form (see Subsection 10.4-4): 


Yr(u) = D(u)Y (u) + Hw), -0 <u<o, (21) 
where 14 Ko(u) Flu) 
Sete ae 
POO ea tae @2) 


The Riemann problem (21), (22) is equivalent to Eq. (16): these problems are solvable or 
unsolvable simultaneously, and have the same number of arbitrary constants in their general solutions. 


If the index 
1+K (wu) 


1+K,(u) 
is positive, then the homogeneous equation (16) (f(x) = 0) has precisely v linearly independent 
solutions, and the nonhomogeneous equation is unconditionally solvable; moreover, the solution of 
this equation depends on v arbitrary complex constants. 

In the case v < 0, the homogeneous equation has no nonzero solutions. The nonhomogeneous 
equation is unconditionally solvable for v = 0, and the solution is unique. For the case in which the 
index v is negative, the conditions 


mt F(u)d 
i hr ae To: ee (24) 
oo Kt (u)[L + Ki (u)](u + 1) 
are necessary and sufficient for the solvability of the nonhomogeneous equation. 
In all cases for which the solution of Eq. (16) exists, this solution can be found by the formula 


y(x) = om / - [Vt(u) -—Y- (ue du, -00 <u < 00, (25) 


vy = Ind (23) 


where Y*(u), Y(u) is the solution of the Riemann problem (21), (22) constructed with respect to 
the scheme of Subsection 10.4-4 (see Fig. 3). 

Thus, the solution of Eq. (16) is equivalent to the solution of a Riemann boundary value problem 
and is reduced to the calculation of finitely many Fourier integrals. 
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2°. Now let us study the exceptional case of an integral equation of the form (16). Assume that 
the functions 1 + K,(w) and 1 + K2(u) can have zeros, and these zeros can be both different and 
coinciding points of the contour. Let us write out the expansion of these functions on selecting the 
coinciding zeros: 


8 Pp 
1+Ki(u) = | [(u-b))” [w-de* Kn, 


jel k=l 


r Pp Pp (26) 
1+ Ko(u) = [[@-a)™ [[@-dy* Kom, Sowell 
i=l k=l k=l 
Here a; # b;, but it is possible that some points d; (k = 1,...,) coincide with either a; or b;. This 


corresponds to the case in which the functions 1 + K\(u) and 1 + K(u) have a common zero of 
different multiplicity. We do not select these points especially because their presence does not affect 
the solvability conditions and the number of solutions of the problem. 

It follows from Eq. (19) and from the condition that a solution must be finite on the contour that, 
for the solvability of the problem, and all the more for the solvability of Eq. (16), it is necessary that 
the function F(u) have zero of order y;, at any point dx, i.e., F(u) must have the form 


Pp 
Fu) = | [w= dey Fi). 
k=1 


To this end, the following +, + --- +p = / conditions must be satisfied: 
FE) =0, je =0,1,-..59%- 1, (27) 


or, which is the same, 


/ i. f(a)aF* et” dx = 0. (28) 


Since the functions K’;(w) and K2(u) vanish at infinity, it follows that the point at infinity is a 
regular point of D(u). 

Assume that conditions (28) are satisfied. In this case the Riemann boundary value problem (20) 
can be rewritten in the form (see Subsections 10.4-6 and 10.4-7) 


[le —a:)" Re(ayR(u) 

yu) = =! Dou) + 1) (29) 
[Lu —15)% Q.(a2-(w [(u—b)% 
j= j= 


On finding its general solution in the exceptional case under consideration, we obtain the general 
solution of the original equation by means of formula (25). 

Let us state the conclusions on the solvability conditions and on the number of solutions of 
Eq. (16). For the solvability of Eq. (16), it is necessary that the Fourier transform of the right-hand 
side of the equation satisfies / conditions of the form (27). If these conditions are satisfied, then, 
for vy —n > 0, problem (20) and the integral equation (16) have exactly v — n linearly independent 
solutions. For vy —n < 0, we must take the polynomial P,_,_;(z) to be identically zero, and, for 
the case in which v — n < 0, the right-hand side must satisfy another n — v conditions. If the latter 
conditions are satisfied, then the integral equation has a unique solution. 
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Example. Consider Eq. (16) for which 


-l+a)V/2re* for x>0, a +B)V/2re* for x>0, 0 for x >0, 
K = K = = 
ae i for x <0, 2? for « <0, F@) -V2re* for «<0, 


where a and # are real constants. In this case, K,(x —t) = 0 for x < t and K(x —-t) = 0 for x < t. Hence, the equation 
under consideration has the form 


x 0 
y(x) —(1 +a) | e y(t) dt -(1 + B) e(?Yy(t) dt = 0, x >0, 
0 —0o 


x 
y(x) - (1 + B) if e 9 y(t) dt =-V/2re”, a<0. 
-—0o 
Let us calculate the Fourier integrals 
a mal mal . wes 
Ki(u) =~(1 vay [ etetde=-Ot9 yy =P pwe,  pw- H*. 
0 uti Utt u-t u-ta 


The boundary condition can be rewritten in the form 


iB (utd) (30) 


u- 
Y*(u) = —— Yu) + : axe 
Uta (u—1)(u — 1a) 
The solution of the Riemann problem depends on the signs of a and (3. 


1°. Leta >0Oand G > 0. In this case we have v = Ind D(u) = 0. The left-hand side and the right-hand side of the boundary 
condition contain functions that have analytic continuations to the upper and the lower half-plane, respectively. On applying 
the theorem on the analytic continuation directly and the generalized Liouville theorem (Subsection 10.4-3), we see that 

z-4 Uz +4 

yw=0, Py ~ws+—_@*9 29 

Z-1a (z-1)(z - ia) 

Hence, 
1 “2 uu tt) ; 
yx(z)=0,  y(@) = -y-(%) = / ; =e du. 
V2m Joo (u-i\(u- if) 

On calculating the last integral, under the assumption that G # 1, by the Cauchy residue theorem (see Subsections 7.1-4 
and 7.1-5) we obtain 


0 for x >0, 
= V2 
y@)= 9 VAT poe _ (14 B)e%] for x <0. 

1-6 
In the case 3 = 1, we have 
for x > 0, 


yio)= {0 Jin e*(1+2x) for 2<0. 


2°. Let a < 0 and G < 0. Here we again have v = 0, ¥+(z) = (z —i8)(z -ia)!, and X-(z) = 1. On grouping the 
terms containing the boundary values of functions that are analytic in each of the half-planes and then applying the analytic 
continuation theorem and the generalized Liouville theorem (Subsection 10.4-3), we see that 


y@), B+1 1 _Y@, 2 1 
X+(z) UB-1)z-iB) X-(z) U(B-1 z-i 


Hence, 
Soce BM A aoe A 
pear B-1 2z-ia’ ve B-12-i’ 
i es Vin em for x >0, 
ua) = = f pytw-yw] eo du = : 
VaR Jo pa e” for x <0. 


3°. Leta <Oand G > 0. In this case we have v = 1. Let us rewrite the boundary condition (30) in the form 


il+a) 1 


_ u-iB 2% 1 
l-a u-ia U-t 


Y*(u) + y(u) 
a 


l-au-i 
On applying the analytic continuation theorem and the generalized Liouville theorem (Subsection 10.4-3), we see that 


il+a) 1 


z-i8 20 1 Cc 
l-a z-ta Z-4 


Y (2) = 
a 


l-a z-1 Z-1a 


Y*(z)+ 
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Therefore, 
_l+a 24 zZ-1M@ 


+ 1 z C 
ae (c i) ee WOE Geek 1a ene aay 


where C’ is an arbitrary constant. Now, by means of the Fourier inversion formula, we obtain the general solution of the 
integral equation in the form 


1+ 
Vin (ic+ i = ens for x >0, 
-a 
y(a) = 
2(a - 2V2 
—V 20 jics ee?) Ee Te® for x<0. 
(1-a)( - 6) 1-8 
4°. Leta >Oand @ < 0. In this case we have v = —1. By the Liouville theorem (see Subsection 10.4-3), we obtain 
2-18 Uz +7) 
V(a= —Y(z)+ ——__—_— =0, 
zZ-1a (z-1)(z - ta) 
and hence 
Uz +2) 


Y*(z) = 0, YG) == — oe 
(z -)(z - 1) 

It can be seen from the expression for Y~(z) that the singularity of the function Y~(z) at the point 7G disappears if we set 

(= -1. The last condition is exactly the solvability condition of the Riemann problem. In this case we have the unique 

solution 


1 a er re 0 for x > 0, 
—_ du = 
uo) V2 ia w-t : “ -V2re* for «<0. 


Remark 1. Some equations whose kernels contain not the difference but certain other combina- 
tions of arguments, namely, the product or, more frequently, the ratio, can be reduced to equations 
considered in Subsection 11.9-2. For instance, the equation 


1 ioe) 
vos | tm (£)v@ars [ *m(£)voar =a €>0, (31) 
0 1 


T Ty 


becomes a usual equation with two kernels after the following changes of the functions and their 
arguments: € = e*, T =e’, Ni(€) = Ki (2), No(€) = K2(2), g(©) = f(x), and Y(€) = y(a). 


11.9-3. Equations of Convolution Type With Variable Integration Limit 


1°. Consider the Volterra integral equation of the second kind 


y(a) + om 7 K(a—t)y(t) dt = f(x), O<sa<T, (32) 


where the interval [0, 7’) can be either finite or infinite. In contrast with Eq. (1), where the kernel is 
defined on the entire real axis, here the kernel is defined on the positive semiaxis. 

Equation (32) can be regarded as a special case of the one-sided equation (1) of Subsection 11.9-1. 
To see this, we can rewrite Eq. (32) in the form 


1 foe) 
y(x) + nom :: K(x —t)y(t) dt = f(x), 0<r%<@M, 


which can be reduced to the following boundary value problem: 


vw), Fw 
1+K*(u) 1+K*(u) 


Y*(u) = 


Here the coefficient [1 + K*(u)]"! of the problem is a function that has an analytic continuation to 
the upper half-plane, possibly except for finitely many poles that are zeros of the function 1 + K*(z) 
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(we assume that 1 + K*(z) # 0 on the real axis). Therefore, the index v of the problem is always 
nonpositive, v < 0. On rewriting the problem in the form [1 + K*(u)]Y*(u) = YV(u) + F*(u), we 
see that Y~(u) = 0, which implies 

F*(u) 


ey cy 


(33) 


Consider the following cases. 


1.1. The function 1 + K*(z) has no zeros on the upper half-plane (this means that v = 0). In this 
case, Eq. (32) has a unique solution for an arbitrary right-hand side f(a), and this solution can be 
expressed via the resolvent: 


1 x 
x) = f(x) + —— R(x —t)f( dt, x>O0, 34 
ye) = f+ —— | Re-vso) G34) 
where ; Ky) 
U é 

= UL ; 

Rede fea 
1.2. The function 1 + K*(z) has zeros at the points z = a),...,@m of the upper half-plane (in 


this case we have v < 0, and v is equal to the minus total order of the zeros). The following two 
possibilities can occur. 


(a) The function F*(z) vanishes at the points a,,...,@,,, and the orders of these zeros are not 
less than the orders of the corresponding zeros of the function 1 + K*(z). In this case, the function 
Ft(z)[1+K*(2)]' has no poles again, and thus the equation has the unique solution (34). 

The assumption d* F*(a;)/ dz* = 0 on the zeros of the function F*(z) is equivalent to the 
conditions 


[foci at=o, RaOn 25 n= 1). pS dyes: (35) 


where 177; is the multiplicity of the zero of the function 1 + K*(z) at the point a;. In this case, 
conditions (35) are imposed directly on the right-hand side of the equation. 

(b) The function F*(z) does not vanish at the points a,...,@, (or vanishes with less multi- 
plicity than 1 + K*(z)). In this case, the function Ft(z)[1 + K*(z)]'! has poles, and therefore the 
function (33) does not belong to the class under consideration. Equation (32) has no solutions in the 
chosen class of functions. In this case, conditions (35) fail. 

The last result does not contradict the well-known fact that a Volterra equation always has a 
unique solution. Equation (32) belongs to the class of Volterra type equations, and therefore is also 
solvable in case (b), but in a broader space of functions with exponential growth. 


2°. Another simple special case of Eq. (1) in Subsection 11.9-1 is the following equation with 
variable lower limit: 


1 co 
rv) + — K(a — t)y(t) dt = f(x), 0<4r<@m. 36 
ylo)+ =f Kee-bynde = fe) (36) 
This corresponds to the case in which the function K(x) in Eq. (1) is left one-sided: K(x) = K_(2). 


Under the assumption | + K-(u) # 0, the Riemann problem becomes 


YW) F*(u) 


Pe a aay eR 


(37) 


2.1. The function | + K~(z) has no zeros on the lower half-plane. This means that the inverse 
transform of the function Y~(u)[1+K-(u)}! is left one-sided, and such a function does not influence 
the relation between the inverse transforms of (37) for x > 0. Thus, if we introduce the function 

Ku) 


TO) eR 
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(for convenience of the final formula), then by applying the Fourier inversion formula to Eq. (37) 
and by setting x > 0 we obtain the unique solution to Eq. (36), 


1 lo e) 
yx) = f(x) + oe / R(a -t)f(t) dt, z>0. 


2.2. The function 1 + K~(z) has zeros in the lower half-plane. Since this function is nonzero 
both on the entire real axis and at infinity, it follows that the number of zeros is finite. The Riemann 
problem (37) has a positive index which is just equal to the number of zeros in the lower half-plane 
(the zeros are counted according to their multiplicities): 


1 
Cade aA = —Ind[1+K (wu)] =™M tess +Nn > 0. 
Here 7 are the multiplicities of the zeros zz, of the function 1+ K™(z),k=1,...,n. 
Let 
Cik Cr Crgk 
+ Seeger dfs = I 
Z—-Zp (z-2n)* (z- zp)" 


be the principal part of the Laurent series expansion of the function Y~(z)[1 + K-(z)]"' in powers of 
(z- 2), k=1,...,n. In this case, Eq. (37) becomes 


+ n Nk : 
Ya) = Oy te, (38) 


k=l j=l 


where the dots denote a function whose inverse transform vanishes for x > 0. Under the passage to 
the inverse transforms in Eq. (38), for x > 0 we obtain 


y(a) = f(a) + = ‘i. R(a-t)f(t) dt + S- P,(x)et**, x > 0. (39) 


k=1 


Here the P;,(x) are polynomials of degree 7, — 1. We can verify that the function (39) is a 
solution of Eq. (36) for arbitrary coefficients of the polynomials. Since the number of linearly 
independent solutions of the homogeneous equation (36) is equal to the index, it follows that the 
above solution (39) is the general solution of the nonhomogeneous equation. 


11.9-4. Dual Equation of Convolution Type of the Second Kind 


Consider the dual integral equation of the second kind 


1 co 
yie)+—— | K\(a—-t)y@ dt = f(x), 0<4<aM, 
Vm I-28 (40) 


ye) + om / "BG IOHIO, “Sade: 


in which the function y(x) is to be found. 

In order to apply the Fourier transform technique (see Subsections 7.4-3, 10.4-1, and 10.4-2), 
we extend the domain of both conditions in Eq. (40) by formally rewriting them for all real values 
of x. This can be achieved by introducing new unknown functions into the right-hand sides. These 
functions must be chosen so that the conditions given on the semiaxis are not violated. Hence, the 
first condition in (40) must be complemented by a summand that vanishes on the positive semiaxis 
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and the second by a summand that vanishes on the negative semiaxis. Thus, the dual equation can 
be written in the form 


1 CO 
ul0)+ / K (a —ty(t) dt = fc) + E(2), 


-wo<2%<M, (41) 


1 CO 
y(x) + Jin : Ky(a — t)y(t) dt = f(x) + &(2), 


where the €4(2x) are some right and left one-sided functions so far unknown. 
On applying the Fourier integral transform, we arrive at the relations 


[L+Ky(w)|Vu) = Flu) + E(u), [b+ K2(w)|V(u) = Fu) + B*(u). (42) 


Here the three functions (wu), =*(u), and © (uw) are unknown. 
Now on the basis of (42) we can find 
F(uyt+E(u) Flu) +=*(u) 
Y(u) = = 
1+K,(u) 1+K,(u) 
and eliminate the function (wu) from relations (42) by applying formula (43). We obtain the 
Riemann boundary value problem in the form 


1 + Ka(u) cw Ka(u) — Ki (u) 
Laie (u) + TK 7 —00 < uU<0o. (44) 


1°. Assume that the normality conditions are satisfied, 1.e., 


1+K,(u) 40, 14+K.(u) 40; 


(43) 


=*(u) = 


then we can rewrite the Riemann problem (44) in the usual form (see Subsection 10.4-4) 
Btu) = D(w)= (u) + H(u), 00 <u<o, (45) 
where 
1+ K2(u) Ko(u) —Ky(u) 
Soc. MS ae 
1+K,(u) 1+K\(u) 
The Riemann problem (45), (46) is equivalent to Eq. (40); in particular, they are solvable and 


unsolvable simultaneously and have the same number of arbitrary constants in the general solutions. 
If the index 


D(u) Fu). (46) 


1+K2(u) 
1+ Ki (u) 
is positive, then the homogeneous equation (40) (f(x) = 0) has exactly v linearly independent 
solutions, and the nonhomogeneous equation is unconditionally solvable and the solution depends 
on v arbitrary complex constants. 

For the case v < 0, the homogeneous equation has no nonzero solutions. For v = 0, the 
nonhomogeneous equation is unconditionally solvable, and a solution is unique. If the index v is 
negative, then the conditions 


i K>(u) — K1(u) du 


v = Ind (47) 


=0, 2 te wee (48) 


no VW Ora 


are necessary and sufficient for the solvability of the nonhomogeneous equation. 
For all cases in which a solution of Eq. (40) exists, it can be found by the formula 


yee [* FOFEO pine gy = Lf? FOHEW pine gy 
et on eee AC Vin Js LAK) 


where =*(u), =" (u) is a solution of the Riemann problem (45), (46) that is constructed by the scheme 
of Subsection 10.4-4 (see Fig. 3). 


(49) 
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* 


2°. Let us investigate the exceptional case of the integral equation (40). Assume that the functions 
1+ (u) and 1+ (wu) can have zeros that can be either different or coinciding points of the contour. 
Take the expansions of these functions on selecting the coinciding zeros in the form of (26) and 
further repeat the reasoning performed for the equations of convolution type of the second kind with 
two kernels. After finding the general solution of the Riemann boundary value problem (44) in this 
exceptional case (see Subsection 10.4-7), we obtain the general solution of the original equation (40) 
by formula (49). 

The conclusions on the solvability conditions and on the number of solutions of Eq. (40) are 
similar to those made above for the equations with two kernels in Subsection 11.9-2. 


Remark 2. Equations treated in Section 11.9 are sometimes called characteristic equations of 
convolution type. 


@) Reference for Section 11.9: F. D. Gakhov and Yu. I. Cherskii (1978). 


11.10. The Wiener—Hopf Method 


11.10-1. Some Remarks 


Suppose that the Fourier transform of the function y(a) exists (see Subsection 7.4-3): 


Ye) = = / 7 woe dar. (1) 


Assume that the parameter z that enters the transform (1) can take complex values as well. Let us 
study the properties of the function V(z) regarded as a function of the complex variable z. To this 
end, we represent the function y(x) in the form* 


y(x) = y"(x) + y (2), (2) 
where the functions y*(x) and y (x) are given by the relations 
+, | y(@) for x>0, apes oO for x >0, 
ya) = { 0 for « <0, eo yx) for «<0. (3) 


In this case the transform )(z) of the function y(x) is clearly equal to the sum of the transforms .V,(z) 
and .V_(z) of the functions y*() and y (x), respectively. Let us clarify the analytic properties of the 
function )(z) by establishing the analytic properties of the functions V,(z) and V_(z). Consider the 
function y*(a) given by relations (3). Its transform is equal to 


1 ra . 
w= | *crje’” da. 4 
(Zz) onl y (x) (4) 
It can be shown that if the function y*() satisfies the condition 
ly*(2)|< Me”* as ro, (5) 


where / is a constant, then the function Y,(z) given by formula (4) is an analytic function of the 
complex variable z = u+7v in the domain Im z > v_, and in this domain we have ,(z) — 0 as 
|z| > oo. We can also show that the functions y*(a) and Y,(z) are related as follows: 


1 cotiu 
+ 
()= —— 
2m J-cotiv 


Do not confuse the functions y*(x) and Y+(x) introduced in this section with the functions y+(a) and Y+*(x) introduced 
in Subsection 10.4-2 and used in solving the Riemann boundary value problem on the real axis. 


Yi(z)e** dz, (6) 
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where the integration is performed over any line Im z = v > v_ in the complex plane z, which is 
parallel to the real axis. 

For v_ < 0 (i.e., for functions y(x) with exponential decay at infinity), the real axis belongs 
to the domain in which the function Y,(z) is analytic, and we can integrate over the real axis in 
formula (6). However, if the only possible values of v_ are positive (for instance, if the function y*(x) 
has nontrivial growth at infinity, which does not exceed the exponential growth with linear exponent), 
then the analyticity domain of the function ),(z) is strictly above the real axis of the complex plane z 
(and in this case, the integral (4) can be divergent on the real axis). Similarly, if the function y“(x) 
in relations (3) satisfies the condition 


ly (2)|< Me"** as x2 —-0co, (7) 


then its transform, i.e., the function 


0 
y= | were de, (8) 


is an analytic function of the complex variable z in the domain Im z < v,. The function y“(x) can 
be expressed via )_(z) by means of the relation 


1 cottu : 
y (“) = Gon Vi(zje** dz, Imz=v < v4. (9) 
—oo+tu 


For v, > 0, the analyticity domain of the function )_(z) contains the real axis. 

It is clear that for v_ < v,, the function V(z) defined by formula (1) is an analytic function of the 
complex variable z in the strip v_ < Im z < v,. In this case, the functions y(x) and Y(z) are related 
by the Fourier inversion formula 


yo= ef Woe de (10) 


where the integration is performed over an arbitrary line in the complex plane z belonging to the 
strip v_ < Imz < v,. In particular, for v_ < 0 and vy > 0, the function Y(z) is analytic in the strip 
containing the real axis of the complex plane z. 


Example 1. For a > 0, the function K(x) = ell has the transform 


1 2a 
Vor a2 + 22 : 


which is an analytic function of the complex variable z in the strip -a < Im z < a, which contains the real axis. 


K(z)= 


11.10-2. The Homogeneous Wiener—Hopf Equation of the Second Kind 


Consider a homogeneous integral Wiener—Hopf equation of the second kind in the form 


ya) -[ K (a - t)y(t) dt, (1) 


whose solution can obviously be determined up to an arbitrary constant factor only. Here the domain 
of the function K(x) is the entire real axis. This factor can be found from additional conditions of 
the problem, for instance, from normalization conditions. 
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We assume that Eq. (11) defines a function y(x) for all values of the variable x, positive and 
negative. Let us introduce the functions y-(x) and y*(x) by formulas (3). Obviously, we have 
y(x) = y* (a) + y (x), and Eq. (11) can be rewritten in the form 


y* (x) = ie K(x —t)y* (t) dt, z>0 (12) 
0 

y (2) = | K (a —t)y*(t) dt, z<0. (13) 
0 


That is, the function y*(«) can be determined by the solution of the integral equation (12) and the 
function y~(x) can be expressed via the functions y*(a2) and K(x) by means of formulas (13). In 
this case, we have the relation 


OTT EO / K(w-by*( dt, (14) 


which is equivalent to the original equation (11). 
Let the function (x) satisfy the condition 


|K(x2)|< Me’* as tM, 


(15) 
|K(2)|< Me" as 2 —--c, 
where v_ < 0 and v, > 0. In this case, the function 
Ko= ef Kee a (16) 
z)=—— xr)e x, 
V2 Joo 
is analytic in the strip v_ < Imz < v4. 
Let us seek the solution of Eq. (11) satisfying the condition 
ly*(x2)| < Mye"*” as 2M, (17) 


where js < v, (such a solution exists). In this case we can readily verify that the integrals on the 
right-hand sides in (12) and (13) are convergent, and the function y“ (x) satisfies the estimate 


ly (2) < Mye"** as x > -co. (18) 


It follows from conditions (17) and (18) that the transforms Y,(z) and Y_(z) of the functions 
y*(x) and y (x) are analytic functions of the complex variable z for Imz > yz and Imz < v4, 
respectively. 

Let us pass to the solution of the integral equation (11) or of Eq. (14), which is equivalent 
to (11). To this end, we apply the (alternative) Fourier transform. By the convolution theorem (see 
Subsection 7.4-4), it follows from (14) that 


Vi(2) + Vz) = V20 K(2)Y.(2), 


or 
W(2))1(2) + V(z) = 0, (19) 
where 
Wz) = 1-V27 K(z) £0. (20) 
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Thus, by means of the Fourier transform, we succeeded in the passage from the original integral 
equation to an algebraic equation for the transforms. However, in this case Eq. (19) involves two 
unknown functions. In general, a single algebraic equation cannot uniquely determine two unknown 
functions. The Wiener—Hopf method makes it possible to solve this problem for a certain class of 
functions. This method is mainly related to the study of the analyticity domains of the functions that 
enter the equation and to a special representation of this equation. The main idea of the Wiener—Hopf 
method is as follows. 

Let Eq. (19) be representable in the form 


W,(2)Y+(2) = -W_(2)V_(2), (21) 


where the left-hand side is analytic in the upper half-plane Im z > jz and the right-hand side is 
analytic in the lower half-plane Im z < v,, where ps < v,, so that there exists a common analyticity 
strip of these functions: 44<Im z<v,. Since the analytic continuation is unique, it follows that there 
exists a unique entire function of the complex variable that coincides with the left-hand side of (21) 
in the upper half-plane and with the right-hand side of (21) in the lower half-plane, respectively. 
If, in addition, the functions that enter Eq. (21) have at most power-law growth with respect to z 
at infinity, then it follows from the generalized Liouville theorem (see Subsection 10.4-3) that the 
entire function under consideration is a polynomial. In particular, for the case of a function that is 
bounded at infinity we obtain 


W,(2)Y+(z) = -W(z)Y(z) = const . (22) 


These relations uniquely determine the functions ),(z) and )_(z). 

Thus, let us apply the above scheme to the solution of Eq. (19). It follows from the above 
reasoning that the analyticity domains of the functions V,(z), Y_(z), and W(z) = 1- V2n K(z), 
respectively, are the upper half-plane Imz > ys, the lower half-plane Imz < v,, and the strip 
v_<Imz <v,. Therefore, this equation holds in the strip* pp < Imz < v,, which is the common 
analyticity domain for all functions that enter the equation. In order to transform Eq. (19) to the 
form (21), we assume that it is possible to decompose the function W(z) as follows: 


W.(2) 


VANS 5. ()’ 


(23) 


where the functions W,(z) and VWV_(z) are analytic for Im z > yw and Im z <v,, respectively. Moreover, 
we assume that, in the corresponding analyticity domains, these functions grow at infinity no faster 
than z”, where n is a positive integer. A representation of an analytic function WV(z) in the form (23) 
is often called a factorization of W(z). 

Thus, as the result of factorization, the original equation is reduced to the form (21). It follows 
from the above reasoning that this equation determines an entire function of the complex variable z. 

Since Yi(z) — 0 as |z| — co and the growth of the functions W(z) does not exceed that 
of a power function 2”, it follows that the entire function under consideration can be only a 
polynomial P,,_;(z) of degree at most n — 1. 

If the growth of the functions VWV+(z) at infinity is only linear with respect to the variable z, then 
it follows from relations (22), by virtue of the Liouville theorem (see Subsection 10.4-3), that the 
corresponding entire function is a constant C’. In this case we obtain the following relations for the 
unknown functions Y,(z) and Y_(z): 


C 


C 
Ve) a ele) = “Way? 


W.(2) f 


(24) 


* To be definite, we set p > v_. Otherwise, the common domain of analyticity is the strip v_ < Im z < v4. 
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which define the transform of the solution up to a constant factor, which can be found at least from 
the normalization conditions. In the general case, the expressions 


Pn-(2) Pn-1(2) 


eR Sy ays SE" 


(25) 


define the transform of the desired solution of the integral equation (11) up to indeterminate constants, 
which can be found from the additional conditions of the problem. The solution itself is defined by 
means of the Fourier inversion formula (6), (9), and (10). 


Example 2. Consider the equation 
co 
y(x) = | e | 4ly(t) dt, 0<A<o, (26) 
0 


whose kernel has the form K(x) = Ae. 
Let us find the transform of the function K(x): 


» 2° . 2 xX 
K(z) = Vin / K(a)je’** dx = if Be (27) 


The function AC(z) is analytic with respect to the complex variable z in the strip —1 < Im z < 1. Let us represent the expression 


22-2r41 


W@) = 1- V2 K(z) = ——— (28) 
z+) 
in the form (23), where 
2 
Wie rs ie oe (29) 
Z+ 


The function W4(z) in Eq. (29) is analytic with respect to z and nonzero in the domain Im z > ImV2A -1. For0<A< 4, 
this domain is defined by the condition Im z > V1 —2A, and V1—2X < p< 1. For A> J, the function W,(z) is analytic 
and nonzero in the domain Im z > 0. It is clear that the function VV_(z) is a nonzero analytic function in the domain Im z < 1. 
Therefore, for0 < A< 4 both functions satisfy the required conditions in the domain yz < Im z < 1. 


For A > 4, the strip 0 < Im z < 1 is the common domain of analyticity of the functions W4(z) and W_(z). Thus, we 
have obtained the desired factorization of the function (28). 

Consider the expressions YVi(z)W+(z). Since Yi(z) — 0 as |z| — oo, and, according to (29), the growth of the 
functions W+(z) at infinity is linear with respect to z, it follows that the entire function P,,_;(z) that coincides with 
Vi(Z)W(z) for Im z > pw and with Y_(z)W_(z) for Im z < 1 can be a polynomial of zero degree only. Therefore, 


Ye(2)W(z) = C. (30) 
Hence, 
Z+4 
Vee Oe ony a fe (31) 


and it follows from (6) that 


cotiu zeit 


+ = Cc —LZa0 
Eg en Pua a2) 


where u<vu<l. 
On closing the integration contour for x > 0 by a semicircle in the lower half-plane and estimating the integral over this 
semicircle by means of the Jordan lemma (see Subsections 7.1-4 and 7.1-5), after some calculations we obtain 


y* (a) =C cosy 2’A\-12x)+ a | ; (33) 


1 


zy <A <0, it is 


where C' is a constant. For0<A< y this solution has exponential growth with respect to x, and for 
bounded at infinity. 


© 1998 by CRC Press LLC 


11.10-3. The General Scheme of the Method. The Factorization Problem 


In the general case, the problem which is solved by the Wiener—Hopf method can be reduced to the 
following problem. It is required to find functions ),(z) and Y_(z) of the complex variable z that 
are analytic in the half-planes Im z > v_ and Im z < v4, respectively (v_ < v,), vanish as |z| — oo in 
their analyticity domains, and satisfy the following functional equation in the strip (v_ < Im z < v4): 


A(z) Yi(z) + B(Z)Y_(2) + C(z) = 0. (34) 


Here A(z), B(z), and C(z) are given functions of the complex variable z that are analytic in the strip 
v_<Imz < v,, and the functions A(z) and B(z) are nonzero in this strip. 

The main idea of the solution of this problem is based on the possibility of a factorization of the 
expression A(z)/B(z), i.e., of a representation in the form 


A(z) _ Wi(2) 
Biz)” Ws)’ 


(35) 


where the functions W,(z) and W_(z) are analytic and nonzero in the half-planes Im z > v’ and 
Im z < v}, and the strips v_ < Imz < v, and vu’! <Imz < v/, have a nonempty common part. In this 
case Eq. (34), with regard to Eq. (35), can be rewritten in the form 


CQ) _ 


Ws (2) V+) + W-(2)Y (2) + W(2) 0. (36) 
(2) 
If the last summand in Eq. (36) can be represented as the sum 
Cz) _ 
WZ) a D(z) + D(z), (37) 


where the functions D,(z) and D_(z) are analytic in the half-planes Imz > v’’ and Imz < vf, 
respectively, and all three strips vu. <Imz <1, 0! <Imz< vi, and v” <Imz< v7 have a nonempty 
common part, for a strip v? <Im z < v°, then, in this common strip, the following functional equation 
holds: 


W,(2)Y+(Z) + Ds (2) = -W(z)V_(z) - D_(2). (38) 


The left-hand side of Eq. (38) is a function analytic in the half-plane v° < Im z, and the right-hand 
side is a function analytic in the domain Im z < v°. Since these functions coincide in the strip 
v? < Im z < v%, it follows that there exists a unique entire function that coincides with the left-hand 
side and the right-hand side of (38) in their analyticity domains, respectively. If the growth at infinity 
of all functions that enter the right-hand sides of Eqs. (35) and (37), in their analyticity domains, 
is at most that of z”, then it follows from the limit relation V(z) — 0 as |z| — oo that this entire 
function is a polynomial P,,_;(z) of degree at most n — 1. Thus, the relations 


Viz) = Wie) ; V_() = Wi) (39) 


determine the desired functions up to constants. These constants can be found from the additional 
conditions of the problem. 

The application of the Wiener—-Hopf method is based on the representations (35) and (37). Ifa 
function G(z) is analytic in the strip v_ < Imz < v, and if in this strip the function G(z) uniformly 
tends to zero as |z| — oo, then in this strip the following representation is possible: 


G(z) = Gi(z) + G(2), (40) 
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where the function G,(z) is analytic in the half-plane Im z > v_, the function G_(z) is analytic in the 
half-plane Im z < v,, and 


G.(z) = sa! 7) dr, v.<v <Imz<4u, (41) 


20% Jcosiv! T— 2 


ae ae Oe) 


a Ts vo. <Imz <u, <u. (42) 


-cotiv) T—% 
The integrals (41) and (42), being regarded as integrals depending on a parameter, define analytic 
functions of the complex variable z under the assumption that the point z does not belong to the 
integration contour. 

In particular, G,(z) is an analytic function in the half-plane Im z > v’, and G_(z) in the half-plane 
Imz > vi. 

Moreover, if a function 71(z) is analytic and nonzero in the strip v_ <Imz < v, and if H(z) — 1 
uniformly in this strip as |z| — oo, then the following representation holds in the strip: 


H(z) = Hy(z)H_(2), (43) 
cotiv’ 
H,(2) = exp s / ta) ar| : v.<v <Imz<%, (44) 
20t J coin! T-% 
ootiul, 
H_(z) = exp Hs if ini) ar| ; uv. <Imz<v, <%, (45) 
20 Jest: Te 


where the functions 71,(z) and 7{_(z) are analytic and nonzero in the half-planes Im z > v_ and 
Im z < v4, respectively. The representation (43) is called a factorization of the function 7{(z). 


11.10-4. The Nonhomogeneous Wiener—Hopf Equation of the Second Kind 


Consider the Wiener—Hopf equation of the second kind 


y(x) - i K(«—t)y@) dt = f(x), (46) 


Suppose that the kernel K(x) of the equation and the right-hand side f(a) satisfy conditions (15). 
Let us seek the solution y*(x) to Eq. (46) for which condition (17) is satisfied. 

In this case, reasoning similar to that in the derivation of the functional equation (19) for a 
homogeneous integral equation shows that, in the case of Eq. (46), the following functional equation 
must hold on the strip pw < Imz < v4: 


V(z) + V(z) = V2 K(2)Y.(2) + F(z) + F(2), (47) 
or 
W(2)V+(z) + Y(2) - F(z) = 0, (48) 


where W(z) is subjected to condition (20), as well as in the case of a homogeneous equation. 

We now note that Eq. (48) is a special case of Eq. (34). In the strip v_ < Imz < v,, the 
function W(z) is analytic and uniformly tends to 1 as |z| — oo because |K(z)| — 0 as |z| = oo. In 
this case, this function has the representation (see (43)-(45)) 


W.(2) 
Wz)’ 


W(z) = (49) 
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where the function WV,(z) is analytic in the upper half-plane Im z > v_ and YWW_(z) is analytic in the 
lower half-plane Im z < v,, and the growth at infinity of the functions WV(z) does not exceed that 
of 2”. 

On the basis of the representation (49), Eq. (48) becomes 


WZ) V+(2) + W(2)V (2) — W(2)F (2) - W(2) F(z) = 0. (50) 
To reduce Eq. (50) to the form (38), it suffices to decompose the last summand 
Fi (2Z)W_(z) = Ds(Z) + D(z) (51) 


into the sum of functions D,(z) and D_(z) that are analytic in the half-planes Im z > y and Im z < v,, 
respectively. 

To establish the possibility of a representation (51), we note that the function F(z) is analytic 
in the upper half-plane Im z > v_ and uniformly tends to zero as |z| — oo. The function W_(z) is 
analytic in the lower half-plane Im z < v4, and, according to the method of its construction, we can 
perform the factorization (49) so that the function VWV_(z) remains bounded in the strip v_ < Im z < vu, 
as |z| — oo. Hence (see (40)-(42)), the functions F(z)W_(z) in the strip v_ < Im z < v, satisfy all 
conditions that are sufficient for the validity of the representation (51). 

The above reasoning makes it possible to take into account the fact that the growth at infinity of 
the functions WV.(z) does not exceed that of z”, and thus to present the transform of the solution of 
the nonhomogeneous integral equation (46) in the form 


nai(2) + Dy Pri(2)+ WL2)F(2) + D- 
oe OE 9p eee: 


(52) 


The solution itself can be obtained from (52) by means of the Fourier inversion formula (6), (9), 
and (10). 


11.10-5. The Exceptional Case of a Wiener—Hopf Equation of the Second Kind 


Consider the exceptional case of a Wiener—Hopf equation of the second kind in which the func- 
tion W(z) = 1- V2n K(z) has finitely many zeros N (counted according to their multiplicities) in 
the strip v_ < Imz < v,. In this case, the factorization is also possible. To this end, it suffices to 
introduce the auxiliary function 


W(2) = Inf (2? +b)X? We) [ [@- ar | : (53) 


where a; is the multiplicity of the zero z; and a positive constant b > {|v_|, |v,|} 1s chosen so that the 
function in the square brackets has no additional zeros in the strip v_ < Im z < v4. 

However, in the exceptional case, the Wiener—-Hopf method gives the answer only if the number 
of zeros of the function WV(z) is even. This restriction is due to the fact that only for the case in 
which the number of zeros is even is it possible to achieve the necessary behavior at infinity (for 
the application of the Wiener-Hopf method) of the function (27 + B?)% i (see F. D. Gakhov and 
Yu. I. Cherskii (1978)). The last restriction makes no real obstacle to the broad use of the Wiener— 
Hopf method in solving applied problems in which the kernel K(x) of the corresponding integral 
equation is frequently an even function, and thus the reasoning below can be applied completely. 


Remark 1. The Wiener—Hopf equation of the second kind for functions vanishing at infinity can 
be reduced to a Riemann boundary value problem on the real axis (see Subsection 11.9-1). In this 
case, the assumption that the number of zeros of the function VV(z) is even, as well as the assumption 
that the kernel K(x) is even in the exceptional case, are unessential. 
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Remark 2. For functions with nontrivial growth at infinity, the complete solution of Wiener— 
Hopf equations of the second kind is presented in the cited book by F. D. Gakhov and Yu. I. Cherskii 
(1978). 


Remark 3. The Wiener—Hopf method can be applied to solve Wiener—Hopf integral equations 
of the first kind under the assumption that the kernels of these equations are even. 


@) References for Section 11.10: B. Noble (1958), A. G. Sveshnikov and A. N. Tikhonov (1970), V. I. Smirnov (1974), 
F. D. Gakhov (1977), F. D. Gakhov and Yu. I. Cherskii (1978). 


11.11. Krein’s Method for Wiener—Hopf Equations 


11.11-1. Some Remarks. The Factorization Problem 


Consider the Wiener—Hopf equation of the second kind 
ya) | K(a—t)y(t) dt = f(x), O<4%<aM, (1) 
0 


where f(x), y(x) € L,(0,00) and K(x) € L,(-co, 00). Let us use the classes of functions that 
can be represented as Fourier transforms (alternative Fourier transform in the asymmetric form, see 
Subsection 7.4-3), of functions from Lj(—co, 00), £;(0, 00), and L;(—oo, 0). For brevity, instead of 
these symbols we simply write L, L,, and L_. Let functions h(x), h)(x), and h2(x) belong to L, L,, 
and L_, respectively; in this case, their transforms can be represented in the form 


co fave) 0 
H(u) = ‘i h(aye® dx, Fy(u) = iy hi(aje'* dx, Flo(u) = if ho(x)e da. 
as , as 


Let Q, Q,, and Q_ be the classes of functions representable in the form 
Wu) =1+H(u), Wiu)=1+Hi(u), Wau) = 1+ H2(u), (2) 


respectively, where the functions from the classes Q, and Q_, treated as functions of the complex 
variable z = u+72v, are analytic for Im z > 0 and Im z < 0, respectively, and are continuous up to the 
real axis. 

Let T(z) belong to L and let F (u) be its transform. Assume that 


1-T(u)#0, Ind{l-7(w] = 5 farstl -Tw]\ SO Horse ese G3) 
In this case there exists a q(x) € L such that 
In[{1 -T(u)] = / 7 gaye dex. (4) 
This formula readily implies the relation In[1 ae (u)] — Oasu— +00. 


In what follows, we apply the factorization of functions Mu) of the class Q that are continuous 
on the interval —co < u < co. Here the factorization means a representation of the function M(u) in 
the form of a product 


-\k 
au) = Aw) “*) Mu), (5) 
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where M_(z) and M,(z) are analytic functions in the corresponding half-planes Im z > 0 and 
Im z < 0 continuous up to the real axis. Moreover, 


M.(z)#0 for Imz>0 and M(z)#0 for Imz<0. (6) 


Relation (5) implies the formula 
k = Ind M(u). 


The factorization (5) is said to be canonical provided that k = 0. 
In what follows we consider only functions of the form 


M(u) =1-T(u) (7) 


such that M(+00) = 1. We can also assume that 


Mz,(400) = M_(o0) = 1. (8) 


Let us state the main results concerning the factorization problem. 
A function (7) admits a canonical factorization if and only if the following two conditions hold: 


M(u) #0, Ind M(u) = 0. (9) 


In this case, the canonical factorization is unique. Moreover, if conditions (9) hold, then there exists 
a function // (x) in the class L such that 


M(u) = exp if M(a)e as| 5 (10) 
foe) 0 

Mz,.(u) = exp | i M(a)e™ as| , M_(u) = exp | / M(a)e™ as| . (11) 
0 roe) 


Hence, we have M(u) € Q and Ma4(u) € Q-+. The factors in the canonical factorization are also 
described by the following formulas: 


© In M(r) ai 


InM,(z) = — | Imz>0, (12) 
271 Ji5o T-2 

InM_(z) = — | MD ae eO (13) 
27% J_x5 TZ 


In the general case of the factorization, the following assertion holds. A function (7) admits a 
factorization (5) if and only if the following condition is satisfied: 


M(u) #0, -0O <U< OO. 


In this case, relation (5) can be rewritten in the form 


.\ -k 
(+ “) M(u) = M_(u)M4(u), -0O <U< OO. 
Uti 


The last relation implies the canonical factorization for the function 


Uu-t 


-k 
M,(u) = (5) Mu). 


Hence, the factors Ma(u) satisfy formulas (10)-(13) if we replace M(u) in these formulas 
by M,(u). 


Now we return to Eq. (1) for which 


K(u) = / ie K(a)e™ dz. (14) 
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11.11-2. The Solution of the Wiener—Hopf Equations of the Second Kind 


THEOREM 1. For Eq. (1) to have a unique solution of the class L, for an arbitrary f(x) € L,, it 
is necessary and sufficient that the following conditions hold: 


1-K(u) #0, -00 <u <0, (15) 
v = —Ind[1—K(u)] = 0. (16) 


THEOREM 2. If condition (15) holds, then the inequality v > 0 is necessary and sufficient for the 
existence of nonzero solutions in the class L, of the homogeneous equation 


y(x) - i K(x —t)y(t) dt = 0. (17) 
0 


The set of these solutions has a basis formed by v functions p;,(«) (k = 1,...,v) that tend to zero 
as x — oo and that are related as follows: 


exto)= [grout k=1,2,...,v-l, eae)= | wbarec. (18) 
0 0 


Where C is a nonzero constant and the functions :p;,(t) and w(t) belong to L,. 


THEOREM 3. If condition (15) holds and if v > 0, then for any f(a) € L, Eq. (1) has infinitely 
many solutions in L,. 


However, if v <0, then, for a given f(x) € L,, Eq. (1) has either no solutions from L, or a unique 
solution. For the latter case to hold, it is necessary and sufficient that the following conditions be 
satisfied: 


| f(x)vxe(x) dx = 0, k=1,2,...,|, (19) 
0 
where 7;,(a) is a basis of the linear space of all solutions of the transposed homogeneous equation 
a(x) -/ K(t-2«x)w(t) dt = 0. (20) 
0 
1°. If conditions (15) and (16) hold, then there exists a unique factorization 
[1- Kw)! = M.(wM_(u), (21) 
and As i 
M,(u) = 1+ | R,®e™ dt, Mu) =1+ ip Riba dé (22) 
0 0 


The resolvent is defined by the formula 
Riz, t) = Ry(«@-t)+ R(t-x)+ | Ri(a —s)R_(t-s) ds (23) 
0 


where OS 1 < co, 0<t< om, R,(x) = 0, and R_(x) = 0 for x < 0, so that, for f(x) from L,, the 
solution of the equation is determined by the expression 


yte)= fa) [ R(w, t)f(t)dt. (24) 
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Formula (23) can be rewritten as follows: 
Ra, t) = R(a -t, 0) + RO, t- x) + af R(x —s, 0)R(O, t—s) ds. (25) 
0 
If K(#—-t) = K(t—32), then formula (25) becomes 
min(x,t) 
Ra, t) = R(jx -t],0) + | R(x — s,0) R(t — s, 0) ds. (26) 
0 


Note that R(x) = R(x, 0) and R_(x) = RO, x) are unique solutions, in the class L,, of the following 
equations (0 < x < oo): 


Ry(a) +/ K(a-t)R,(t) dt = K(x), 
(3 (27) 
R(x)+ | K(t-2)R_(@) dt = K(-2). 
0 
2°. Suppose that condition (15) holds, but 
v =—Ind[1—K(u)] > 0. 


In this case, the function [1 — Kwy! admits the factorization 
. “7 Sy u-i\" . 
[1-K(u)l = G_(u) aah G.(u),  -oO<u<o. (28) 


For the functions M_(u) and M,(u) defined by the relations 


Mu) =G(u) and M,(u) = (5) G.(u), (29) 


Uti 


we have the representation (22) and formula (23) for the resolvent. 
Moreover, for & = 1,...,v, the following representations hold: 


kM, love) : 
aaa = i; gulayei der, (30) 


where g;,(x) is the solution of the homogeneous equation (17). The solutions y;(x) mentioned in 
Theorem 2 can also naturally be expressed via the functions g(x). 


3°. Ifv =—Ind[1 - K(u)] < 0, then the transposed equation 


ia) f K(t—x)y(t) dt = f(a) (31) 


has the index —v > 0. If formula (28) defines a factorization for Eq. (1), then the transposed equation 
admits a factorization of the form 


[1-K(@w)y" = M_(w)M,(-u), 


and M_(-u) plays the role of M,(u), and M,(-u) plays the role of M_(u). 
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11.11-3. The Hopf—Fock Formula 


Let us give a useful formula that allows one to express the solution of Eq. (1) with an arbitrary 
right-hand side f(a) via the solution to a simpler auxiliary integral equation with an exponential 
right-hand side. 

Assume that in Eq. (1) we have 


f(ixy=e%*, ImO>0, y(z) = ye(2), (32) 


and moreover, conditions (15) and (16) hold. In this case 
ye(x) = ee | R(a, te’ dt, (33) 
0 


where R(x, t) has the form (25). After some manipulations, we can see that 


w= AtLco]is [° REme sat} e, (34) 
0 


On setting x = 0 in (34), we have 
y¢(0) = M_(-¢), (35) 


and if the function K(x) describing the kernel of the integral equation is even, then 
ye(0) = MC). (36) 


On the basis of formula (34), we can obtain the solution of Eq. (1) for a general f(a) as well 
(see also Section 9.6): 


1 Peg y °° : 
y(2) = ae / F(—Q)y¢(x) de, Fy(u) = | faye da. (37) 
Taf ee 0 


Remark 1. All results obtained in Section 11.11 concerning Wiener—Hopf equations of the sec- 
ond kind remain valid for continuous, square integrable, and some other classes of functions, which 
are discussed in detail in the paper by M. G. Krein (1958) and in the book by C. Corduneanu (1973). 


Remark 2. The solution of the Wiener—Hopf equation can be also obtained in other classes of 
functions for the exceptional case in which | — (uw) = 0 (see Subsections 11.9-1 and 11.10-5). 


@ References for Section 11.11: V. A. Fock (1942), M. G. Krein (1958), C. Corduneanu (1973), V. I. Smirnov (1974), 
P. P. Zabreyko, A. I. Koshelev, et al. (1975). 


11.12. Methods for Solving Equations With Difference 
Kernels on a Finite Interval 


11.12-1. Krein’s Method 


Consider a method for constructing exact analytic solutions of linear integral equations with an 
arbitrary right-hand side. The method is based on the construction of two auxiliary solutions of 
simpler equations with the right-hand side equal to 1. The auxiliary solutions are used to construct 
a solution of the original equation for an arbitrary right-hand side. 
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1°. Let the equation 
b 
ye) il K(a,tyQdt=f(e), aSasb, (1) 


be given. Along with (1), we consider two auxiliary equations depending on a parameter € (a<€ <b): 


g 
w(a.6)- f K(a, thw(t, €) dt = 1, 
an (2) 
wre | K(t, x)w* (t, €) dt = 1, 


where a < 7 < €. Assume that for any € the auxiliary equations (2) have unique continuous solutions 
w(a, €) and w* (a, €), respectively, which satisfy the condition w(€, €)w*(€,£)#0 (aS € <b). In this 
case, for any continuous function f(x), the unique continuous solution of Eq. (1) can be obtained 
by the formula 


R 1 da fs 
ua) = FOw(, b) - / we OFM, — FO= a / wbOfdt, — @) 


where 


m(f) = wl, Ew" (E, §). 


Formula (3) permits one to construct a solution of Eq. (1) with an arbitrary right-hand side f(x) 
by means of solutions to the two simpler auxiliary equations (2) (depending on the parameter €) 
with a constant right-hand side equal to 1. 


2°. Consider now an equation with the kernel depending on the difference of the arguments: 


b 
y(x) + i K(a —t)y(t) dt = f(x), as<as<b. (4) 


It is assumed that K (a) is an even function integrable on [a — b, b- a]. Along with (4) we consider 
the following auxiliary equation depending on a parameter € (a < € < b): 


€ 
w(a.6)+ f K(a—-t)w(t, €) dt = 1, asas€. (5) 


Assume that for an arbitrary € the auxiliary equation (5) has a unique continuous solution w(, €). 
In this case, for any continuous function f(a), a solution of Eq. (4) can be obtained from formula (3) 
by setting w* (a, t) = w(2, t) in this formula. 

Now let us indicate another useful formula for equations whose kernel depends on the difference 
of the arguments: 


y(x) + i K(a—t)y(t) dt = f(x), -—asusa. (6) 


It is assumed that K(x) is an even function that is integrable on the segment [—2a, 2a]. Along with 
(6) we consider an auxiliary equation depending on a parameter € (0 < € < a): 


€ 
w(a.g+ | K(a—-t)wét, €) dt = 1, -€<S 4, (7) 
-€ 
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Let the auxiliary equation (7) have a unique continuous solution w(a, €) for any €. In this case, 
for an arbitrary continuous function f(x), the solution of Eq. (6) can be obtained by the following 
formula: 


y(x) = E i: w(t, a) f(t) | w(x, a) 
da 


2M(a) 


1 a 
-5 [woe are an wit Onde] dg 


ped “seo t ao] a 8 
2d Jy MG ue) if (t)| d&, (8) 


where M(£) = w*(€, €), and the last inner integral is treated as a Stieltjes integral. 


11.12-2. Kernels With Rational Fourier Transforms 


Consider an equation of the form 


CT: 
Ge | K(e—ty(t)dt = f(a), (9) 


where 0 < x < T < oo. If the kernel (2) is integrable on [—T’, T], then the Fredholm theory can be 
applied to this equation. 

Since the equation involves the values of the kernel K(x) for the points of [-T, T’] only, it follows 
that we can extend the kernel outside this interval in an arbitrary way. Assume that the kernel is 
extended to the entire axis so that the extended function is integrable. In the general case, Eq. (9) in 
the space L2(0, T’) can be reduced to a boundary value problem of the theory of analytic functions 
(Riemann problem) for two pairs of unknown functions. 

If the Fourier transform of the kernel 


K(u) = / K(a)e™® dx 


is rational, then Eq. (9) can be solved in the closed form. Assume that 1 — K(u) #0 (-c0 <u < oO). 
In this case, the transform of the solution of the integral equation (9) is given by the formula 


¥ = 1 x X y+ ~iTuy\- 
Yu) = 1K [F(u) —W*(u) - e" "W (u)| (10) 
in which 
Pn ag 
Age a nk 
a dd, (u— bay 


where the bf, and the b,, are poles of the functions 1 — K(u) that belong to the upper and lower 
half-planes, respectively, and the p> are their multiplicities. The constants M7; can be determined 
from the conditions 


~[Wr(u) +e*"W(u)-Flu)],_.. = 9; s=0,1,...,q,-1; 


u=at 


ie 


~ (Ww) +e*™_F(u)| _ =; s=0)1,.3.49,~—15 


- 


where a*, and a7, are the zeros of the functions | — K(u) that belong to the upper and lower half- 
planes, respectively, and q;- are their multiplicities. The constants M7), can also be determined by 
substituting the solution into the original equation. The solution of the integral equation (9) can be 
obtained by inverting formula (10). 
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11.12-3. Reduction to Ordinary Differential Equations 


1°. Consider the special case in which the Fourier transform of the kernel of the integral equation (9) 
can be represented in the form 


: M(u) 
K(u) = ~ : 11 
(u) Mu) (11) 
where M(u) and (wu) are some polynomials of degrees m and n, respectively: 
Mu) = $0 Agu®, N(u) = S > Beu*. (12) 


k=0 k=0 


In this case, the solution of the integral equation (9) (if it exists) satisfies the following linear 
nonhomogeneous ordinary differential equation of the order m with constant coefficients: 


M(i<) ya) =i) fer, O<a2<T. (13) 


The solution of Eq. (13) contains m arbitrary constants that are defined by substituting the solution 
into the original equation (9). Here a system of linear algebraic equations is obtained for these 
constants. 


2°. Consider the Fredholm equation of the second kind with a difference kernel that contains a sum 
of the exponential functions: 


b n 
y(x) + i bs Agden!) y(t) dt = f(a). (14) 


k=1 


In the general case, this equation can be reduced to a linear nonhomogeneous ordinary differential 
equation of order 2n with constant coefficients (see equation 4.2.16 in the first part of the book). 
For the solution of Eq. (14) with n = 1, see equation 4.2.15 in the first part of the book. 


3°. Equations with a difference kernel that contains a sum of hyperbolic functions, 


b n 
y(a) + / K(x—ty()dt = fa), K(w) = S> Ag sinh(Aglz), (15) 


k=1 


can be also reduced by differentiation to linear nonhomogeneous ordinary differential equations of 
order 2n with constant coefficients (see equation 4.3.29 in the first part of the book). 
For the solution of Eq. (15) with n = 1, see equation 4.3.26 in the first part of the book. 


4°. Equations with a difference kernel containing a sum of trigonometric functions 
b n 
y(ax) + / K(x —t)y(t) dt = f(x), K(x) = Ne Ax sin(Aglzl), (16) 
% k=1 


can be also reduced to linear nonhomogeneous ordinary differential equations of order 2n with 
constant coefficients (see equations 4.5.29 and 4.5.32 in the first part of the book). 


0) References for Section 11.12: W. B. Davenport and W. L. Root (1958), I. C. Gohberg and M. G. Krein (1967), 
P. P. Zabreyko, A. I. Koshelev, et al. (1975), A. D. Polyanin and A. V. Manzhirov (1998). 
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11.13. The Method of Approximating a Kernel by a 
Degenerate One 


11.13-1. Approximation of the Kernel 


For the approximate solution of the Fredholm integral equation of the second kind 


b 
y(a) -/ K(a, thy(t) dt = f(x), asxa<b, (1) 


where, for simplicity, the functions f(x) and K(a,t) are assumed to be continuous, it is useful to 
replace the kernel K(x, t) by a close degenerate kernel 


Ken(w,t) = > gx(x)he(.- (2) 


k=0 


Let us indicate several ways to perform such a change. If the kernel K (2, t) is differentiable 
with respect to x on [a, b] sufficiently many times, then, for a degenerate kernel K,,,)(x, t), we can 
take a finite segment of the Taylor series: 
Kiy(a, t) = ss (= To)" Kom t) (3) 

(n)\Y> = ml! x 0> 4), 


m=0 


where xp € [a, 6]. A similar trick can be applied for the case in which K(z, t) is differentiable with 
respect to t on [a, b] sufficiently many times. 
To construct a degenerate kernel, a finite segment of the double Fourier series can be used: 


Key(a,t) = S> Se apg(a — x0)?(t = to)! (4) 
p=0 q=0 
where 
1 opt 
“pa = Trot Oarowe oe) w=? as<2z <b, asto <b. 
t=to 


A continuous kernel K (, t) admits an approximation by a trigonometric polynomial of period 21, 
where | = b-a. 
For instance, we can set 


Kny(a, t) = Fao(t) +S att) cos(“F*), (5) 


l 
k=l 


where the a;(t) (k = 0, 1,2,...) are the Fourier coefficients 


b 
a,(t) = “ / K(a,tyeos( 2 ) dx. (6) 


A similar decomposition can be obtained by interchanging the roles of the variables x and t. A 
finite segment of the double Fourier series can also be applied by setting, for instance, 


1 ie mart 
a,(t) = 5410+ tim cos(™), k=0,1,...,n, (7) 


m=1 
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and it follows from formulas (5)—(7) that 


mrt 
Ki) (@, t) = FA += 2 ako cos ( “ “) 45 +5, s aom cos (7 ) 


Sa )o(F) 


k=1 m=1 


where 


4 7° k t 
aim = 7 f i K(a,t00s(“*") cos( “7 da dt. 


One can also use other methods of interpolating and approximating the kernel /(z, t). 


11.13-2. The Approximate Solution 


(8) 


If K(,)(@, t) is an approximate degenerate kernel for a given exact kernel K (x,t) and if a func- 


tion f(x) is close to f(x), then the solution y,,(x) of the integral equation 


b 
PACS / Kain O21 


can be regarded as an approximation to the solution y(x) of Eq. (1). 
Assume that the following error estimates hold: 


b 
J 1K @.0-Kosle.oldt se, If(x) — fr()l S 6. 


Next, let the resolvent R,,(x, t) of Eq. (9) satisfy the relation 


i IR» (x, t)| dt < M, 
for a < x < b. Finally, assume that the following inequality holds: 
qg=e+M,)< 1. 
In this case, Eq. (1) has a unique solution y(x) and 


N(1+M,) 


ly(x) — yn(x)| $ aan eT oe +6, N= max |f(2). 


1 
Example. Let us find an approximate solution of the equation 
y(x) - if si oY y(t) dt =1. 
Applying the expansion in a double Taylor series, we replace the kernel 


K(a,t) = ewe 


by the degenerate kernel 
Kaya, t) = 1-27? + ee 
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(9) 


(10) 


(1) 


Hence, instead of Eq. (11) we obtain 


1/2 

yo(x) = 1 +/ (1-a7t? + Sat") pb dt. (12) 

Therefore, 
Yyo(x) = 1+ A, + Aja? + A3x*, (13) 

where 
1/2 1/2 1 pi/2 
A, -[ yo(a)dx, Ay -- | a y(a)de, Az = >i a yp(a) da. (14) 
0 0 0 


From (13) and (14) we obtain a system of three equations with three unknowns; to the fourth decimal place, the solution 


A; =0.9930, Ap =-0.0833, A3 = 0.0007. 


Hence, 
y(x) = yp(x) = 1.9930 — 0.0833 x” + 0.0007 2+, O<as5. (15) 


An error estimate for the approximate solution (15) can be performed by formula (10). 


@) References for Section 11.13: L. V. Kantorovich and V. I. Krylov (1958), S. G. Mikhlin (1960), B. P. Demidovich, 
I. A. Maron, and E. Z. Shuvalova (1963), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971). 


11.14. The Bateman Method 


11.14-1. The General Scheme of the Method 


In some cases it is useful, instead of replacing a given kernel by a degenerate kernel, to represent 
the given kernel approximately as the sum of a kernel whose resolvent is known and a degenerate 
kernel. For the latter, the resolvent can be written out in a closed form. 

Consider the Fredholm integral equation of the second kind 


b 
yix)-A f ka.tyylt) dt = foo) (1) 


with kernel k(x, t) whose resolvent r(x, t; A) is known; thus, the solution of (1) can be represented 
in the form 


b 
ya) = f(x) + af r(a, t; A) f(t) dt. (2) 
Then, for the integral equation with kernel 
k(a,t) git) +++ gn(x) a, G12 +7 Gin 
Ke) = 1 hit) ays Gin Mus a2, G22 +++ Gan (3) 
ee NG) |e, Pee eee a a 
hy (t) Anl alee Ann ani GQn2 °*** Ann 
where g(x) and h;,(t) (k = 1,...,) are arbitrary functions and a,; (7,7 = 1,...,7) are arbitrary 
numbers, the resolvent has the form 
r(z,t;A) pi (a) ae Pn(2) 
Heth 1 WO an tAby ++ Gin +ABIn (a) 
acs - A(aij + \bij) : : me : : 
Wn(t) Gn + dni ne Ann + dnn 
where 
b b 
pute) =gil0)+d f r(etdgn(Bdt, Yx(o)= hilo) +d frie. t Aha at 
a a (5) 


b 
biz = / gj(x)hi(x) dx, k,i,g=l,...,n. 
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11.14-2. Some Special Cases 


Assume that > 
K(a,t) = k(a,t)—S > gx(a)he(@), (6) 
k=1 


i.e., in formula (3) we have a;; = 0 for i # 7 and a;; = 1. For this case, the resolvent is equal to 


r(v,t;A) gilt) +++ n(x) L+Abyy Adin +++ Adin 
1 w(t) 1+ Abit sess Adin Abo 1+ Abr foes Abon, 
Ria, t; A)= : . , A= : ; . (7) 
A. : : ss : : : , : 
Wn (t) Abn +7 L+Aban Oni rbn2 +++ 1+A¥ban 
Moreover, assume that k(x, t) = 0, i.e., the kernel K(x, t) is degenerate: 
K(a,t)=— > gx(x)h(t). (8) 
k=1 
In this case it is clear that r(x, t; A) = 0 and, by virtue of (7), 
b 
pul) =e), Ula) = h(a), by =f gilaphate) de 
Therefore, the resolvent becomes 
0 gf) +++ gn (2) 
1 hy(t) 1+ Abi ee Adin 
R(a,t; A) = : : . (9) 
A, : : Ch ; 
hy(t) bn ss L4+X0nn 


Now we consider an integral equation with some kernel Q(z,t). On the interval (a,b) we 
arbitrarily choose points 7|,..., %, and t,,..., ¢,, and in relation (3) we set 


k(x,t)=0, g(x) = Q(z, tye), Ae) =-Q(xz,t), Giz = Q(ai, t 5). 
In this case it is clear that r(x, t; A) = 0, and the kernel K (a, t) acquires the form 


0 Q(x, t1) ae Q(a, tn) 


1 | Q@1,t) Qa, 61) --» Qi, tn) 


Q(@1,t1) +++ Q(@1,tn) 
K(a,t)= = a, 


r) 


Ons?) Onsti) <<» OCnste) Ont) +» Ons tn) 


It is convenient to rewrite this formula in the form 
Qt) Q(a,ti) +++ Q@,tn) 


1|Q@1.4) Q@i,t1) +++ Q@1,tn) 
K@,0)=QG,0- 7 : 2 (10) 
Q(en,t) Q(tn, ti) +++ Qn, tn) 


The kernel K(z,t) is degenerate and, moreover, it coincides with the kernel Q(z, t) on the 
straight lines x =2;,t=t; (7,7 =1,...,n). Indeed, if we set x = x; or  =1,;, then the determinant in 
the numerator of the second term has two equal rows or columns and hence vanishes, and therefore, 


K(a;,t) = Q(ai,t), K(a,t;) = Q(@, t5). 
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This coincidence on 2n straight lines permits us to expect that K(x, t) is close to Q(z, t) and the 


solution of the equation with kernel K (2, t) is close to the solution of the equation with kernel Q(z, t). 
It should be noted that if Q(x, t) is degenerate, i.e., has the form 


Q(x, t) = S° ge (wel), (11) 
k=1 


then the determinant in the numerator is identically zero, and hence in this case we have 


K(a,t) = Q(2, t). (12) 


For the kernel K(x, t), the resolvent can be evaluated on the basis of the following relations: 


r(z,t;A)=0, yi(x) = gi(x) = Q(a, ti), 


by() = h(t) =-Q@;, 8), 
b 
big = -| Q(a, t)Q(xi, x) dx = - 


aA (13) 
Q2(xj, tj), ip = 1yn2gn, 


where ()2(z, t) is the second iterated kernel for Q(z, t): 


b 
CG / Ala, 8) Qs, t) ds, 


and hence 
0 Q(a, t1) ae Q(x, tn) 
Aye 1 Q(@1,t) QO@1,t1)-AQ2(71, 01) +++ Q(@1, tn) —AQ2(@1, tn) ‘4 
(x, t; = = Dy ‘ bp , (14) 
O(n, t) Q(@n,t1) — AQ2(Zn, th) s+: Q(an, tn) — AQ2(Ln, tn) 
where 


Q2(x1,t1) 


Q(x] e) tn) 
Dy = : 


Oreck Oaleinct) 


By using the resolvent R(x, t; A), we can obtain an approximate solution of the equation with 


kernel Q(,t). In particular, approximate characteristic values \ of this kernel can be found by 
equating the determinant in the denominator of (14) with zero. 


Example. Consider the equation 


1 
y(x) — | Q(a, thy(t) dt = 0, O<a<l, 
0 


_sa(t-1) for «st, 
Q(a, )) = t(w@—-1) for >t. 


(15) 


Let us find its characteristic values. To this end, we apply formula (14), where for the second iterated kernel we have 


ae o= er ee ae gu(1—t)(2t-2?-27) for St, 
2a, F > > 


¢t(1 —ax)(2a-a2-2?) for «>t. 
We choose equidistant points x; and ¢; and take n = 5. This implies 
ey,=t u 


2 
Se t2=h=%, £3 =13 


3 4 5 

e C=t4=%, ws=ts=F. 
Let us equate the determinant in the denominator of (14) with zero. After some algebraic manipulations, we obtain the 
following equation: 


130p° — 4414 + 4883 — 2067 +30u-1=0 (A=216p), 
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which can be rewritten in the form 


(uw 1Qp- 1)(Su— 1)03u? 22 + 1) = 0. (16) 


On solving (16), we obtain 
dy = 10.02, A. = 43.2, A3=108, Ay=216, As = 355.2. 
The exact values of the characteristic values of the equation under consideration are known: 
Ay =m? =9.869..., Ax = (27)* = 39.478..., Az = Br)” = 88.826..., 
and hence the calculation error is 2% for the first characteristic value, 9% for the second characteristic value, and 20% for 
the third characteristic value. 
The result can be improved by choosing another collection of points x; and t; (= 1,...,5). However, for this number 


of ordinates we cannot have very high precision, because the kernel Q(z, t) itself has a singularity, namely, its derivative is 
discontinuous for x = t, and thus the kernels under consideration cannot provide a good approximation of the given kernel. 


@) References for Section 11.14: H. Bateman (1922), E. Goursat (1923), L. V. Kantorovich and V. I. Krylov (1958). 


11.15. The Collocation Method 


11.15-1. General Remarks 


Let us rewrite the Fredholm integral equation of the second kind in the form 


b 
ely(a)] = y(@) - af K(a, thy) dt — f(a) = 0. (1) 


Let us seek an approximate solution of Eq. (1) in the special form 
Yn (a) = ®(@, Aj,...,An) (2) 


with free parameters A;, ..., A, (undetermined coefficients). On substituting the expression (2) 
into Eq. (1), we obtain the residual 


b 
€[Yn(@)] = Yn(®) - rf K(«,t)¥n( dt — f(2). (3) 


If y(a) is an exact solution, then, clearly, the residual e[y(x)] is zero. Therefore, one tries to 
choose the parameters Aj, ..., A, so that, in a sense, the residual €[Y,,(x)] is as small as possible. 
The residual e[Y,,(x)] can be minimized in several ways. Usually, to simplify the calculations, a 
function Y,,(z) linearly depending on the parameters A;,..., A, is taken. On finding the parameters 
Aj, ..., An, we obtain an approximate solution (2). If 


lim Y,(x) = y(@), (4) 


then, by taking a sufficiently large number of parameters A,,..., A,,, we find that the solution y(a) 
can be found with an arbitrary prescribed precision. 

Now let us go to the description of a concrete method of construction of an approximate 
solution Y;,(2). 
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11.15-2. The Approximate Solution 


We set 
Yn(w) = go(2) + 5 Aspi(a), (5) 
i=l 
where ¥(2), 91(X), ---, Yn(£) are given functions (coordinate functions) and Aj, ..., Ay are 
indeterminate coefficients, and assume that the functions y;(7) (@=1,..., 7) are linearly independent. 


Note that, in particular, we can take yo(x) = f(x) or yo(x) = 0. On substituting the expression (5) 
into the left-hand side of Eq. (1), we obtain the residual 


n b n 
e[¥n(x)] = go(n) + > Aiwi(w) - f(a) -d | K(a,t) fo +) > Avgato] dt, 


i=l i=1 


or 
e[¥n(x)] = bola, d)+ > Awi(z,, (6) 
i=l 
where 
b 
Uo(e.2) = go(0)— F(a)-d J K(e, treat dt 
Ba. (7) 
Wi(a, A) = y;i(x) - af K(a, thy; dt, $= Locsin, 
According to the collocation method, we require that the residual e[Y,,(x)] be zero at the given 
system of the collocation points x, ..., Z », on the interval [a, b], i.e., we set 
El[Yn(x;)] = 0, i eee 
where 


ASX, <1. <+** <n <I Sb. 


It is common practice to set x; = a and zy, = b. 
This, together with formula (6) implies the linear algebraic system 


So Aibi(ay, 0 = olay), FEL, (8) 
i=l 
for the coefficients A;,..., A,,. If the determinant of system (8) is nonzero, 
WiC.) Yi@2, A) ++ Ui (@n, A) 


Wr(a1,A)  Wrol(t2,A) +++ Yan, A) 
det[;(x;, A)] = . : , ; 


Pati) Palen d << Baltes 


then system (8) uniquely determines the numbers A, ..., A,, and hence makes it possible to find 
the approximate solution Y,,(x) by formula (5). 
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11.15-3. The Eigenfunctions of the Equation 


On equating the determinant with zero, we obtain the relation 


det[~w;(z;, A)] = 9, 


which, in general, enables us to find approximate values av (k = 1,...,n) for the characteristic 


values of the kernel K(x, t). 
If we set 


f@)=0, golz)=0, A=Ak, 


then, instead of system (8), we obtain the homogeneous system 


SAP via, AHO, FS lenin 
i=l 


(9) 


7 3 qk) ps : 3 Fi 
On finding nonzero solutions A;”’ (i = 1,...,n) of system (9), we obtain approximate eigen- 


functions for the kernel K(x, t): 


n 
7 q(k 
FO a) => AP ia), 
i=l 
that correspond to its characteristic value A, = d es 


Example. Let us solve the equation 


' y(t) 1 
x dt = xarctan 
y(@) i a2 +t? x 


by the collocation method. 
We set 


Y2(x) = A, + Ax. 


On substituting this expression into Eq. (10), we obtain the residual 


1 1 a 1 1 
e[Y2(x)] = —A,a arctan — + Az |x + Inf 1+ a arctan 
x Dre D, x x 


On choosing the collocation points x; = 0 and x2 = | and taking into account the relations 


1 1 
lim xarctan— =0, lim x in(1 + =) =0, 


z—0 x z—0 g2 
we obtain the following system for the coefficients A; and A): 
0x A; - 4A) =0, 
-4A,+3(1+In2)Ap = 4. 


This implies Az = 0 and A; = -1. Thus, 
¥(x) = -1. 


We can readily verify that the approximate solution (11) thus obtained is exact. 


(10) 


(1) 


@ References for Section 11.15: L. Collatz (1960), B. P. Demidovich, I. A. Maron, and E. Z. Shuvalova (1963), A. F. Verlan’ 


and V. S. Sizikov (1986). 
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11.16. The Method of Least Squares 


11.16-1. Description of the Method 


By analogy with the collocation method, for the equation 


b 
ely(x)] = y(@) - af K(a, t)y(t) dt — f(x) =0 (1) 
we set rm 
Yn(x) = gol) + > Asvi(a), (2) 
i=l 
where Y(x), 91 (2), -.-, Yn(x) are given functions, A,,..., A, are indeterminate coefficients, and 
the v(x) @ = 1,...,n) are linearly independent. 


On substituting (2) into the left-hand side of Eq. (1), we obtain the residual 


e[¥n(#)] = Yo(w,d) + 5 Asal, A), (3) 


i=l 


where wo(a, A) and the w;(a, A) (i = 1,...,) are defined by formulas (7) of Subsection 11.15-2. 
According to the method of least squares, the coefficients A; (i = 1,...,n) can be found from 
the condition for the minimum of the integral 


b b n 2 
I= i fel¥n(@)]P dx = / ote N+) > Awile, »| dav. (4) 
a a f=] 
This requirement leads to the algebraic system of equations 
ol 
= had ee 
0A; 0, J > > n, (5) 
and hence, on the basis of (4), by differentiating with respect to the parameters A), ..., A, under 
the integral sign, we obtain 
sa = fw Nees aan) ae Fa 6) 
2 BA; = : i (L, o(x, 2 iWi(@, x = 0, 7S yee 
Using the notation 
b 
i= [wile bla, Nae, a 


we can rewrite system (6) in the form of the normal system of the method of least squares: 


cu (A)Aq + €12(A) Az + +++ + Cin(A)An = —C10(), 
ca (A)Aq + €22(A) Az + +++ + Con(A)An = —C20(A), 


Cni (A)At + Cn2(A) Az a eae Cnn(A)An = —Cn(A). 


(8) 


Note that if yo(x) = 0, then ¢o(a) =—f(x). Moreover, since c;;(A) = c;;(A), the matrix of system (8) 
is symmetric. 
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11.16-2. The Construction of Eigenfunctions 


The method of least squares can also be applied for the approximate construction of characteristic 
values and eigenfunctions of the kernel K(a,s), similarly to the way in which it can be done in 
the collocation method. Namely, by setting f(x) = 0 and yo(x) = 0, which implies wo(a) = 0, we 


determine approximate values of the characteristic values from the algebraic equation 


det[c;; (A)] = 0. 


(9) 


After this, approximate eigenfunctions can be found from the homogeneous system of the form (8), 


where, instead of \, the corresponding approximate value is substituted. 


Example. Let us find an approximate solution of the equation 


1 
y(a) = a? + / sinh(x + t)y(t) dt 
-1 


by the method of least squares. 
For the form of an approximate solution we take Y2(x) = a? + Aox + Ay. This implies 


gilt)=1, gr(x)=2, yo(ax) = 27. 


Taking into account the relations 


f sinh(x + t) dt = asinh x, i t sinh(x + t) dt = bsinh x, [ v sinh(x + t) dt = csinhz, 
: a = 2sinh 1 = 2.3504, b =2e!= 0.7358, c=6sinh ere 1 = 0.8788, 
on the basis of formulas (7) of Subsection 11.15-2 we have 

w,=1-asinhaz, ~2=x2-bcoshaz, wo = -csinhez. 


Furthermore, we see that (to the fourth decimal place) 


cy) =2+a°(5 sinh2—1) =6.4935, cy = 3 +b°(5 sinh2 +1) = 2.1896, 


(10) 


c12 = 4(ae! + bsinh 1) = -8e! sinh 1 = -3.4586, cio = ac(Z sinh2—1) = 1.6800, c29 = -2ce™! = -0.6466, 


and obtain the following system for the coefficients A; and Aj: 


6.4935.A; — 3.4586A2 = —1.6800, 
—3.4586A, + 2.1896A2 = 0.6466. 


Hence, we have A; = —0.5423 and A, = -0.5613. Thus, 
Yo(x) = x? — 0.5613x — 0.5423. 


Since the kernel 
K(a, t) = sinh(a + t) = sinh x cosht + cosh x sinht 
of Eq. (10) is degenerate, we can readily obtain the exact solution 
y(x) = x +asinhe + Bcosha, 
6 sinh 1 —4 cosh 1 
a= i 7 
2- ( > sinh 2) 


= 0.6821, 8 = a(5 sinh2-1) =-0.5548. 


(1) 


(12) 


On comparing formulas (11) and (12) we conclude that the approximate solution Y3(z) is close to the exact solution y(«) if 


|x| is small. At the endpoints x = +1, the discrepancy |y(x) — Y2(x)| is rather significant. 


‘O) References for Section 11.16: L. V. Kantorovich and V. I. Krylov (1958), B. P. Demidovich, I. A. Maron, and 


E. Z. Shuvalova (1963), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971). 
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11.17. The Bubnov—Galerkin Method 


11.17-1. Description of the Method 
Let 


b 
ely(a)] = y(@) - af K(a, thy dt — f(a) = 0. () 


Similarly to the above reasoning, we seek an approximate solution of Eq. (1) in the form of a finite 
sum 


Ya(x) = f(a2)+ DT Awi@), i= 1.40, (2) 

i=l 
where the y;(x) (@ = 1,...,7) are some given linearly independent functions (coordinate functions) 
and A;,..., A, are indeterminate coefficients. On substituting the expression (2) into the left-hand 


side of Eq. (1), we obtain the residual 
n b b 
e[Yn(x)] = S- Aj Eo - rf K(x, typ; (t) a - rf K (a, t) f(t) dt. (3) 
jal a a 


According to the Bubnov—Galerkin method, the coefficients A; (¢ = 1,...,7) are defined from 
the condition that the residual is orthogonal to all coordinate functions vy) (2), ..., Yn(x). This gives 
the system of equations 


b 
/ elY,(2)]yi(x) dx = 0, co eee 
or, by virtue of (3), 
Sai; —Bij)A; = AVG i et (4) 


j=l 
where 


b b pb b pb 
Oj = / pilryj(a)dx, Bi; =f i K (a, thpi(x)y;() dt dx, 7% -[ | K(a, thyp;(a) f (t) dt dx. 
If the determinant of system (4) 
D(A) = detla;; — AGij] 


is nonzero, then this system uniquely determines the coefficients A,,..., A,,. In this case, formula (2) 
gives an approximate solution of the integral equation (1). 


11.17-2. Characteristic Values 


The equation D(\) = 0 gives approximate characteristic values \),..., A, of the integral equation. 
On finding nonzero solutions of the homogeneous linear system 


Sai; = 4 Biz) AM = 0, (ee eee 


jel 
we can construct approximate eigenfunctions Y,“”)(x) corresponding to characteristic values ve 
n 
YO@ =>) AP o@). 
i=l 
It can be shown that the Bubnov—Galerkin method is equivalent to the replacement of the 


kernel K(x, t) by some degenerate kernel K(,,)(x,t). Therefore, for the approximate solution Y;,(x) 
we have an error estimate similar to that presented in Subsection 11.13-2. 
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Example. Let us find the first two characteristic values of the integral equation 


1 
el[y(x)] = y(x) - A ‘ K(a, t)y(t) dt = 0, 
0 


where 


K(x edt for t<a, 
; x for t>a. 


x 1 
ely(x)] = y(o)-A4 if ty(t) dt + / eydat}, 
0 x 


We set Yo(x) = Ax + Aga. In this case 
e[Y2(x)] = Ajax + Ajax” —A[4 Ala? + t Anat +2(SAj + + Ap) - (FAi2? + + Apx*)] = 
= A,[(1- sA)a+ Zar | + Ap (-ZAn+2° + par’). 


On the basis of (5), we have 


On orthogonalizing the residual e[Y2(x)], we obtain the system 
1 
| e[Y2(x)]x da = 0, 
0 


1 
| [Yo(a)|a? de = 0, 
0 


or the following homogeneous system of two algebraic equations with two unknowns: 


Aj (120 — 48) + A2(90 —35A) =0 
Aj (630 — 2452) + Ao(504 — 180.) = 0. 


(5) 


(6) 


On equating the determinant of system (6) with zero, we obtain the following equation for the characteristic values: 


120-48 90-35A 


PO =| 639-245. 504-180] =? 
Hence, 
1 — 26.03A + 58.15 = 0. 
Equations (7) imply , y 
Ay = 2.462... and Az = 23.568... 
For comparison we present the exact characteristic values: 
M = 4m? =2.467... and Az = $n? =22.206..., 


which can be obtained from the solution of the following boundary value problem equivalent to the original equation: 


Yirw(@) + Ay(a) = 0; y(0)=0, yj,(1) =0. 


Thus, the error of \; is approximately equal to 0.2% and that of Az, to 6%. 


(7) 


O) References for Section 11.17: L. V. Kantorovich and V. I. Krylov (1958), B. P. Demidovich, I. A. Maron, and 


E. Z. Shuvalova (1963), A. F. Verlan’ and V. S. Sizikov (1986). 


11.18. The Quadrature Method 


11.18-1. The General Scheme for Fredholm Equations of the Second Kind 


In the solution of an integral equation, the reduction to the solution of systems of algebraic equations 
obtained by replacing the integrals with finite sums is one of the most effective tools. The method 
of quadratures is related to the approximation methods. It is widespread in practice because it is 
rather universal with respect to the principle of constructing algorithms for solving both linear and 


nonlinear equations. 


Just as in the case of Volterra equations, the method is based on a quadrature formula (see 


Subsection 8.7-1): 
b n 
/ (a) dx = S > Ajp(a;) + Enlil, 


jal 
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(1) 


where the x; are the nodes of the quadrature formula, the A; are given coefficients that do not 
depend on the function y(x), and €,,[y] is the error of replacement of the integral by the sum (the 
truncation error). 

If in the Fredholm integral equation of the second kind, 


b 
y(@) - af K(a, thy(t) dt = f(x), asz<b, (2) 
we set © = x; (1 = 1,...,7), then we obtain the following relation that is the basic formula for the 
method under consideration: 
b 
yad-r f Kentytdt= fle), i= Tan @) 


Applying the quadrature formula (1) to the integral in (3), we arrive at the following system of 
equations: 


y(ai)- AS — Aj K (ai, ej )y(aj) = f(wi) + EnIyl. (4) 
jel 
By neglecting the small term A¢,,[y] in this formula, we obtain the system of linear algebraic 
equations for approximate values y; of the solution y(x) at the nodes x, ..., @n: 
w-ASAKygyj= fe t= 1.0.50, (5) 
jel 
where Ki; = K (xj, L5), ti = f(x). 
The solution of system (5) gives the values yj), ..., Yn, Which determine an approximate solution 


of the integral equation (2) on the entire interval [a,b] by interpolation. Here for the approximate 
solution we can take the function obtained by linear interpolation, i.e., the function that coincides 
with y; at the points x; and is linear on each of the intervals [x;, x;4;]. Moreover, for an analytic 
expression of the approximate solution to the equation, a function 


Gx) = f(w)+rAS— AK (a, 25)yj (6) 
j=l 
can be chosen, which also takes the values yj, ..., Yn at the points 71, ..., Xn. 


11.18-2. Construction of the Eigenfunctions 


The method of quadratures can also be applied for solutions of homogeneous Fredholm equations 
of the second kind. In this case, system (5) becomes homogeneous (f; = 0) and has a nontrivial 
solution only if its determinant D(\) is equal to zero. The algebraic equation D(\) = 0 of degree n 
for \ makes it possible to find the roots M pe hitiy Nive which are approximate values of n characteristic 
values of the equation. The substitution of each value dé (k =1,...,n) into (5) for f; = 0 leads to 
the system of equations 


n 
WP —Ne SI ApKiyyf? =0, = 1,....0, 
j=l 


. k 
whose nonzero solutions y ) 


tions of the integral equation: 


make it possible to obtain approximate expressions for the eigenfunc- 


Gn(x) = Xn S- ASK (a, 2). 
jel 
If \ differs from each of the roots \,, then the nonhomogeneous system of linear algebraic 
equations (5) has a unique solution. In the same case, the homogeneous system of equations (5) has 
only the trivial solution. 
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11.18-3. Specific Features of the Application of Quadrature Formulas 


The accuracy of the resulting solutions essentially depends on the smoothness of the kernel and 
the constant term. When choosing the quadrature formula, it is necessary to take into account that 
the more accurate an applied formula is, the more serious requirements must be imposed on the 
smoothness of the kernel, the solution, and the right-hand side. 

If the right-hand side or the kernel have singularities, then it is reasonable to perform a preliminary 
transform of the original equation to obtain a more accurate approximate solution. Here the following 
methods can be applied. 

If the right-hand side f(a) has singularities and the kernel is smooth, then we can introduce the 
new unknown function z(x) = y(x)— f(x) instead of y(x), and the substitution of z(x) in the original 
equation leads to the equation 


b b 
z(2)- 2 i K(a, t)z(t) dt = / K(a, t) f(t) dt, 


in which the right-hand side is smoothed, and hence a solution z(x) is smoother. From the func- 
tion z(a) thus obtained we can readily find the desired solution y(x). 

For the cases in which the kernel K(z, t) or its derivatives with respect to t have discontinuities 
on the diagonal x = t, it is useful to rewrite the equation under consideration in the equivalent form 


b b 
y(a) f -) / K(e,t) a| = / K(x. Dly(t)—y(a)] dt = f(a), 


where the integrand in the second integral has no singularities because the difference y(t) — y(x) 


b 
vanishes on the diagonal x = t, and the calculation of the integral / K(a, t) dt is performed without 
unknown functions and is possible in the explicit form. 7 


Example. Consider the equation 


1 
y(x) — s | aty(t) dt = aa. 


Let us choose the nodes x; = 0, 12 = + x3 = | and calculate the values of the right-hand side f(x) = fa and of the 
kernel K(x, t) = xt at these nodes: 


fO=0 f(Z)=% fd 
K(0,0)=0, K(0,5)=0, K(0,1)=0, K(5,0)=0, K(3,4)=4 


K(5,1)=5, K0,0)=0, K(1,5)=4, KQU,I= 


rw, 
Il 
an 


On applying Simpson’s rule (see Subsection 8.7-1) 


1 
i F(x) dx ~ £(F(0)+4F (4) + F()| 
0 
to determine the approximate values y; (i = 1, 2,3) of the solution y(a) at the nodes x; we obtain the system 


yi =0, 


> 


ale 


u Tite os 
7 Y¥2- 34 ¥3 = 
2 1g 5 

“T+ WYU3=F 


whose solution is y; = 0, y2 = s y3 = 1. In accordance with the expression (6), the approximate solution can be presented 
in the form 
eeraat 


Wa) = pa4+4xh(044x4x fat1X1Xx2) =o. 


We can readily verify that it coincides with the exact solution. 


@ References for Section 11.18: N.S. Bakhvalov (1973), V. I. Krylov, V. V. Bobkov, and P. I. Monastyrnyi (1984), 
A. F. Verlan’ and V. S. Sizikov (1986). 
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11.19. Systems of Fredholm Integral Equations of the 
Second Kind 


11.19-1. Some Remarks 


A system of Fredholm integral equations of the second kind has the form 
n b 
wary | Kij(a,dyjdt= fiz), as<asb, i=1,...,n. (1) 
gan 


Assume that the kernels /;;(x, t) are continuous or square integrable on the square S = {a <x < b, 
a<t <b} and the right-hand sides f;(x) are continuous or square integrable on [a,b]. We also 
assume that the functions y;(x) to be defined are continuous or square integrable on [a, b] as well. 
The theory developed above for Fredholm equations of the second kind can be completely extended 
to such systems. In particular, it can be shown that for systems (1), the successive approximations 
converge in mean-square to the solution of the system if 2 satisfies the inequality 


IAI < 


1 
B. (2) 


where 


n on b pb 
ey . |Kij(x, DP dx dt = B? < oo. (3) 


i=l j=l 


If the kernel K;;(x, t) satisfies the additional condition 
b 
/ Ki(@,ddts Ay, asxsb, (4) 


where A,;; are some constants, then the successive approximations converge absolutely and uni- 
formly. 

If all kernels 1; (x, t) are degenerate, then system (1) can be reduced to a linear algebraic system. 
It can be established that for a system of Fredholm integral equations, all Fredholm theorems are 
satisfied. 


11.19-2. The Method of Reducing a System of Equations to a Single Equation 


System (1) can be transformed into a single Fredholm integral equation of the second kind. Indeed, 
let us introduce the functions Y(x) and F(x) on [a, nb-(n-— 1)a] by setting 


Y(a) = yi(2-G-Db-@), F@)= fi(e-G-Db-a)), 


for 
(-lb-Gi-2)as<asib-(i-I)a. 


Let us define a kernel K(z, t) on the square {a < x < nb-(n-l)a, as t<nb-(n- Ia} as 
follows: 


K(a,t) = Kij(z@-(@-1)(b-@), t- G- D@-a@) 


for 
(@—-Db-G-2asasib-CGi-la, G-lDb-G-2astsjb-G-Da. 
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Now system (1) can be rewritten as the single Fredholm equation 
nb-(n-l)a 
Y(a)- af K(a,t)Y ( dt = F(x), asa<nb-(n-l)a. 


If the kernels K;;(x, t) are square integrable on the square S = {a <x <b, aS<t < 6} and the 
right-hand sides f;(x) are square integrable on [a, b], then the kernel K(x, t) is square integrable on 
the new square 

Sn ={a<a<nb-(n-l)a, a<t<nb-(n-1)a}, 


and the right-hand side F(x) is square integrable on [a, nb-(n- l)a]. 
If condition (4) is satisfied, then the kernel K(x, t) satisfies the inequality 


b 
/ K?(z, t) dt < Ay, a<«<nb-(n- Ila, 


where A, is a constant. 


©) Reference for Section 11.19: S. G. Mikhlin (1960). 


11.20. Regularization Method for Equations With Infinite 
Limits of Integration 


11.20-1. Basic Equation and Fredholm Theorems 


Consider an integral equation of the second kind in the form 


1 lee) 1 0 Co 
yl) + :: Ki(a-Dy a+ ‘i K(x —t)y(t) dt + / M(a, t)y(t) at = f(a), (1) 


where —oo < x < co. We assume that the functions y(«) and f(a) and the kernels K\(a) and K2(x) 
are such that their Fourier transforms belong to L2(—oo, oo) and satisfy the Hélder condition. We 
also assume that the Fourier transforms of the kernel M(x, t) with respect to each variable belong 
to L2(—o0, oo) and satisfy the Hélder condition and, in addition, 


Jf te.ne avat <oo. 


It should be noted that Eq. (1) with M(z, t) = 0 is the convolution-type integral equation with two 
kernels which was discussed in Subsection 11.9-2. 
The transposed homogeneous equation has the form 


1 le) 1 0 ee) 
Pn) + [ Kit-2)eO d+ / K>(t —x)p(t) dt + / M(t, z)y(t) dt =0, (2) 


where —00 < % < 00. 
Assume that the normality conditions (see Subsection 11.9-2) hold, that is, 


1+K,(u)4#0, 14+K,(u) #0, -—00 <uU<@. (3) 


THEOREM 1. The number of linearly independent solutions of the homogeneous (f(x) = 0) 
equation (1) and that of the transposed homogeneous (g(x) = 0) equation (2) are finite. 
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THEOREM 2. For the nonhomogeneous equation (1) to be solvable, it is necessary and sufficient 
that 


/ fMprt) dt = 0, k=1,...,N, (4) 
where (p;,(x) is a complete finite set of linearly independent solutions to the transposed homogeneous 
equation (2). 


THEOREM 3. The difference between the number of linearly independent solutions to the ho- 
mogeneous equation (1) and the number of linearly independent solutions to the homogeneous 
transposed equation (2) is equal to the index 


vy = Ind 


1+K2(u)_ 1 | eee 


[$Kit). Qn | 1 Keo (5) 


—OO 


11.20-2. Regularizing Operators 


An important method for the theoretical investigation and practical solution of the integral equations 
in question is a regularization of these equations, i.e., their reduction to a Fredholm equation of the 
second kind. 

Let us denote by K the operator determined by the left-hand side of Eq. (1): 


lee) 0 Co 
Kiy(a)}=yl0)+ ‘i K\(e-ty(t) d+ / _ Kalo-Dydvat+ i} _ Madu dt 


and introduce the similar operator 


le) 0 ee) 
Llo(a)]=0(0)+ | Ly(a-tw(t) d+ v . Ly(a—t)w(t) dt+ / f Q(x, t)w(t) dt. (7) 


Let us find an operator L such that the product LK is determined by the left-hand side of a 
Fredholm equation of the second kind with a kernel (2, t): 


LK[y(x)] = y(x) + i a K(x, t)y(t) dt, / FE / - IK (a, t) da dt < ox. (8) 


The operator L is called a left regularizer. 

For the operator K of the integral equation (1) to have a left regularizer L of the form (7), it is 
necessary and sufficient that the normality conditions (3) hold. 

If conditions (3) are satisfied, then the left regularizer L has the form 


1 fore) 1 0 fore) 
Lu (2) = w(x) - ——= Rya—to(t)dt-—= | Raa Hutt dt+ | x, thw(t) dt, (9 
(x) @-— | (a — t)w(t) Jam Soo 2! )w(t) | Ae De® (9) 
where the resolvents Rj (x —t) and Ro(x-t) of the kernels (a -t) and K(x —t) are given by (see 
Subsection 11.8-1) 


hf? K@ 
ONS om | 1+Kj(u) 


and Q(z, t) is any function such that 


a ye |Q(a, t)P dx dt < co. 


ene du, Kj(u) = Airs i) K,(aye™ dx, j = 1, 2, 
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If condition (3) is satisfied, then the operator L given by formula (9) is simultaneously a right 
regularizer of the operator K: 


KLIy(2)] = yx) [ K,(a, thy) dt, (10) 


where the function K,,(z, t) satisfies the condition 


| f KeoP drat <ov. (11) 


11.20-3. The Regularization Method 


Consider the equation of the form 
K[y(z)] = f(x), -00 <£< OO, (12) 


where the operator K is defined by (6). 

There are several ways of regularizing this equation, i.e., of its reduction to a Fredholm equation. 
First, this equation can be reduced to an equation with a Cauchy kernel. On regularizing the last 
equation by a method presented in Section 13.4, we can achieve our aim. This approach can be 
applied if we can find, for given functions K(x), K2(x), M(a,t), and f(x), simple expressions 
for their Fourier integrals. Otherwise it is natural to perform the regularization of Eq. (12) directly, 
without passing to the inverse transforms. 

A left regularization of Eq. (12) involves the application of the regularizer L constructed in the 
previous subsection to both its sides: 


LK[y(z)] = LI f(2)]. (13) 


It follows from (8) that Eq. (13) is a Fredholm equation 


y+ f K (a, thy) dt = L[f(x)]. (14) 


Thus, Eq. (12) can be transformed by left regularization to a Fredholm equation with the same 
unknown function y(a) and the known right-hand side L[f()]. Left regularization is known to 
imply no loss of solutions: all solutions of the original equation (12) are solutions of the regularized 
equation. However, in the general case, a solution of the regularized equation need not be a solution 
of the original equation. 

The right regularization consists in the substitution of the expression 


y(x) = Llw(z)] (15) 
for the desired function into Eq. (12), where w(x) is a new unknown function. We finally arrive at 


the following integral equation: 


L{w(x)] = f(x), (16) 


which is a Fredholm equation as well by virtue of (10): 


KL[w(x)] = w(@) + [- K,.(a, thu (t) dt = f(x), -00 <%< OO. (17) 
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Thus, we have passed from Eq. (12) for the unknown function y(x) to a Fredholm integral 
equation for a new unknown function w(x). On solving the Fredholm equation (17), we find a 
solution of the original equation (12) by formula (15). Right regularization can give no irrelevant 
solutions, but it is known that it can lead to a loss of a solution. 

A solution of the problem on an equivalent regularization, for which neither the loss of solutions 
nor the appearance of irrelevant “solutions” occur, is of significant theoretical and practical interest. 

For Eq. (12) with an arbitrary right-hand side f() to admit an equivalent left regularization, it 
is necessary and sufficient that the index v given by formula (5) be nonnegative. For an equivalently 
regularizing operator we can take the operator 


ee) 0 
LD [w(2)] = w(x) -— = it Ri (a — thw(t) dt — = Te Ro(a — t)w(t) dt. 


Thus, the Fredholm equation 
LKly(x)] = LL f@)], (18) 


for the case v 2 0, has those and only those solutions that are solutions to Eq. (12). 

For the case in which the index v is nonpositive, the operator L° performs an equivalent right 
regularization of Eq. (12) for an arbitrary right-hand side f(a). In other words, for v < 0, on finding 
the solution to the Fredholm equation 


KD’[w(x)] = f(x), 


we can obtain all solutions of the original equation (12) by the formula y(x) = L’[w(x)]. 

Another method of regularization is known, the so-called Carleman—Vekua regularization, which 
is based on the solution of the corresponding characteristic equation. Equation (12) can formally be 
rewritten as a convolution type equation with two kernels: 


1 °° 1 0 
yl) + = | Ki(a-Du(d d+ / Kya —Hy(t) dt = fi), (19) 


where 


fi(x) = f(x) - / M(a, thy(t) dt. 


Next, the function f)(x) is provisionally assumed to be known, and Eq. (19) is solved (see Subsec- 
tion 11.9-2). The analysis of the resulting formula for the function y(~) shows that, for v = 0, this 
is a Fredholm integral equation with the unknown function y(z). For the case in which v > 0, the 
resulting equation contains vy arbitrary constants. For a negative index v, solvability conditions must 
be added to the equation. 


@) Reference for Section 11.20: F. D. Gakhov and Yu. I. Cherskii (1978). 
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Chapter 12 
Methods for Solving Singular 
Integral Equations of the First Kind 


12.1. Some Definitions and Remarks 
12.1-1. Integral Equations of the First Kind With Cauchy Kernel 


A singular integral equation ss the first kind with Cauchy kernel has the form 


y(t) 
mi Jp, Tt 


={@) -<fS-1, (1) 


where L is a smooth closed or nonclosed contour in the complex plane of the variable z = x + iy, 


t and 7 are the complex coordinates on L, y(t) is the unknown function, is the Cauchy kernel, 


TO 
and f(t) is a given function, which is called the right-hand side of Eq. (1). The integral on the 
left-hand side only exists in the sense of the Cauchy principal value (see Subsection 12.2-5). 
A singular integral equation in which L is a smooth closed contour, as well as an equation of 
the form 


- | 29 = fea), -00 <X4< OH, (2) 


on the real axis and an equation with Cauchy kernel 


ae 29 a= fo, a<arsb, (3) 


on a finite interval, are special cases of Eq. (1). 
A general singular integral equation of the first kind with Cauchy kernel has the form 


1 f MG, 2 


1 be 


g(r) dr = fi), (4) 


where M(t, 7) is a given function. This equation can also be rewritten in a different (equivalent) 
form, which is given in Subsection 12.4-4. 

Assume that all functions in Eqs. (1)-(4) satisfy the Hélder condition (Subsection 12.2-2) and 
the function M(t, 7) satisfies this condition with respect to both variables. 


12.1-2. Integral Equations of the First Kind With Hilbert Kernel 


The simplest singular integral equation of the first kind with Hilbert kernel has the form 


1 Qn fe 
rel cot( $57 *) ped - {@). (5) 


© 1998 by CRC Press LLC 


where (x) is the unknown function (0 < x < 27), cot| 5 (E - z)| is the Hilbert kernel, and f(x) is 
the given right-hand side of the equation (0 < x < 27). 
A general singular integral equation of the first kind with Hilbert kernel has the form 


1 Qn - 
- | N@®& cot( 45") (6) dé = f(2), (6) 
T JO 


where N(x, €) is a given function. Equation (6) can often be rewritten in an equivalent form, which 
is presented in Subsection 12.4-5. 

Assume that all functions in Eqs. (5) and (6) also satisfy the Hélder condition (see Subsec- 
tion 12.2-2) and the function N(z, €) satisfies this condition with respect to both variables. 

If the right-hand sides of Eqs. (1)-(6) are identically zero, then the equations are said to be 
homogeneous, otherwise they are said to be nonhomogeneous. 


@ References for Section 12.1: F. D. Gakhov (1977), S. G. Mikhlin and S. Préssdorf (1986), S. Préssdorf and B. Silbermann 
(1991), A. Dzhuraev (1992), N. I. Muskhelishvili (1992), I. K. Lifanov (1996). 


12.2. The Cauchy Type Integral 


12.2-1. Definition of the Cauchy Type Integral 


Let L be a smooth closed contour* on the plane of a complex variable z = x +zy. The domain inside 
the contour L is called the interior domain and is denoted by (*, and the complement of D* U L, 
which contains the point at infinity, is called the exterior domain and is denoted by 2”. 

If a function f(z) is analytic in Q* and continuous in * U L, then according to the familiar 
Cauchy formula in the theory of functions of a complex variable we have 


= f(r) aos i) for z€ oO, (1) 
271 J, TZ 0 for zEY. 
If a function f(z) is analytic in Q” and continuous in Q- U FL, then 
od, f(r) ai f(co) for z EO, (2) 
Qni J, T-z ~©~=— | -f(2) + f(co) for ze. 


As usual, the positive direction on L is defined as the direction for which the domain 9* remains to 
the left of the contour. 

The Cauchy formula permits one to calculate the values of a function at any point of the domain 
provided that the values on the boundary of the domain are known, i.e., the Cauchy formula solves 
the boundary value problem for analytic functions. The integral on the left-hand side in (1) and (2) 
is called the Cauchy integral. 

Assume that L is a smooth closed or nonclosed contour that entirely belongs to the finite part of 
the complex plane. Let 7 be the complex coordinate on L, and let y(7) be a continuous function of 
a point of the contour. In this case the integral 


SO =2 = | Aue (3) 
L 


271 T-Z 


which is constructed in the same way as the Cauchy integral, is called a Cauchy type integral. The 
function y(r) is called its density and 1/(r — z) its kernel. 


* By a smooth contour we mean a simple curve (i.e., a curve without points of self-intersection) that is either closed or 
nonclosed, has a continuous tangent, and has no cuspidal points. 
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For a Cauchy type integral with continuous density y(7), the only points at which the integrand 
is not analytic with respect to z are the points of the integration curve L. This curve is singular for 
the function ®(z). 

If L is a nonclosed contour, then ®(z) is an analytic function on the entire plane with the 
singularity curve L. Assume that L is a closed contour. In this case, ®(z) splits into two independent 
functions: a function ®*(z) defined on the domain ()* and a function ® (z) defined on the domain 1. 
In general, these functions are not analytic continuations of each other. 

By a piecewise analytic function we mean an analytic function ®(z) defined by two independent 
expressions ®*(z) and ® (z) on two complementary domains 0* and 2” of the complex plane. 

We note an important property of a Cauchy type integral. The function @(z) expressed by a 
Cauchy type integral of the form (3) vanishes at infinity, i.e, ®-(0o) = 0. This condition is also 
sufficient for the representability of a piecewise analytic function by a Cauchy type integral. 


12.2-2. The Holder Condition 


Let L be a smooth curve in the complex plane z = x + zy, and let y(t) be a function on this curve. 
We say that y(t) satisfies the Hélder condition on L if for any two points t,, t2 € L we have 


lp(t2) — y(t) < Al — iP, (4) 


where A and . are positive constants. The number A is called the Hdlder constant and 4 is called the 
Holder exponent. If \ > 1, then by condition (4) the derivative y(t) vanishes everywhere, and y(t) 
must be constant. Therefore, we assume that 0 < \ < 1. For A = 1, the H6lder condition is often 
called the Lipschitz condition. Sometimes the Hélder condition is called the Lipschitz condition of 
order x. 

If t; and tz are sufficiently close to each other and if the Hélder condition holds for some 
exponent \,, then this condition certainly holds for each exponent \ < \,. In general, the converse 
assertion fails. The smaller 4, the broader the class of H6lder continuous functions is. The narrowest 
class is that of functions satisfying the Lipschitz condition. 

It follows from the last property that if functions y;(¢) and ~o(t) satisfy the Holder condition 
with exponents A, and Az, respectively, then their sum and the product, as well as their ratio provided 
that the denominator is nonzero, satisfy the Hélder condition with exponent A = min(\;, Az). 

If y(t) is differentiable and has a bounded derivative, then y(t) satisfies the Lipschitz condition. 
In general, the converse assertion fails. 


12.2-3. The Principal Value of a Singular Integral 


& dr 
: a<c<b. 
a £-C€ 


Evaluating this integral as an improper integral, we obtain 


o dx . 1 dx > dx b-c . E] 
= lim [- + =In + lim In—. (5) 
aq ©-C 21-0 a c-2£ ey eae cC-a «70 € 
620 €2—0 


The limit of the last expression obviously depends on the way in which ¢, and €, tend to zero. 
Hence, the improper integral does not exist. This integral is called a singular integral. However, this 
integral can be assigned a meaning if we assume that there is some relationship between ¢€; and €2. 
For example, if the deleted interval is symmetric with respect to the point c, i.e., 


Consider the integral 


E] = &2 =€, (6) 
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we arrive at the notion of the Cauchy principal value of a singular integral. 
The Cauchy principal value of the singular integral 


o dx 


L—C 


: a<c<b 
a 


: ([- dx i dx ) 
lim + ‘ 
e>0\ J, U-C ete TC 


With regard to formula (5), we have 


is the number 


b 
d. b- 
/ “ =In = (7) 
a £-C c-a 
Consider the more general integral 
b 
/ Ae (8) 
a £-C 


where v(x) € [a, b] is a function satisfying the Hélder condition. Let us understand this integral in 
the sense of the Cauchy principal value, which we define as follows: 


b cE b 
[ Se=iim( a ax+ | oe a), 
a £-Cc e-0\ J, @-C cre EC 


We have the identity 


b b b 
- d. 
| a) 4 i PO- PO a 4 he) | m 
aq £-Cc a L-C a ere 
moreover, the first integral on the right-hand side is convergent as an improper integral, because it 


follows from the Hédlder condition that 


A 


la — cl” 


0<A<1, 


p(x) — po) 
rT-C 


and the second integral coincides with (7). 
Thus, we see that the singular integral (8), where y(x) satisfies the Hélder condition, exists in 
the sense of the Cauchy principal value and is equal to 


b b 
[ Sa-f cae Al ewe re — 


&—-C aL—-C Cc 


Some authors denote singular integrals by special symbols like v.p. { (valeur principale). How- 
ever, this is not necessary because, on one hand, if an integral of the form (8) exists as a proper or an 
improper integral, then it exists in the sense of the Cauchy principal value, and their values coincide; 
on the other hand, we shall always understand a singular integral in the sense of the Cauchy principal 
value. For this reason, we denote a singular integral by the usual integral sign. 
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12.2-4. Multivalued Functions 


In the representation z = pe’? of a complex number, the modulus p is determined uniquely, whereas 
the argument 0 is only defined modulo 27. This does not make the representation of a number 
ambiguous, because the argument enters this representation via the function e’°, which is 27- 
periodic. However, if the dependence of an analytic function on the argument @ is not 27-periodic, 
then this function turns out to be multivalued. Of the elementary functions, the logarithm and the 
power function with noninteger exponent have this property: 


In(z — zo) = In|z — 20] + 7 arg(z — 20) = Inp +70, (9) 
(z— 2)? = p%e’!? = p“[cos(G In p) + i sin(Z In p)]e*"e?"*7, y=artif. (10) 


In our reasoning, the logarithm of the modulus of a complex number is always understood as a real 
number, according to the usual definition. The general representation of the argument O has the 
form 

0 =0+427rk, 


where k ranges over all integers (/ = 0,+1,+2,...) and @ is the argument with the least absolute 
value. 

To any k, there corresponds a branch of the multivalued function. The logarithmic function 
has infinitely many branches. The same holds for the power function with an irrational or nonreal 
exponent. However, if the exponent is rational, y = p/q, with gcd(p, q) = 1, then the power function 
has q branches. The branches of the logarithm differ by a constant of the form 227m, and the 
branches of a power function differ by a factor of the form e’?"""7 (m is an integer). Obviously, 
to define a multivalued function, it is necessary to indicate which branch is chosen. However, in 
contrast to the case of functions of a real variable, this is not sufficient for the complete definition of 
a multivalued function of a complex variable. For the latter functions, there are points on the plane 
with the following property: as the independent variable goes along a closed contour surrounding 
this point and returns to the initial value, the chosen branch of the function changes to some other 
branch. Such points are called the branching points of the multivalued function. For the functions (9) 
and (10), the branching points are zp and the point at infinity. If the variable is going along a contour 
surrounding the point z) counterclockwise or clockwise, then the argument O is changed by 27 or 
by —27, respectively. 

Accordingly, the logarithm is increased or decreased by 7277, and the power function is multiplied 
by e”77 or e-”™7, Hence, the branch corresponding to the value k = n passes to the neighboring 
branch corresponding tok =n+1 ork =n-1. As usual, the study of the point at infinity is performed 
by the substitution z = 1/¢ with the subsequent investigation at the point ¢ = 0. 

We can preserve a chosen branch of a function only if we forbid going around an arbitrary 
branching point. To this end, we may use cuts joining the branching points. In the above cases of 
the logarithmic and the power function, we can make a cut along a curve issuing from the point zp 
and passing to infinity. A multivalued function is defined uniquely if the branch is chosen and the 
cut is given. 

The range of © is determined by the position of the cut. For example, if the cut passes along 
the ray that forms an angle 9 with the real axis, then for the principal branch (/ = 0) we have 
6 < O < & +27. In particular, for the cut that passes along the positive real axis, we have 
0 < © < 27; and for cut along the negative real axis, we obtain —7 < O < a. If the cut is curvilinear, 
then the range of the argument depends on the functions of a point. The initial value of the argument 
corresponds to the left edge of the cut (with respect to zo) and the final value corresponds to the 
right edge. Let us denote the value of the argument on the left and on the right edge of the cut by 
0+ and ©”, respectively. Then we have 


@ -O* =2r. 
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For the chosen branch, the cut is a curve of discontinuity. On the edges of the cut we have 


In(z — 2) = In(z* — z9) + 227, 


(z — zp)? = e?™71(z* — 29)”. 


This discontinuity property of branches of multivalued functions on the edges of a cut is widely 
used in the solution of boundary value problems with discontinuous boundary conditions. The 
logarithm is applied for the case in which a discontinuous function enters the boundary condition as 
a summand, and the power function corresponds to the case of a discontinuous factor in the boundary 
conditions. 


12.2-5. The Principal Value of a Singular Curvilinear Integral 


Let L be a smooth contour and let 7 and ¢ be complex coordinates of its points. Consider the singular 


curvilinear integral 
i OO) ae (11) 
‘ t 


Let us take a circle of some radius p centered at the point ¢ on the contour. Let ¢; and tz be the 
points of intersection of this circle with the curve. Assume that the radius is so small that the circle 
has no other points of intersection with L. Let / be the part of the contour L cut out by the circle. 
Consider the integral over the remaining arc, 


| A (12) 
L 


| T—t 


The limit of the integral (12) as p — 0 is called the principal value of the singular integral (11). 


Using the representation 
-— v(t d 
i el) a - | elr)- v(t) revo | 7 
7 ie é L T-t | oo t 


and the same reasoning as above, we see that the singular integral (11) exists in the sense of the 
Cauchy principal value for any function y(7) satisfying the Holder condition. 
At any point of smoothness, this integral can be presented in two forms: 


[ Se- pew PO ys rolms + +in) 
prot L TO t 


is etry — | Posen Se) dt + y(t) ie 
L L t 


T-t 


where a and 0 are the endpoints of L. 
In particular, if the contour is closed, then by setting a = b we obtain 


i; vas) — i pr) = pl) maa) dt +inp(t). 
L L 


T-t T-t 


Throughout the following, any singular integral will be understood in the sense of the Cauchy 
principal value. 

Let L be a smooth contour (closed or nonclosed) and let y(7) be a Holder function of a point on 
the contour. Then the Cauchy type integral 


Sj | PON Gs (13) 


2nt Jr T-Z 
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has limit values ®*(t) and ®-(¢) at any point of t € L other than the endpoints of the contour, as 
z — t from the left or from the right along any path; and these limit values can be expressed via the 
density y(t) of the integral and via the singular integral (13) by the Sokhotski—Plemelj formulas 


ayia il Lf 9) Pie. 1 f g(r) 
w= e045 5 | Par, ® (t)= s+ f Par, (14) 


The sum and the difference of formulas (14) give the equivalent formulas 


B'()- FW) = oO, (5) 
OH+OH= : ae dr, (16) 


which are often used instead of (14). 
The Sokhotski-Plemelj formulas for the real axis have the form 


1 1 
ora) =sea+ = | 


Moreover, we have 


WO ge ee / “PO a aT 
T-2£ 2: 


6 27% J_x T-2# 


B*(00) = y(00), B (00) = -7 (cv). 
This, together with (17), implies 


®*(00) + ® (co) = 0, (18) 
lim EA) dr =0. (19) 
roo J 4 T-2 


Any function representable by a Cauchy type integral on the real axis necessarily satisfies 
condition (18). This condition is also sufficient for the representability of a piecewise analytic 
function in the upper and the lower half-plane by an integral over the real axis. 

Consider a Cauchy type integral over the real axis and assume that z is not real: 


642%. / * 9@) dx, (20) 
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‘OO 


where (x) is a complex function of a real variable x satisfying the Hélder condition on the real 
axis. 

If a function y(z) is analytic in the upper half-plane, is continuous in the closed upper half-plane, 
and satisfies the Hdlder condition on the real axis, then 


Be © (x) poe (Zz) - + p(00) for Imz > 0, (21) 
2m Jog BZ -+p() for Imz <0. 
We also have the formula 
oo t Lu(co for Imz>0, 
1 if p(x) — y(co) Hie 7 p(0o) on 
2nt Joo E-z -~(z)+ $¢y(co) for Imz <0 


provided that y(z) is analytic in the lower half-plane, continuous in the closed lower half-plane and 
satisfies the Hélder condition on the real axis. 
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12.2-6. The Poincaré—Bertrand Formula 


Consider the following pair of iterated singular integrals: 


N(t)= 


=| dr 1 K(1,7) 
L 


, ; dt, (23) 
Tt T-t mJ, T1- 


Meo: | Fe | PATTI gi (24) 
L TU 


1 zt (T-t)(™ -T) 


where L is a smooth contour and the function (7, 7) satisfies the Hélder condition with respect to 
both variables. 

Both integrals make sense, and although N differs from M only by the order of integration, they 
are not equal, as shown by the following Poincaré—Bertrand formula 


=| dt E K(7,71) ROHS 5 fan =f K(t, 71) de (25) 
BG T TU IL TU JL 


1 T-triJ, 1A (7 —t)(] -T) 


which can also be rewritten in the form 


if ae AO dn = aK (t,t) + i dr Joe C= oe (26) 
L 


T-t Jp N17 (7-1-7) 


Example. Let us evaluate the Cauchy type integral over the unit circle |z| = 1 with density y(7) = 2/[7(7 — 2)], ie., 


1 1 dt 1 1 dr 
&(z) = —— er . 
2mi Jp T-2 T-2 AiJ/_T T-zZ 
The function 1/(z — 2) is analytic in Q*, and 1/z is analytic in Q- and vanishes at infinity. By formula (1), the first integral 


is equal to 1/(z—2) for z € * and is zero for z € Q-. By formula (2), the second integral is equal to -1/z for z € Q" and 
is zero for z € Q*. Hence, 


1 
@*(z) = » = 
z-2 
@ References for Section 12.2: F. D. Gakhov (1977), S. G. Mikhlin and S. Prossdorf (1986), N. I. Muskhelishvili (1992). 


12.3. The Riemann Boundary Value Problem 


12.3-1. The Principle of Argument. The Generalized Liouville Theorem 


THE THEOREM ON THE ANALYTIC CONTINUATION (THE PRINCIPLE OF CONTINUITY). Assume 
that a domain borders a domain Q) along a smooth curve L. Let analytic functions f(z) and f2(z) 
be given inQ, and Q,. Assume that, as the point z tends to L, both functions tend to the same 
continuous limit function on the curve L. Under these assumptions, the functions f\(z) and f2(z) 
are analytic continuations of each other. 


Assume that a function f(z) is analytic in a domain 2 bounded by a contour L except for finitely 
many points, where it may have poles. Let us write out the power series expansion of f(z) around 
some point z0: 


F(Z) = n(%— 2)” + Cnai(Z — 20)" +++ = (@— 20)" fil), fi (Zo) = Cn # 0. 
The number 7 is called the order of the function f(z) at the point z. If n > 0, then the order 


of the function is the order of zero; if n < 0, then the order of the function is minus the order of the 
pole. If the order of a function at zp is zero, then at z the function has a finite nonzero value at zo. 
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When considering the point at infinity, we must replace the difference z— zo by 1/z. If z) € L, then 
we define the order of the function to be equal to zn. 

Let No and Po (Nz and P,) be the numbers of zeros and poles on the domain (on the contour, 
respectively), where each zero and pole is taken according to its multiplicity. Let [6]; denote the 
increment of the variable 6 when going around the contour in the positive direction. As usual, by 
the positive direction we mean the direction the domain under consideration remains to the left of 


the contour. 


THE PRINCIPLE OF ARGUMENT. Let f(z) be a single-valued analytic function in a multiply 
connected domain Q bounded by a smooth contour L = Ly + L, +--+ + Ly, except for finitely many 
points at which f(z) may have poles, and let f(z) be continuous in the closed domain QU L (except 
for these poles) and have at most finitely many zeros of integer order on the contour. In this case, 
the following formula holds: 


1 1 
No-Pat 5 Ni Py) = 5 [arg f(z)]z- 
T 


THE GENERALIZED LIOUVILLE THEOREM. Assume that a function f(z) is analytic on the entire 
complex plane except for points ay = 00, ax (k =1,...,n), where it has poles, and that the principal 
parts of the Laurent series expansions of f(z) at the poles have the form 


Qo(z) = bz t Gzr4---4 cm at the point ag, 
k 
1 ck oy Cc F 
Ok gg es oat 2 his tafis 2 SETTER 5 = at the points ax. 
Z- Ak Z-Gp  (Z-ax)? (z-az)'™* 


Then f(z) is a rational function, and can be represented by the formula 


f= C+ 02+ O(——), 


k=1 


where C' is a constant. In particular, if the only singularity of f(z) is a pole of order m at infinity, 
then f(z) is a polynomial of degree m, 


fO)=CEQtCEZt ++ emz”™. 
The following notation is customary: 
(a) f(%) is the function conjugate to a given function f(z); 
(b) f(Z) is the function obtained from f(z) by replacing z by Z, ie., y by -y in f(z); 
(c) f (z) is the function defined by the condition f (z)= f@). 
Ifz=a+iy and f(z) = u(a, y) + iv(a, y), then 


f® = Ux, y) = 1u(x, Y)s f() = U(x, -y) a iu(x, -y), f® = u(x, -y) ~ w(x, -y). 


In particular, if f(z) is given by a series f(z) = > cp2*, then 
k=0 


fO= at (OS. a8) JOS a2" 
k=0 k=0 k=0 
For a function represented by a Cauchy type integral 


Ces | au 
C= 


Qn T-2 
we have 
2nt Jp, T-Z 271 Jp, T-Z Qni J, TZ 


Note that if a function satisfies the condition f (z) = f(z), then it takes real values for all real values 
of z. The converse assertion also holds. 
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12.3-2. The Hermite Interpolation Polynomial 


The Hermite interpolation polynomial is used for the construction of the canonical function of the 
nonhomogeneous Riemann problem in Subsections 10.4-7 and 12.3-9. | 

Let distinct points z, (k = 1, ..., m) be given, and a number A (Vj =0, 1, ..., nm, — 1) be 
assigned to each point z,, where the n, are given positive integers. It is required to construct a 
polynomial (/,(z) of the least possible degree such that 


UP CHAE. Rtv, FH0cL cungSt, 


where the uy )(zp) are the values of the jth-order derivatives of the polynomial at the points z,. The 
numbers z;, are called the interpolation nodes and n;, the interpolation multiplicities at the nodes 
Zke 

There exists a unique polynomial with these properties. It has the form (e.g., see V. I. Smirnov 
and N. A. Lebedev (1964)) 


nzp-l 


m C(z) : m 
WO» aay D, Air @ 2) > ae 


= Eo POE gt agit 
a = Nk A = : k ? : - 
¢(z) Ile Zk) k, ys j! (r —7)! Ss ¢(z) | Z=Zk 


| en On r=0,1,...,ne-1; 


and this polynomial is unique. 
The interpolation polynomial //,(z) constructed for some function f(z) must satisfy the following 
conditions at the points z,: 


WPQESA HIG): Ko hbawim: stam 


where f(z;,) is the value of the jth-order derivative of f(z) at the point zj. 


12.3-3. Notion of the Index 


Let L be a smooth closed contour, and let D(t) be a continuous nowhere vanishing function on this 
contour. 

The index v of the function D(¢) with respect to the contour L is the increment of the argument 
of D() along L (traversed in the positive direction) divided by 27: 


1 
y= Ind Dit) = =—larg DW). (1) 


Since In D(t) = In|D(@®| +72 arg D(@) and since after the traverse the function | D(¢)| returns to its 
original value, it follows that [In D(t)];, = i[arg D(@)]z,, and hence 


1 
y= ~—[In D(t)]z. (2) 
27% 
The index can be expressed in the form of an integral as follows: 
1 1 

v = Ind D(t) = — | din D(t) = — if darg D(t). (3) 

270 Jr 2m Jr 
If the function D(¢) is not differentiable but has bounded variation, then the integral is regarded as 
the Stieltjes integral. Since D(t) is continuous, the image I’ of the closed contour L is a closed 


contour as well, and the increment of the argument D(¢) along L is a multiple of 27. Hence, the 
following assertions hold. 
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1°. The index of a function that is continuous on a closed contour and vanishes nowhere is an integer 
(possibly zero). 


2°. The index of the product of two functions is equal to the sum of the indexes of the factors. The 
index of a ratio is equal to the difference of the indexes of the numerator and the denominator. 

We now assume that D(¢) is differentiable and is the boundary value of a function analytic in 
the interior or exterior of L. In this case, the number 


v= aa | din D(t) = eee Dit) dt (4) 
2nt Jr 27t Jr DO) 


is equal to the logarithmic residue of the function D(¢). The principle of argument (see Subsec- 
tion 12.3-1) implies the following properties of the index: 


3°. If D(t) is the boundary value of a function analytic in the interior or exterior of the contour, then 
its index is equal to the number of zeros inside the contour or minus the number of zeros outside the 
contour, respectively. 


4°. If a function D(z) is analytic in the interior of the contour except for finitely many points at 
which it may have poles, then the number of zeros must be replaced by the difference of the number 
of zeros and the number of poles. 
Here the zeros and the poles are counted according to their multiplicities. We also note that the 
indexes of complex conjugate functions have opposite signs. 
Let 
t = t1(s) + 2ta(s) (O<s<l) 


be the equation of the contour L. On substituting the expression of the complex coordinate ¢ into 
the function D(t), we obtain 


D(t) = D(ti(s) + ite(s)) = €(s) + in(s). (5) 
Let us regard € and 77 as Cartesian coordinates. Then 


f=€(s), = 1s) 


is a parametric equation of some curve I’. Since the function D(¢) is continuous and the contour L 
is closed, it follows that the curve I’ is closed as well. 

The number of turns of the curve I’ around the origin, i.e., the number of full rotations of the 
radius vector as the variable s varies from 0 to 1, is obviously the index of the function D(t). This 
number is often called the winding number of the curve I with respect to the origin. 

If the curve [ is successfully constructed, then the winding number can be observed directly. 
There are many examples for which the index can be found by analyzing the shape of the curve I’. 
For instance, if D(¢) is a real or a pure imaginary function that does not vanish, then I is a line 
segment (traversed an even number of times), and the index D(t) is equal to zero. If the real part €(s) 
or the imaginary part 7(s) preserves its sign, then the index is obviously zero, and so on. If the 
function D(t) can be represented as the product or the ratio of functions that are limit values of 
functions analytic in the interior or exterior of the contour, then the index can be calculated on the 
basis of properties 2°, 3° and 4°. 

In the general case, the calculation of the index can be performed by formula (3). On the basis 
of formula (5) we substitute the expression 


darg D(t) = darctan ms) 


&(s) 
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into (3) and assume that € and 7 are differentiable. Then we obtain 


V 


1 [eee =i sp E(s)ni(s) = SES) (6) 
r T JO , 


on Jp Oty (8) + 17(s) 
Example. Let us calculate the index of D(t) = t” with respect to an arbitrary contour L surrounding the origin. 
First method. The function t” is the boundary value of the function z”, which has precisely one zero of order n inside 


the contour. Hence 
v =Indt” =n. 


Second method. If the argument of t is y, then the argument of t” is ny. As the point t traverses the contour L and 
returns to the original value, the argument ~ obtains the increment 27. Hence, 


Indt” =n. 


The index can also be found numerically. Since the index is integer-valued, an approximate 
value whose error is less than 4 can be rounded off to the nearest integer to obtain the exact value. 


12.3-4. Statement of the Riemann Problem 


Let L be a simple smooth closed contour which divides the complex plane into the interior domain 0* 
and the exterior domain (), and let two functions of points of the contours D(t) and H(t) satisfying 
the Hélder condition (see Subsection 12.2-2) be given; moreover, suppose that D(t) does not vanish. 

The Riemann Problem. Find two functions (or a single piecewise analytic function), namely, a 
function &*(z) analytic in Q* and a function ®-(z) analytic in the domain 07 including z = co, so 
that the following linear relation is satisfied on the contour L: 


®*(t) = DiH)® (t) (the homogeneous problem) (7) 
or 
@*(t) = DH® (t)+ HY) (the nonhomogeneous problem). (8) 
The function D(t) is called the coefficient of the Riemann problem, and the function H(t) is 
called the right-hand side. 
We first consider a Riemann problem of special form that is called the jump problem. Let a 
function y(t) defined on a closed contour FL satisfy the Holder condition. The problem is to find 


a piecewise analytic function ®(z) (®(z) = ®*(z) for z € OF and ®(z) = ®(z) for z € 1) that 
vanishes at infinity and has a jump of magnitude y(t) on L, i.e., such that 


&*(1)- Ot) = pl. 


It follows from the Sokhotski—Plemelj formulas (see Subsection 12.2-5) that the function 


is the unique solution to the above problem. 

Thus, an arbitrary function y(t) given on the closed contour and satisfying the Hélder condition 
can be uniquely represented as the difference of functions &*(t) and ®-(¢) that are the boundary 
values of analytic functions ®*(z) and ®-(z) under the additional condition ®-(co) = 0. 

If we neglect the additional condition ®- (oo) = 0, then the solution will be given by the formula 


P(z) = =| 7) dr + const. (9) 
L 


271 T-Z 
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Let us seek a particular solution of the homogeneous problem (7) in the class of functions that 
do not vanish on the contour. Let N, and N_ be the numbers of zeros of the desired functions in 
the domains Q* and 0”, respectively. Taking the index of both parts of Eq. (7), on the basis of 
properties 2° and 3° we obtain 

N,+ N_ = Ind D(t) =v. (10) 


We call the index v of the coefficient D(t) the index of the Riemann problem. 

Let vy = 0. Under this condition, In D(¢) is a single-valued function. It follows from (10) that 
N, = N_ =0, i.e., the solution has no zeros on the entire plane. Therefore, the functions In ®*(z) 
are analytic in their domains and hence single-valued together with the boundary values In ®*(f). 

Taking the logarithm of the boundary condition (7), we obtain 


In 6*(t) —In ®-(t) = In D2). (11) 


We can choose an arbitrary branch of In D(t) because the final result is independent of the choice of 
this branch. Thus, we must find a piecewise analytic function In ®(z) with a prescribed jump on L. 
The solution of this problem under the additional condition In ®-(oo) = 0 is given by the formula 


1 In D 
ino) = = | RG) pe (12) 
2nt J, TZ 
For brevity, we write 
1 In D 
thf MO) cigs: (13) 
2m J, TA 


It readily follows from the Sokhotski—Plemelj formulas that the functions 
@t(z)=eF™ and ®(z)=e% (14) 


are the solution of the boundary value problem (7) with the condition ®-(oo) = 1. 
If we neglect the additional condition ®-(oo) = 1, then in formula (12) we must add an arbitrary 
constant, and the solution becomes 


®*(z)=CeS®,  &(z) = Ce&™, (15) 


where C’ is an arbitrary constant. Since G’ (co) = 0, it follows that Cis the value of &-(z) at infinity. 

Thus, in the case v = 0 and for arbitrary @-(co) # 0, the solution contains a single arbitrary 
constant, and hence there is a unique linearly independent solution. If (co) = 0, then C' = 0, and 
the problem has only the trivial solution (which is identically zero), which is natural because N_ = 0. 

This gives an important corollary. An arbitrary function D(t) 4 0 on L that satisfies the Holder 
condition and has zero index can be represented as the ratio of the boundary values *(t) and © (t) 
of functions that are analytic in Q* and Q” and have no zeros in these domains. These functions are 
determined modulo an arbitrary constant factor and are given by formulas (15). 

On passing to the general case, we seek a piecewise analytic function satisfying the homogeneous 
boundary condition (7) and having zero order on the entire plane except for the point at infinity, 
where the order of the function is equal to the index of the problem. 

By the canonical function (of the homogeneous Riemann problem) X (z) we mean the function 
satisfying the boundary condition (7) and piecewise analytic on the entire plane except for the point 
at infinity, where the order of this function is equal to the index of the problem. 

This function can be constructed by reducing the problem to the case of zero index. Indeed, let 
us rewrite the boundary condition (7) in the form 


&*(t) =t” Ditt”® (0). 
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On representing the function t-” D(t) with zero index as the ratio of boundary values of analytic 
functions, 


a -V 
= one a! In[r” D(7)] 
EDO = ay: a= | —— dr, (16) 
we obtain the following expression for the canonical function: 
X*(ZQ=eF@, XZ a rreF™, (17) 


Since X*(t) = D(t)X (1), it follows that the coefficient of the Riemann problem can be represented 
as the ratio of canonical functions: 

X*(t) 
X-(t) 


D(t) = (18) 
The representation (18) is often called a factorization. 

For v 2 0, the canonical function, which has a zero of order v at infinity, is a particular solution 
of the boundary value problem (7). For v < 0, the canonical function has a pole of order |v| at infinity 
and is not a solution, but in this case it is still used as an auxiliary function in the solution of the 
nonhomogeneous problem. 


12.3-5. The Solution of the Homogeneous Problem 


Let v = Ind D(¢) be an arbitrary integer. On representing D(t) by formula (18), we reduce the 
boundary condition (7) to the form 

Ot) od) 

MG). XG: 


The left-hand side of the last relation contains the boundary value of a function that is analytic 
in Q*, and the right-hand side contains the boundary value of a function that has at least the order —v 
at infinity. By the principle of continuity (see Subsection 12.3-1), the functions on the left-hand 
side and on the right-hand side are analytic continuations of each other to the entire plane possibly 
except for the point at infinity at which, in the case v > 0, a pole of order < v can occur. Hence, for 
v > 0, by the generalized Liouville theorem (see Subsection 12.3-1), this single analytic function is a 
polynomial of degree < v with arbitrary coefficients. For v <0, it follows from the Liouville theorem 
that this function is constant. However, since this function must vanish at infinity, it follows that it 
is identically zero. Hence, for v < 0, the homogeneous problem has only the trivial solution (which 
is identically zero). A problem that has no nontrivial solutions is said to be unsolvable. Thus, for a 
negative index, the homogeneous problem (7) is unsolvable. 

Let vy > 0. Let P,(z) stand for a polynomial of degree v with arbitrary coefficients. In this case, 
we obtain a solution in the form 

O(z) = P,(z)X(z), 


or 
Bt(z) = P(zeF, O(z)=2"P,(zeF, (19) 


where G(z) is determined by formula (16). 
Thus, if the index v of the Riemann boundary value problem is nonnegative, then the homoge- 
neous problem (7) has v + 1 linearly independent solutions 


tz) = 2heO@™, Oi (z)=2*%eFO (Kk =0,1,...,0). (20) 


The general solution contains v + | arbitrary constants and is given by formula (19). For a negative 
index, problem (7) is unsolvable. 
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The polynomial P,,(z) has exactly v zeros in the complex plane. It follows from formulas (19) 
that the number of all zeros of a solution to the homogeneous Riemann boundary value problem is 
equal to the index v. Depending on the choice of the coefficients of the polynomial, these zeros can 
occur in each of the domains Q* and also on the contour itself. Just as above, we denote by N+ the 
number of zeros in the domains Q* and by No the number of zeros on the contour L. We can see 
that in the general case (without the condition that there are no zeros on the contour), formula (10) 
becomes 


N,+N_+No=v. (21) 


12.3-6. The Solution of the Nonhomogeneous Problem 


On replacing the coefficient D(¢) in the boundary condition (8) by the ratio of the boundary values 
of the canonical functions by formula (18), we reduce (8) to the form 


HY) _ OH) | HW 


7 . (22) 
XO XO” Xo 


The function H(t)/X*(t) satisfies the Hélder condition. Let us replace it by the difference of the 
boundary values of analytic functions (see the jump problem in Subsection 12.3-4): 


H(t) 


=Wt(t)-Vc¢t 
THO: 
where i Hin) 4 
T T 
W(z)= 5 2 
a 2071 | Xt(T) T-z ?)) 
Then the boundary condition (22) can be rewritten in the form 
*(¢) OO). Avs 
-Wt(t) = ——— - V(t). 
REQ) Se 3 


Note that for v > 0 the function ®-(z)/X~(z) has a pole at infinity, and for v < 0 it has a zero of 
order v. 

By the same reasoning as in the solution of the homogeneous problem, we obtain the following 
results. 

Let v = 0. In this case, 


od) o.. ©@ 7 
XO == XO -W@)=P,@. 
This gives the solution 
O(z) = X(z)[V(z) + PL), (24) 


where the functions X(z) and W(z) are expressed by formulas (17) and (23) and P, is a polynomial 
of degree v with arbitrary coefficients. 
We can readily see that formula (24) gives the general solution of the nonhomogeneous problem 
because it contains the general solution X (z)P,(z) of the homogeneous problem as a summand. 
Let v < 0. In this case, ®(z)/X~(z) vanishes at infinity and 


IC Cs 0 eee 
XO -WH= Sp (t) = 0, 
so that 
®(z) = X(z)V(z). (25) 
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In the expression for the function ®-(z), the first factor has a pole of order —v at infinity by 
virtue of formula (17), and the second factor is the Cauchy type integral (23) and, in general, has a 
first-order zero at infinity. Hence, ®-(z) has a pole of order < —v — | at infinity. Thus, if v < -1, 
then the nonhomogeneous problem is unsolvable in general. It is solvable only if the constant 
term satisfies some additional conditions. To find these conditions, we expand the Cauchy type 
integral (23) in a series in a neighborhood of the point at infinity: 


os we Lf HO 4 
Wes S- Chez, where cy = “on | rel dp 
k=1 


For &-(z) to be analytic at the point at infinity, it is necessary that the first -v — 1 coefficients of 
the expansion of W~(z) be zero. This means that for the solvability of the nonhomogeneous problem 
in the case of negative index (v <-1), itis necessary and sufficient that the following —v—1 conditions 
hold: 

A(r) 
Lx 

Thus, in the case vy 2 0, the nonhomogeneous Riemann problem is solvable for an arbitrary 

right-hand side, and the general solution is given by the formula 


rl dr =0, at De ne rl (26) 


X(z) H(t) dr 
di) = > | Sp pag YOR, (27) 
where the canonical function X(z) is given by (17) and P,(z) is a polynomial of degree v with 
arbitrary complex coefficients. If v = —1, then the nonhomogeneous problem is also solvable and 
has a unique solution. 

In the case v < —1, the nonhomogeneous problem is unsolvable in general. For this problem 
to be solvable, it is necessary and sufficient that the right-hand side of the problem satisfy —v — 1 
conditions (26). If these conditions are satisfied, then the solution of the problem is unique and is 
given by formula (27), where we must set P,(z) = 0. 

The solution with the additional condition of vanishing at infinity has important applications. 
In this case, instead of a polynomial of degree v, we must take a polynomial of degree »v — 1. For 
the solvability of the problem in the case of negative index, it is necessary that the coefficient c_, be 
zero as well. 

Hence, under the assumption that ®- (co) = 0, the solution is given for v = 0 by the formula 


O(z) = X(Z)M[VU(Z) + Pal], (28) 


where, for v = 0, we must set P,_;(z) =0. 
If v <0, then the solution is still given by formula (28) with P,_;(z) = 0 under the following —v 
solvability conditions: 


A(r) 
RE) 


re dr =0, k=1,2,...,-v. (29) 


In this case, the assertion on the solvability of the nonhomogeneous problem acquires a more 
symmetric form. For v 2 0, the general solution of the nonhomogeneous problem linearly depends 
on y arbitrary constants. For v < 0, the number of the solvability conditions is equal to -v. Note 
that for 7 = 0 the nonhomogeneous problem is unconditionally solvable, and the solution is unique. 

On the basis of the above reasoning, the solution of the Riemann boundary value problem is 
mainly reduced to the following two operations: 


1°. A representation of an arbitrary function given on the contour in the form of the difference of 
boundary values of analytic functions in the domains Q* and Q- (the jump problem). 
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2°. A representation of a nonvanishing function in the form of the ratio of boundary values of 
analytic functions (factorization). 


Here the second operation can be reduced to the first by taking the logarithm. Some complications 
related to the case of a nonzero index are due to the multivaluedness of the logarithm only. The first 
operation for arbitrary functions is equivalent to the calculation of a Cauchy type integral. In this 
connection, the solution to the problem by formulas (17) and (23)-(25) is explicitly expressed (in 
the closed form) via Cauchy type integrals. 


12.3-7. The Riemann Problem With Rational Coefficients 


Consider the Riemann boundary value problem with a contour that consists of finitely many simple 
curves and with coefficient D(t) a rational function that has neither zeros nor poles on the contour. 
Note that an arbitrary continuous function (and all the functions satisfying the Hélder condition) can 
be approximated with arbitrary accuracy by rational functions, and the solution of problems with 
rational coefficients can serve as a basis for the approximate solution in the general case. Assume 
that the Riemann problem has the form 


Ot) = PO 5-4) + H(t), (30) 


q(t) 


and the polynomials p(z) and q(z) can be factorized as follows: 
D(z) = ps(z)p-(z), Q(z) = a4(2)g-(2), (31) 


where p,(z) and q,(z) are polynomials whose roots belong to 2* and p_(z) and q_(z) are polynomials 
with roots in Q~. It readily follows from property 4° of the index (Subsection 12.3-3) that v=m4—-n,, 
where m, and n, are the numbers of zeros of the polynomials p,(z) and q,(z). 

Since the coefficient of the problem is a function that can be analytically continued to the 
domain 2~, it follows that in this case it is reasonable to avoid using the general formulas and obtain 
a solution directly by analytic continuation; here the role of the standard function of the type t” that 


Vv 
is used in the reduction of the index to zero can be played by the product |] (t—a,;), where a), ..., ay 
jel 
are arbitrary points of the domain (*. On representing the boundary condition in the form 


1) py Oey = Onw, 


p_(t) q.(t) p(t) 


where the canonical function is determined by the expressions 


YQ spake (32) 
q-(z) p+(Z) 
we obtain the solution by the same reasoning as in Subsection 12.3-6 in the following form: 
(Zz Zz 
02) = Owe +P.@, &@= Iw + Pe), (33) 
q(z) p+(2) 
where 7 Hina 
U(z) = — | COAT.» orl = iG) 
271 J, p(T) T-Z 
If the index is negative, then we must set P,_\(z) = 0 and add the solvability conditions 
i: OO eh ge a6 0 eT Ss (34) 
L P-(7) 
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which agree with the general formula (29), because the canonical function has the form (32). 
Note that for the general case, in the practical solution of the Riemann problem, it can also be 
convenient to express the coefficient in the form 


_ ps(Op-(t) 
qu(t)q_(t) 
where D,(¢) is a function with zero index and the polynomials p(t) and q(t) are chosen for a 


given coefficient in a special way. For an appropriate choice of such polynomials, the solution can 
be obtained in the simplest possible way. 


Dit) Di), 


Example. Consider the Riemann problem 


B41 
—-t 


®*(t) tf ® (t)+ 
~ 2-1 
under the assumption that ®-(co) = 0 and L is an arbitrary smooth closed contour of one of the following forms: 


1°. The interior of the contour L contains the point z; = 0 and does not contain the points z2 = 1 and z3 =-1. 
2°. The interior of the contour L contains the points z; = 0 and z2 = 1 and does not contain the point z3 = —1. 
3°. The interior of the contour L contains the points z; = 0, z2 = 1, and z3 = -1. 

4°. The interior of the contour L contains the points z2 = | and z3 = —1 and does not contain the point z; = 0. 


Consider cases 1°—4° in order. In the solution we apply the method of Subsection 12.3-7. 


1°. We have 


pt=t, p=l, a®=1 gO=P-1 meal, nm =0, veme-nmeal. 


Let us rewrite the boundary condition in the form 


(t? — 1)®*(t) —t®(t) = 8+ t+, 


1 _ d 1 3_741 1 1 
U(z) = 7 ED age 7 Tutt dr+ 7 as 
2mt Jz p(t) T-z Wis, T-zZ 2ni JL T-2 


and the formulas for the Cauchy integral (see Subsection 12.2-1) imply 


Hence, 


1 
Wiz=2-ztl, WiZ)=--. 
z 
The general solution of the problem contains a single (arbitrary) constant. By formula (33), we obtain 


1 e-ztl C 


1 1 1 Cc 
O*(z) = 3x4] = @(z) = a= 
(z) aa” z+1+C) rae Scar (z) ( -+0) Pr eeare 


22 


where C is an arbitrary constant. On replacing C' by C — | we can rewrite the solution in the form 


Cc z+1 C 
+ = a aaesl 
aE er eae ® (z)=- 2 3 
2°. We have 
paAth=t, pm=1, gmm=t-1l, @qH=t+l, me=an=l, v=0, 
t t+DC-0+1 
Gish= eo... 
t-1 t(t — 1) 
2 ff 
1 ori ae l (7+) /[r(r7- DI Ze for z ENF, 
U(z) = — dr + — Pe ae | - 
Qni J, T-zZ Qni Jr T-Z 7 for zEQ. 
2(z-1) 
The problem has the unique solution 
_ 1 
@*(z) = pe) ®*(z) = (2 +2) =2, 
q-(z) z+1 
-1 1 1 
w= Po) 
p+(z) Zz 2(z-1) 2 
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3°. We have 


p=t, pO=1 ge@=P-1 e@=1 meal, m=2, v=-l, 
z for z Et, 


1 1 1 -1 
W(z)= Wri i a+ oni i. —— a= i for z € Q- 
mi JE T-z ni Jy Tz we-D . 


The solution of the problem exists only under the solvability conditions (34) or, for the case in question, under the single 


condition 
i GAD) Gs dr St. 
L p-(T) 


On calculating this integral, we obtain 


pair 4+] dtr dt ; : 
—.——_ dr= Tdrt+ — =04+271-271=0. 
Oe, T= L LT-l ECE 


Thus, the solvability condition holds, and the unique solution of the problem is 


z+ 
om) 


®(z)=2z, P(z)=- 


4°. We have 
pal, pely=t. gx) = P-1, ¢~H=1, v=eme-ny =-2<0. 


For the solvability of the problem, the following two conditions are necessary: 


/ EO ayrkldr=0, k= 1,2. 
L p-(7) 


On calculating the last integral for k = 1, we obtain 


pars 1 1 1 ; 
aT= 1 + dr =27i #0. 
E T(72 —T) L r 7-1 
Thus, the solvability condition fails, and hence the problem has no solution. 


Note that if we formally calculate the function ®(z), then it has a pole at infinity, and hence cannot be a solution of the 
problem. 


12.3-8. The Riemann Problem for a Half-Plane 


Let the contour L be the real axis. Just as above, the Riemann problem is to find two bounded analytic 
functions 6*(z) and ®-(z) in the upper and the lower half-plane, respectively (or a single piecewise 
analytic function ®(z) on the plane), whose limit values on the contour satisfy the boundary condition 


®*(x) = D(x)® (x) + H(2), 00 <2 < OO. (35) 


The given functions D(x) and H(z) satisfy the Holder condition both at the endpoints and in a 
neighborhood of the point at infinity on the contour. We also assume that D(x) 4 0. 

The main difference from the above case of a finite curve is that here the point at infinity and the 
origin belong to the contour itself, and therefore cannot be taken as exceptional points at which the 
canonical function can have a nonzero order. Instead of the auxiliary function ¢ which was used in 
the above discussion (and has the unit index with respect to L), we use the linear-fractional function 
on the real axis with the same property: 


xr-1 
oti 
The argument of this function 
r-1 (x —i)? . 
ar. = arg —.—— = 2arg(x -7 
orei oP +i Birt) 
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increases by 27 as x ranges over the real axis in the positive direction. Thus, 


lad = 4: 


L+t 


aa We 
D(a 
( u+t ) (2) 
has zero index. Its logarithm is single-valued on the real axis. 
We construct the canonical function for which the point —7 is the exceptional point as follows: 


If Ind D(z) = v, then the function 


X*(ZeeF, X-(z)= (5) oF), (36) 
a, 


Ft 


1 fe a d 
a@= = | in| (=) pen) 


Using the limit values of this function, we transform the boundary condition (35) to the form 


where 


O(c) O(a) . H(2) 
X*(@) X-(a)  X+(a)" 


Next, introducing the analytic function 


WA = see aE. (37) 


Tt Jog X*(T) T- 2’ 


we represent the boundary condition in the form 


O*(2) 
X*(z) 


_ &(2) 
~ X-(x) 


W* (2) —W (a). 

Note that, in contrast with the case of a finite contour, here we have Y~(co) # 0 in general. On 
applying the theorem on analytic continuation and taking into account the fact that the only possible 
singularity of the function under consideration is a pole at the point z = —7 of order < v (for v > 0), 
on the basis of the generalized Liouville theorem we obtain (see Subsection 12.3-1) 
®(z) P,(@) 


PIG) any U-(z) = 


— —, py20, 
X*(z) X~(z) (z +1)" 


where P,(z) is a polynomial of degree < v with arbitrary coefficients. This gives the general solution 
of the problem: 


P(z) = X(z) lye oui | for v0, (38) 
(z +12)” 
®(z) = X(z)[W(z) + C] for v <0, e?) 


where C’ is an arbitrary constant. For v < 0, the function X(z) has a pole of order —v at the point 
z = -1, and therefore for the solvability of the problem we must set C' = —W-(-7). For v < -1, the 
following conditions must additionally hold: 


° A(x) dx 
“oo Xt(x) (x +1)" 


=0, KD, 35. sey SV: (40) 
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Thus, we obtained results similar to those for a finite contour. 

Indeed, for 1 = 0, the homogeneous and nonhomogeneous Riemann boundary value problems 
for the half-plane are unconditionally solvable, and their solution linearly depends on v + | arbitrary 
constants. For v < 0, the homogeneous problem is unsolvable. For v < 0, the nonhomogeneous 
problem is uniquely solvable; moreover, in the case v = —1 the problem is unconditionally solvable, 
and in the case v < -1, it is solvable under —v — 1 solvability conditions (40) only. 

Let us also discuss the case of solutions vanishing at infinity (see also Subsection 10.3-4). On 
substituting the relation ®*(00) = &-(co) = 0 into the boundary condition, we obtain H(co) = 0. 
Hence, for a Riemann problem to have a solution that vanishes at infinity, the right-hand side of 
the boundary condition must vanish at infinity. Assume that this condition is satisfied. To obtain a 
solution for the case under consideration, we must replace the expression P,(z) in (38) by P,_1(z) 
and equate the constant C’ in (39) with zero. Thus, 


(41) 


D(z) = X(z) we) Ree a 


(z +12)" 


For v < 0, we must set P,_;(z) = 0 in this formula. We must add another condition to the solvability 
conditions (40), namely, Y(—2) = 0, and finally we obtain the following solvability conditions: 


° A(x) dx 
“oo At(2) (x + isk 


=0, k=1,2,...,-v. (42) 


Now, for v > 0 we have a solution that depends on v arbitrary constants. For v < 0, a solution is 
unique, and for v < 0, a solution exists if and only if —1 conditions hold. 


12.3-9. Exceptional Cases of the Riemann Problem 


In the statement of the Riemann boundary value problem it was required that the coefficient D(¢) 
satisfies the Hélder condition (this prevents infinite values of this coefficient) and vanishes nowhere. 
As can be observed from the solution (the use of In D(¢)), these restrictions are essential. Now we 
assume that D(¢) vanishes or tends to infinity, with an integer order, at some points of the contour. 
We assume that the contour L consists of a single closed curve. 

Consider the homogeneous problem. We rewrite the boundary condition of the homogeneous 
Riemann problem in the form 


7) 
[[-ex)"" 


&*(t) = “'—__p (tO). (43) 
[[¢- 6)” 
j=l 


Here a, (kK = 1,..., 4) and 8; (j = 1,...,®) are some points of the contour, m, and p; are positive 
integers, and D,(t) is a function that is everywhere nonzero and satisfies the Hélder condition. The 
points a; are zeros of the function D(t). The points 3; will be called the poles of this function. The 
use of the term “pole” is not completely rigorous because the function D(¢) is not analytic. We shall 
use this term for brevity for a point at which a function (not analytic) tends to infinity with some 
integer order. We write 


kK Me 
Ind D,(t) =v, Sop; =P. So mp =m. 
j=l k=l 
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We seek the solution in the class of functions bounded on the contour. 

Let X(z) be the canonical function of the Riemann problem with coefficient D,(¢). Let us 
substitute the expression D,(t) = X*(t)/X(t) into (43) and rewrite the boundary condition in the 
form 


Gt(t Ot 
a0 _ rw . a 
X+*)[][¢-any x-WO[]e-5;)” 

k=1 jel 


To the last relation we apply the theorem on analytic continuation and the generalized Liouville 
theorem (see Subsection 12.3-1). The points a; and 3; cannot be singular points of the same analytic 
function because this would contradict the assumption that ®*(¢) or ®-(t) be bounded. Hence, the 
only possible singularity is the point at infinity. The order at infinity of X(z) is v, and the order of 


Te 3;)P5 is equal to —p. Hence, the order at infinity of the function ®-(z)/ [x- (z) Te By yrs] 
-v +p. For vy —p = 0 it follows from the generalized Liouville theorem that 


b*(z) 7 &-(z) 


m7 K = P,-»(2), 
X+(2)[J@-any™ = X-@) [[@- 6) 


k=l j=l 


and hence 


Lb K 
B*(z) = X*(z) [[¢ — an)* Pyp(z), PO (z) =X (2) [[¢ — 25)? Pyp(2). (45) 


k=l jel 


If vy —p < 0, then we must set P,_,(z) = 0, and hence the problem has no solutions. 

The boundary value problem with coefficient Dj(¢£) is called the reduced problem. The index v 
of the reduced problem will be called the index of the original problem. Formulas (45) show that 
the degree of the occurring polynomial is less by p than the index v of the problem. 

Hence, the number of solutions of problem (43) in the class of functions bounded on the contour 
is independent of the number of zeros of the coefficient and is diminished by the total number of 
all poles. In particular, if the index is less than the total order of the poles, then the problem is 
unsolvable. If the problem is solvable, then its solution can be expressed by formulas (45) in which 
the canonical function X(z) of the reduced problem can be found by formulas (16) and (17) after 
replacing D(t) by D,(¢) in these formulas. Under the additional condition ©" (co) = 0, the number 
of solutions is diminished by one, and the degree of the polynomial in (45) must be at most v—p-1. 

Now let us extend the class of solutions by assuming that one of the desired functions ®*(z) 
and ®"(z) can tend to infinity with integral order at some points of the contour, and at the same 
time another function remains bounded at these points. We can readily see that this assumption 
implies no modifications at nonexceptional points. Here the boundedness of one of the functions 
automatically implies the boundedness of the other. This is not the case for the exceptional points. 
Let us rewrite the boundary condition (43) in the form 


K He 
[[¢-40"8'® [J @-any™ ow) 


Jal _ kel 
X*(t) 7 X~-(t) =) 


Applying the above reasoning and taking into account the fact that the right-hand side has a pole of 
order v + m at infinity, we obtain the general solution in the form 


L K 
*(z) = X*(z) [[¢ An) * Pram(z), ® (2) = X(z) [[¢ — BYP? Puam(2). (47) 


k=l jel 
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Formulas (47) show that in the class of solutions with admissible polar singularity for one of the 
functions, the number of solutions is greater than that in the class of functions bounded on the 
contour (for v > 0) by the total order of all zeros and poles of the coefficient. 

We now consider the nonhomogeneous problem. Let us write out the boundary condition in the 


form 
iv 
[[¢-ox)"* 
O*(t) = Md (t)@"(#) + H(t). (48) 
[[¢-4)” 
jel 
We can readily see that the boundary condition cannot be satisfied by finite functions &*(t) and ®(t) 
if we assume that H(t) has poles at points that differ from (3; or if at these points, the orders of the 


poles of H(t) exceed p;. Hence, we assume that H(t) can have poles at the points @; only and that 
their orders do not exceed p;. To perform the subsequent reasoning, we must also assume that the 


functions D(t) and [](t- 3;)?) H(t) at the exceptional points are differentiable sufficiently many 
i=l 


: J 
times. 


Just as in the homogeneous problem, we replace D,(¢) by the ratio of the canonical functions 
X*(t)/X~(t) and rewrite the boundary condition (48) in the form 


K : @*(t) _ i ie (t) K Hi) 
Ile B;y? wo “lt Qk) mo * Lt B;)? ray (49) 


On replacing the function defined by the second summand on the right-hand side in (49) by the 
difference of the boundary values of analytic functions 


“ H 
[[¢-8)" 22 =ww-we, 
jel 


X*(t) 
where 
«2, if e gull G) Or 
wors, f [ler ~ A 65 oe (50) 


we reduce the boundary condition to the form 


K 


—*(t) a 7) 
t—G;)Pi _-Writ= t= Mk _saA(t), 
I: BM Fay YO aK any OO 


On applying the theorem on analytic continuation and the generalized Liouville theorem (see 
Subsection 12.3-1), we obtain 


Xt xX7 
B'(2)= © WG) + Pam © @)= BO) + Pin 6D 


[[@-4)” [[@-en™ 
j=l k=1 


In general, the last formulas give solutions that can tend to infinity at the points a, and 3,. Fora 
solution to be bounded it is necessary that the function U*(z) + P,4,(z) have zeros of orders p, at 
the points 3; and the function U~(z) + P,4m(z) have zeros of orders m, at the points a,. These 
requirements form m-+p conditions for the coefficients of the polynomial P,4,,(z). If the coefficients 
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of the polynomial P,4,,(z) are chosen in accordance with the above conditions, then formulas (51) 
give a solution of the nonhomogeneous problem (48) in the class of bounded functions. 

Consider another way of constructing a solution, which is more convenient and based on the 
construction of a special particular solution. 

By the canonical function Y (z) of the nonhomogeneous problem we mean a piecewise analytic 
function that satisfies the boundary condition (48), has zero order everywhere in the finite part of 
the domain (including the points a; and (3;), and has the least possible order at infinity. 

In the construction of the canonical function, we start from the solution given by formulas (51). 
Let us construct a polynomial /,,(z) that satisfies the following conditions: 


U (Bj) = VOB),  +=0,1,...,p;-1, f= Utes hy 
YU (ag) = VO (ar), 1=0,1,...,m,-1, om een 


where W*(3;) and W-(a;) are the values of the ith and the /th derivatives at the corresponding 
points. Thus, 2/,,(z) is the Hermite interpolation polynomial for the functions 


_ J W*(z) at the points 6;, 
ae { W-(z) at the points a, 


with interpolation nodes 3; and a;, of multiplicities p; and mz, respectively (see Subsection 12.3-2). 
Such a polynomial is uniquely determined, and its degree is at mostn = m-+p-1. 

The canonical function of the nonhomogeneous problem can be expressed via the interpolation 
polynomial as follows: 


7 Ane), Y-(2) =X") ea ~Un{Z) 


[[@- 8) [[@-ex)* 
j=l k=1 


Y"(z) = X*(2) (52) 


To construct the general solution of the nonhomogeneous problem (48), we use the fact that 
this general solution is the sum of a particular solution of the nonhomogeneous problem and of the 
general solution of the homogeneous problem. Applying formulas (47) and (52), we obtain 


UL 
O*(z) = ¥*(2) + X*(2) [ [(@-0n)* Pp), 
k=1 


& (2) = ¥-(2) + X-(®) | [@- 6)?! Pp. 


jal 


(53) 


For the case in which v — p < 0, we must set P,_,(z) = 0. Applying formula (52), we readily find 
that the order of Y~(z) at infinity is equal to v-p+1. Ifv < p—1, then Y~(z) has a pole at infinity, 
and the canonical function is no longer a solution of the nonhomogeneous problem. 

However, on subjecting the constant term H(t) to p—v—1 conditions, we can increase the order 
of the functions Y(z) at infinity by p—v —1 and thus again make the canonical function Y(z) a 
solution of the nonhomogeneous problem. Obviously, to this end it is necessary and sufficient that 
in the expansion of the function V(z) —U/,,(z) in a neighborhood of the point at infinity, the first 
p—v—1 coefficients be zero. This gives just p—v —1 solvability conditions of the problem for 
the case under consideration. Let us clarify the character of these conditions. The expansion of 
W(z) -U,,(z) can be represented in the form 


U(z) —Un(2) = —On2” -— On12" 1! — +++ ag tape! tags? 4+ tage tee, 
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where ao, @1, ..., Gy are the coefficients of the polynomial U/,,(z), and the a_, are the coefficients 
of the expansion of the function V(z), which are given by the obvious formula 


H(r)r*- 
a ] Pi : 
b-35 ff Wes eS ee a 
The solvability conditions acquire the form 


An = An-1 = °° * = An-p+v42 = 0. 


If a solution must satisfy the additional condition ®- (co) = 0, then, for v—p > 0, in formulas (53) 
we must take the polynomial P,_,-1(z), and for v — p < 0, p—v conditions must be satisfied. 


12.3-10. The Riemann Problem for a Multiply Connected Domain 


Let D = Lo + £1 +--+ +L be a collection of m+ 1 disjoint contours, and let the interior of the 
contour Lo contain the other contours. By Q* we denote the (m + 1)-connected domain interior 
for Lo and exterior for Ly, ..., Lm. By Q> we denote the complement of * + L in the entire 
complex plane. To be definite, we assume that the origin lies in 0*. The positive direction of the 
contour L is that for which the domain (Qt remains to the left, i.e., the contour Lp must be traversed 
counterclockwise and the contours L),..., Ly, clockwise. 

We first note that the jump problem 


&*(t)-& (t) = Ht) 
is solved by the same formula 


af HA A(r) dr dt 


L T7% 


O(z) = 


as in the case of a simply connected domain. This follows from the Sokhotski—Plemelj formulas, 
which have the same form for a multiply connected domain as for a simply connected domain. 
The Riemann problem (homogeneous and nonhomogeneous) can be posed in the same way as 
for a simply connected domain. 
We write vz, = >, larg D(t)]z, (all contours are passed in the positive direction). By the index 
of the problem we mean the number 
oy ie (54) 


If 1, (k = 1,...,m) are zero for the inner contours, then the solution of the problem has just the 
same form as for a simply connected domain. 
To reduce the general case to the simplest one, we introduce the function 


m 


I[¢ =Zp) 
kel 


where the zz, are some points inside the contours Ly (k = 1,...,m). Taking into account the fact 
that [arg(t — z,)]_, = 0 for k #9 and [arg(t — 2;)|_, =—27, we obtain 


1 7 7 1 i: 
7 (te Le ‘h. = 35, [arate = 23) le: =-V;, jg=l,...,m. 
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Hence, 


lae( Dm ]]e-20)| 20... gaa 
L 


k=1 j 


m 
Let us calculate the increment of the argument of the function D(¢) [] (t—- zx)”* with respect to 


the contour Lo: 


m m 


1 Me 1 1 
se late (pw IIc - a”)| = 5 [are DO)] ,, + x= Dole arg(t — 2w)lzy = 40+) ve =v 


k=l Lo k=l k=l 
Since the origin belongs to the domain (0*, it follows that 
largt];, =0, kK=1,...,m, [arg t],, = 27. 


Therefore, 


arg ( [[«- =)" D0) | = 0. 


k=l L 
1°. The Homogeneous Problem. Let us rewrite the boundary condition 
@*(t) = DH® (A) 


in the form 
7) : tz [[«- aJ"D) ® (0). 
[[¢-w** = 
k=1 


The function t” [| (t — z,)”* D(t) has zero index on each of the contours Ly (k = 1,... 
k=l 


and hence it can be expressed as the ratio 


Ue eo ® 
© T[e-20" DO = Sa, 
k=1 


where 


1 - d 
C= 5 : In (r" IIc- 24)"*DOr)) = 


k=1 


The canonical function of the problem is given by the formulas 
Kiy=| [eet RG ez" eo © 
k=l 
Now the boundary condition (57) can be rewritten in the form 


ot) oO) 
X+(t) X-(t) 
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(55) 


(56) 


(57) 


,m), 


(58) 


(59) 


(60) 


As usual, by applying the theorem on analytic continuation and the generalized Liouville theorem 
(see Subsection 12.3-1), we obtain 


®(2) = [[@-ayeF OP), B@=7’eF P,(). (61) 
k=l 
We can see that this solution differs from the above solution of the problem for a simply 


connected domain only in that the function ®*(z) has the factor [] (z—-z,)’*. Under the additional 


k=l 
condition ®- (oo) = 0, in formulas (61) we must take the polynomial P,_;(z). 
Applying the Sokhotski—Plemelj formulas, we obtain 
Gr (t)= +4 Inft “@D(t)] + GO, 
where G(t) is the Cauchy principal value of the integral (59) and 


m 


Mm) = | ]t- 24)". 


k=1 


On passing to the limit as z — t¢ in formulas (60) we obtain 


ae oe eee 1 
“O=Ven@e® > * ©> Ter@ppeH° 


The sign of the root is determined by the (arbitrary) choice of a branch of the function In[t” 1(@)D@]. 


GO, (62) 


2°. The Nonhomogeneous Problem. By the same reasoning as above, we represent the boundary 
condition 


@*(t) = DH® (t)+ A) (63) 
in the form b(t) 5-(t) 
XH w(t) = XO wv), 


where W(z) is defined by the formula 
1 H(r) drt 
mi J, X*(T) T-z 


W(2)= 5 


This gives the general solution 
O(z) = X(z)[U(z) + PL@)] (64) 
or 
O(z) = X(Z)M[VU(Z) + Lal), (65) 


if the solution satisfies the condition ®-(co) = 0. 
For v < 0, the nonhomogeneous problem is solvable if and only if the following conditions are 
satisfied: 
H(t) 
Lt X*(b) 
where k ranges from 1 to -v — 1 if we seek solutions bounded at infinity and from | to —-v if we 
assume that ®-(co) = 0. 
Under conditions (66), the solution can also be found from formulas (64) or (65) by setting 
P, =0. 
If the external contour Lp is absent and the domain (* is the plane with holes, then the main 
difference from the preceding case is that here the zero index with respect to all contours L; 


t*! dt =0, (66) 


(kK = 1,...,m) is attained by the function [| (t — z,)”* D(é) that does not involve the factor t-”. 


k=l 
Therefore, to obtain a solution to the problem, it suffices to repeat the above reasoning on omitting 
this factor. 
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12.3-11. The Cases of Discontinuous Coefficients and Nonclosed Contours 


Assume that the functions D(¢t) and H(t) in the boundary condition of the Riemann problem (63) 
satisfy the Hélder condition everywhere on L except for points ¢), ..., t;, at which these functions 
have jumps, and assume that Lis aclosed curve. None of the limit values vanishes, and the boundary 
condition holds everywhere except for the discontinuity points at which it makes no sense. 

A solution to the problem is sought in the class of functions that are integrable on the contour. 
Therefore, a solution is everywhere continuous, in the sense of the Holder condition, possibly except 
for the points t;,. For these points, there are different possibilities. 


1°. We can assume boundedness at all discontinuity points, and thus seek a solution that is every- 
where bounded. 


2°. We can assume that a solution is bounded at some discontinuity points and admit an integrable 
singularity at the other discontinuity points. 


3°. We can admit integrable singularity at all points which are admitted by the conditions of the 
problem. 

The first class of solutions is the narrowest, the second class is broader, and the third class is the 
largest. The number of solutions depends on the class in which it is sought, and it can turn out that 
a problem that is solvable in a broader class is unsolvable in a narrower class. 

We make a few remarks on the Riemann problem for nonclosed contours. Assume that a 
contour L consists of a collection of m simple closed disjoint curves Ly, ..., Lm whose endpoints 
are az and by (the positive direction is from a, to b,). Assume that D(t) and H(t) are functions 
given on L and satisfy the Hélder condition, and D(t) # 0 everywhere. 

It is required to find a function ®(z) that is analytic on the entire plane except for the points of 
the contour L, and whose boundary values ®*(¢) and ®-(t), when tending to L from the left and 
from the right, are integrable functions satisfying the boundary condition (63). 

As can be seen from the setting, the Riemann problem for a nonclosed contour principally differs 
from the problem for a closed contour in that the entire plane with the cut along the curve L forms 
a single domain, and instead of two independent analytic functions &*(z) and ®-(z), we must find 
a single analytic function ®(z) for which the contour L is the line of jumps. The problem posed 
above can be reduced to that for a closed contour with discontinuous coefficients. 

The details on the Riemann boundary value problem with discontinuous coefficients and non- 
closed contours can be found in the references cited below. 


12.3-12. The Hilbert Boundary Value Problem 


Let a simple smooth closed contour L and real Hélder functions a(s), b(s), and c(s) of the arc length s 
on the contour be given. 
By the Hilbert boundary value problem we mean the following problem. Find a function 


f(@) = ua, y) + w(@, y) 


that is analytic on the domain + and continuous on the contour for which the limit values of the 
real and the imaginary part on the contour satisfy the linear relation 


a(s)u(s) + b(s)u(s) = c(s). (67) 


For c(s) = 0 we obtain the homogeneous problem and, for nonzero c(s), a nonhomogeneous. 
The Hilbert boundary value problem can be reduced to the Riemann boundary value problem. The 
methods of this reduction can be found in the references cited at the end of the section. 


‘O) References for Section 12.3: F. D. Gakhov (1977), N. I. Muskhelishvili (1992). 
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12.4. Singular Integral Equations of the First Kind 


12.4-1. The Simplest Equation With Cauchy Kernel 


Consider the singular integral equation of the first kind 


bf eo 
mi Jp Tt 


dr = f(t), (1) 


where L is a closed contour. Let us construct the solution. In this relation we replace the variable t 


1 d 
by 7, multiply by — z , integrate along the contour L, and change the order of integration 
Tt 


T= t 
according to the Poincaré—Bertrand formula (see Subsection 12.2-6). Then we obtain 


Lf im 


mt Jp Tit 


er Ces | Cte | a (2) 
wi Jr wh 


bm -tH\(7-1) 


Let us calculate the second integral on the right-hand side of (2): 


| dt 1 | dt a dt 1 y ‘i 
= = (im —i7) = 0. 
u(m-thr-m1) «097 -t\J, 1m -t LT1I-T Tt 


a IO drt. 


mi Jp, Tt 


Thus, 


p(t) = (3) 


The last formula gives the solution of the singular integral equation of the first kind (1) for a closed 
contour L. 


12.4-2. An Equation With Cauchy Kernel on the Real Axis 


Consider the following singular integral equation of the first kind on the real axis: 


af Pas ro, -00 <L< OO. (4) 


TM J_so t-2x 


Equation (4) is a special case of the characteristic integral equation on the real axis (see Subsec- 
tion 13.2-4). In the class of functions vanishing at infinity, Eq. (4) has the solution 


p(x) = on PID) 55 -0<4%<@. (5) 
Tt Joo t-2x 


Denoting f(x) = F(a)i"!, we rewrite Eqs. (4) and (5) in the form 


2 [w= Fe, (x) = : EO oo < x < OO, (6) 


t-2x T digg t-@ 


The two formulas (6) are called the Hilbert transform pair (see Subsection 7.6-3). 
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12.4-3. An Equation of the First Kind on a Finite Interval 


Consider the singular integral equation of the first kind 


t 

ai 20 a= fo, asxsb, (7) 
TJq tr 

on a finite interval. Its solutions can be constructed by using the theory of the Riemann boundary 


value problem for a nonclosed contour (see Subsection 12.3-11). Let us present the final results. 


1°. A solution that is unbounded at both endpoints: 


a: V(t aS t) 
ole) = errs ( 7. "pdt+c), (8) 
where C is an arbitrary constant and 
b 
/ p(t) dt =C. (9) 


2°. A solution bounded at the endpoint a and unbounded at the endpoint b: 


oa € £0 
pa) =——/ 5 aE = (10) 


3°. A solution bounded at both endpoints: 


1 ? f(t) dt 
pla) =-=V/(a- ay Df eat ee (11) 


under the condition that 
> f@®dt | 
a Vit-a)(b-t) — 


Solutions that have a singularity point s inside the interval [a, b] can also be constructed. These 
solutions have the following form: 


(12) 


4°. A singular solution that is unbounded at both endpoints: 


i Jt= 2 b) 


p(x) = f@dt+C, + =), (13) 
rs 


1 
ie ayo 2) ( 
where C' and C are arbitrary constants. 


5°. A singular solution bounded at one endpoint: 


b 
oa) =-+ V@= aba) (/ bet 1G) dt + e ), (14) 


t-at-2x xr-Ss 


where C is an arbitrary constants. 


6°. A singular solution bounded at both endpoints: 


~ e fi) de. <A _ fi f@dt 
H-NET estes) AL eae 
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12.4-4. The General Equation of the First Kind With Cauchy Kernel 


Consider the general equation of the first kind with Cauchy kernel 
1 M(t,7) 
=| er) dr =f), (16) 
mi Jy TA-t 


where the integral is understood in the sense of the Cauchy principal value and is taken over a closed 

or nonclosed contour L. As usual, the functions a(t), f(t), and M(t, 7) on LE are assumed to satisfy 

the Hélder condition, where the last function satisfies this condition with respect to both variables. 
We perform the following manipulation with the kernel: 


M(t,7) _ M@,7r)-M@,t) n M¢,t) 


TW-t TW-t Tt 
and write | M¢.1)-Mib) 
M(t, t) = b(t), a aay, = K(t,7T). (17) 
We can rewrite Eq. (16) in the form 
BO) © dt +f Kt, y(t) dr = fi). (18) 
Tt JT 


It follows from formulas (17) that the function b(t) satisfies the Hélder condition on the entire 
contour L and k(t, 7) satisfies this condition everywhere except for the points with 7 = t at which 
this function satisfies the estimate 


A 
IAG TI < Tax ap O<sA<1. 
The general singular integral equation of the first kind with Cauchy kernel is frequently written in 
the form (18). 

The general singular integral equation of the first kind is a special case of the complete singular 
integral equation whose theory is treated in Chapter 13. In general, it cannot be solved in a closed 
form. However, there are some cases in which such a solution is possible. 

Let the function M(t, 7) in Eq. (16), which satisfies the Hdlder condition with respect to both 
variables on the smooth closed contour L by assumption, have an analytic continuation to the 
domain 9* with respect to each of the variables. If M/(t,t) = 1, then the solution of Eq. (16) can 
be obtained by means of the Poincaré—Bertrand formula (see Subsection 12.2-6). This solution is 


given by the relation 
1 M(t,7) 
a= — | fr) ar. (19) 
md Jp TOE 


Eq. (16) can be solved without the assumption that the function M(t, 7) satisfies the condition 
M(t,t) = 1. Namely, assume that the function M(t, 7) has the analytic continuation to Q* with 
respect to each of the variables and that M(z, z) #0 for z € OF. In this case, the solution of Eq. (16) 
has the form 


1 1 Mt 
mes G7) f@ 4 (20) 
mi Mct,t) J, M(r,7) 7-t 
In Section 12.5, a numerical method for solving a special case of the general equation of the first 
kind is given, which is of independent interest from the viewpoint of applications. 


Remark 1. The solutions of complete singular integral equations that are constructed in Sub- 
section 12.4-4 can also be applied for the case in which the contour L is a collection of finitely many 
disjoint smooth closed contours. 
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12.4-5. Equations of the First Kind With Hilbert Kernel 


1°. Consider the simplest singular integral equation of the first kind with Hilbert kernel 


Qn 
ae cot( £5") y()dé = f(z), OS x<2n, (21) 
0 


under the additional assumption 
2a 
p(x) dz = 0. (22) 
0 


Equation (21) can have a solution only if a solvability condition is satisfied. This condition is 
obtained by integrating Eq. (21) with respect to x from zero to 27 and, with regard for the relation 


Qn 
| cot( £5") dx = 0, 
0 2: 


Qn 


becomes 


f(x) dx =0. (23) 
0 
To construct a solution of Eq. (21), we apply the solution of the simplest singular integral 
equation of the first kind with Cauchy kernel by assuming that the contour L is the circle of unit 
radius centered at the origin (see Subsection 12.4-1). We rewrite the equation with Cauchy kernel 
and its solution in the form 


= i Oe SAW), (24) 
wJp T-t 

1 
a=—— [| 2O ar, 25) 


which is obtained by substituting the function ¢;(t) instead of y(t) and the function f,(¢)i7! instead 
of f(t) into the relations of 12.4-1. 

We set t = e’” and 7 = e®§ and find the relationship between the Cauchy kernel and the Hilbert 
kernel: 


a = 5o0t( $5") dea Sat (26) 


On substituting relation (26) into Eq. (24) and into the solution (25), with regard to the change of 
variables y(a) = y;(t) and f(x) = f(t) we obtain 


27 ae - Qn 
aa cot( £5") y(é) dé + x / y(é) dé = f(x), (27) 
0 T Jo 


1 Qn $. . 20 
ae)=-5- | cot( £5") fedg- 5 J fede. (28) 
T Jo 2; 20 ) 


Equation (21), under the additional assumption (22), coincides with Eq. (27), and hence its 
solution is given by the expression (28). Taking into account the solvability conditions (23), on the 
basis of (28) we rewrite a solution of Eq. (21) in the form 


1 20 = 
gta) =-5- [ * eot( £57) reat, 29) 
T Jo 2 


Formulas (21) and (29), together with conditions (22) and (23), are called the Hilbert inversion 
formula. 
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Remark 2. Equation (21) is a special case of the characteristic singular integral equation with 
Hilbert kernel (see Subsections 13.1-2 and 13.2-5). 


2°. Consider the general singular integral equation of the first kind with Hilbert kernel 


1 Qn = 
N(a,€) cot( £57) (6) dé = f(a). (30) 


20 


Let us represent its kernel in the form 


N(a, €) cot <—* = [N(x - N(a,2)] cot ct g 5 z 


+ N(x, x) cot 


We introduce the notation 


N(x, x) = —-0(@), > [N(a,&)- N(a,2)] cot g > = K(z,6), 1) 
and rewrite Eq. (30) as follows: 
b Qn — Mn 
ora ; cor(S*) ede + J Kw. 8p6) df = F(a), (32) 


It follows from formulas (31) that the function b(x) satisfies the H6lder condition, whereas the 
kernel K(x, ) satisfies the Hélder condition everywhere except possibly for the points x = €, at 
which the following estimate holds: 


K(x, 8)| < —- Az=const<oo, O<A<1. 


The general singular integral equation of the first kind with Hilbert kernel is frequently written in 
the form (32). It is a special case of the complete singular integral equation with Hilbert kernel, 
which is treated in Subsections 13.1-2 and 13.4-8. 


@) References for Section 12.4: F. D. Gakhov (1977), F. D. Gakhov and Yu. I. Cherskii (1978), S. G. Mikhlin and 
S. Prossdorf (1986), N. I. Muskhelishvili (1992), I. K. Lifanov (1996). 


12.5. Multhopp—Kalandiya Method 


Consider a general singular integral equation of the first kind with Cauchy kernel on the finite interval 


[-1, 1] of the form ; 
1 t) dt 1 
| poe. s / K(e, ty(t) dt = f(a). (1) 
=i 


mJy) t-2x 


This equation frequently occurs in applications, especially in aerodynamics and 2D elasticity. 
We present here a method of approximate solution of Eq. (1) under the assumption that this 
equation has a solution in the classes indicated below. 


12.5-1. A Solution That is Unbounded at the Endpoints of the Interval 


According to the general theory of singular integral equations (e.g., see N. I. Muskhelishvili (1992)), 
such a solution can be represented in the form 


oi= Wz) 
V1—22’ 


(2) 
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where ~(x) is a bounded function on [-1, 1]. Let us substitute the expression (2) into Eq. (1) and 
introduce new variables @ and 7 by the relations x = cos@ andt =cost,O0<0<7,0<7<7. In 
this case, Eq. (1) becomes 


vy aCOS a ae + i K(cos 6, cos T)¢x(cos T) dr = f (cos 2). (3) 
0 


mT Jo cost—cosé 


Let us construct the Lagrange interpolation polynomial for the desired function (a) with the 


Chebyshev nodes 
2m-1 


Im =COSOy, Om = Tr, m=1,...,n 
2n 
This polynomial is known to have the form 
pee cosné sin 0; 
In(w;cos #) = — =) 6,) ——_———_.. 4 
(cos 8) = — ny ie eee arse) (4) 


Note that for each / the fraction on the right-hand side in (4) is an even trigonometric polynomial 
of degree < n — 1. We define the coefficients of this polynomial by means of the known relations 


[ oA EY a ee (5) 
mT Jo costT—cosé sin 6 
and rewrite (4) in the form 
n-l 
Dy (; cos 8) = 3 w(cos 67) S- cos m6) cos mé — — 3 yy(cos 87). (6) 


m=0 


On the basis of the above two relations we write out the following quadrature formula for the 
singular integral: 


1 f' y(t)dt 
= f Oe = — Yeo 09 Seo md, sinmé. (7) 


This formula is exact for the case in which w(t) is a polynomial of order < n — | in t. 
To the second integral on the left-hand side of Eq. (1), we apply the formula 


‘Pdr le 
= P(cos 61), 8 
‘ive ae eee v 


which holds for any polynomial P(x) of degree < 2n — 1. In this case, by (8) we have 
= vi K(a, typ(t) dt = Ss K(cos 0, cos 6))~)(cos 67). (9) 
I=1 


On substituting relations (7) and (9) into Eq. (1), we obtain 


2 
nsin@ 


os w(cos 67) 3 cos m6) sin md + — 3 K(cos 0, cos 6;)~(cos 6;) = f(cos 6). (10) 


m=l 
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By setting 0 = 0; (k = 1,...,n) and with regard to the formula 


n-1 


1 0, £6 
> cos mj sin md, = 5 cot S S (11) 


m=l 


where the sign “plus” is taken for the case in which |k — l| is even and “minus” if |k — | odd, we 
obtain the following system of linear algebraic equations for the approximate values v of the desired 
function ~(«) at the nodes: 


Se anv =f, fr=f(cosO,), k=1,...,n, 
=I (12) 


1 1 0, £0 
Gk = | cot — : + K(cos 6,, cos 4) |. 


sin 0; 2 


After solving the system (12), the corresponding approximate solution to Eq. (1) can be found 
by formulas (2) and (4). 


12.5-2. A Solution Bounded at One Endpoint of the Interval 


In this case we set 


ela) = 1/5 —* (2), (13) 
x 


where ¢(x) is a bounded function on [—1, 1]. 
We take the same interpolation nodes as in Section 12.5-1, replace ¢(x) by the polynomial 


cos né@ sin 6, 


Ln(Gse08) = ~ S“(-1)!"'C(cos 1) 4) 


= cos 6 —cos 6)’ 


and substitute the result into the singular integral that enters the expression (1). Just as above, we 
obtain the following quadrature formula: 


1 
ah p(t) dt _ _ 7 1- cos 8 Seo 09S cost snr 9 loos. (15) 


t-—2x oad 


This formula is exact for the case in which ¢(¢) is a polynomial of order < n — 1 int. 
The formula for the second summand on the left-hand side of the equation becomes 


yh K (a, Hy) dt = — "$711 ~c0s 6) K (eos cos 9;)C(cos 07). (16) 
l=1 


This formula is exact if the integrand is a polynomial in t of degree < 2n — 2. 

On substituting relations (15) and (16) into Eq. (1) and on setting 0 = 6; (k = 1,...,), with 
regard to formula (11), we obtain a system of linear algebraic equations for the approximate values ¢, 
of the desired function ¢(x) at the nodes: 


S bail = fis fi = f(cosO,), kK=1,...,n, 
i=l (17) 
O;, Oy, + 6; 


1 0 
bet = tan — cot 142sin? — K(cos 6x, cos 6;)}. 
n 2 2 2 


After solving the system (17), the corresponding approximate solution to Eq. (1) can be found 
by formulas (13) and (14). 
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12.5-3. Solution Bounded at Both Endpoints of the Interval 


A solution of Eq. (1) that is bounded at the endpoints of the interval vanishes at the endpoints, 


gl) = y(-l) = 0. (18) 


Let us approximate the function y(x) by an even trigonometric polynomial of # constructed for the 
interpolation nodes that are the roots of the corresponding Chebyshev polynomial of the second kind: 


k 

i= sb (62. Rete. (19) 
n+l 
This polynomial has the form 
2 n n 

M,,(y; cos @) = aad yD (cos 67) » sin m6, sin m0. (20) 

We thus obtain the following quadrature formula: 

1 f' p@dt 2< “ 

: [ Ae re oy (cos 7) S- sin m9, cos mé. (21) 


l=1 m=l1 


This formula holds for any odd trigonometric polynomial y(x) of degree < n. 
To the regular integral in Eq. (1) we apply the formula 


1 n 
/ V1-2? P(a) de = —"— ~ sin® 6; P(cos 6), (22) 
-| r+ 1 i=l 
whose accuracy coincides with that of formula (8). On the basis of (22), we have 
Lif tee. 
— | K(a,t(t) dt = —— S- sin 0, K(cos 0, cos 6;)y(cos 6). (23) 
mw Jy n+1 rea 


On substituting relations (21) and (23) into Eq. (1) and on setting 6 = 0; (kK = 1,...,n), we 
obtain a system of linear algebraic equations in the form 


So ceiyn = fas k=1,...,n, 
i (24) 


0 for even |k —]|, 
1 for odd |k — lI, 


Ckl = 


- sin 6, 2EKI 
n+ 


+ K(cos 6x, cos@))|, Ex = 
cos 0; — cos 6; 
where f;, = f(cos 6;,) and y; are approximate values of the unknown function v(x) at the nodes. 
After solving system (24), the corresponding approximate solution is defined by formula (20). 
When solving a singular integral equation by the Multhopp—Kalandiya method, it is important 
that the desired solutions have a representation 
g(x) = (1-2)*(1 + 2)’ x(a), (25) 
where a = + B= oo and x(x) is a bounded function on the interval with well-defined values 
at the endpoints. If the representation (25) holds, then the method can be applied to the complete 
singular integral equation, which is treated in Chapter 13. 
In the literature cited below, some other methods of numerical solution of singular integral 
equations are discussed as well. 


@) References for Section 12.5: A. I. Kalandiya (1973), N. I. Muskhelishvili (1992), S. M. Belotserkovskii and I. K. Lifanov 
(1993), and I. K. Lifanov (1996). 
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Chapter 13 


Methods for Solving Complete 
Singular Integral Equations 


13.1. Some Definitions and Remarks 


13.1-1. Integral Equations With Cauchy Kernel 


A complete singular integral equation with Cauchy kernel has the form 


a(t)p(t) + =| weNe) y(r) dr = f(t), ?=-l, (1) 
mt Jp TAt 


where the integral, which is understood in the sense of the Cauchy principal value, is taken over a 
closed or nonclosed contour L and ¢ and 7 are the complex coordinates of points of the contour. It is 
assumed that the functions a(t), f(t), and M(#, 7) given on L and the unknown function y(t) satisfy 
the Holder condition (see Subsection 12.2-2), and M(t,7) satisfies this condition with respect to 
both variables. 

The integral in Eq. (1) can also be written in a frequently used equivalent form. To this end, we 
consider the following transformation of the kernel: 


Mtt,r) _ Mit,7r)-M@,b) i M¢t,t) 


rt Tt rT-t (2) 
where we set iM uM 
Mee Ry 2 aa: (3) 
Tt T-t 
In this case Eq. (1), with regard to (2) and (3), becomes 
a(t)p(t) + 7) if er) dt +f Kt, y(t) dr = f). (4) 
mt Jp, Tt L 


It follows from formulas (3) that the function 6(t) satisfies the Hélder condition on the entire 
contour L and k(t, 7) satisfies the Hélder condition everywhere except for the points 7 = t, at which 
one has the estimate 


A 
|K(t, T)| < jr—ep’ A = const < 00, O<sA< 1. 
TR 


Naturally, Eq. (4) is also called a complete singular integral equation with Cauchy kernel. The 


1 
functions a(t) and b(t) are called the coefficients of Eq. (4), 
2 


; is called the Cauchy kernel, and 
the known function f(t) is called the right-hand side of the equation. The first and the second terms 
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on the left-hand side of Eq. (4) form the characteristic part or the characteristic of the complete 
singular equation and the third summand is called the regular part, and the function K(t, 7) is called 
the kernel of the regular part. It follows from the above estimate for the kernel of the regular part 
that K(t, 7) is a Fredholm kernel. 

For Eqs. (1) and (4) we shall use the operator notation 


Kiyo] = fO, (5) 


where the operator K is called a singular operator. 


The equation 


b 
K°[y(t)] = a(t)p(t) + oO aD) 4 


= f@) (6) 


is called the characteristic equation corresponding to the complete equation (4), and the operator K° 
is called the characteristic operator. 
For the regular part of the equation we introduce the notation 


K [p= ip K(t,r)g(r) dr, 


where the operator K, is called a regular (Fredholm) operator, and we rewrite the complete singular 
equation in another operator form: 


K[y(t)] = K°[y@®] + Kile] = fO, (7) 


which will be used in what follows. 
The equation 


bro) 


Tt 


“ 1 
Kd] = aOy® — — - dr + tl K(r, t)(r) dr = g(), (8) 
L L 
obtained from Eq. (4) by transposing the variables in the kernel is said to be transposed to (4). The 
operator K* is said to be transposed to the operator K. 
In particular, the equation 


1 bi 
K[HHl= ave -— | verdr =a) 0) 


is the equation transposed to the characteristic equation (6). It should be noted that the operator K°* 
transposed to the characteristic operator K° differs from the operator K*° that is characteristic for 
the transposed equation (9). The latter is defined by the formula 
#0 “ vO) 4 
K™Y@)] = aOy® - T. (10) 
bre Maes oa 
Throughout the following we assume that in the general case the contour L consists of m + 1 
closed smooth curves L = Lo + L; +--+ + L,. For equations with nonclosed contours, see, for 
example, the books by F. D. Gakhov (1977) and N. I. Muskhelishvili (1992). 


Remark 1. The above relationship between Eqs. (1) and (4) that involves the properties of these 
equations is violated if we modify the condition and assume that in Eq. (1) the function M(t, 7) 
satisfies the Hélder condition everywhere on the contour except for finitely many points at which M 
has jump discontinuities. In this case, the complete singular integral equation must be represented 
in the form (4) with separated characteristic and regular parts in some way that differs from the 
transformation (2) and (3) because the above transformation of Eq. (1) does not lead to the desired 
decomposition. For equations with discontinuous coefficients, see the cited books. 


© 1998 by CRC Press LLC 


13.1-2. Integral Equations With Hilbert Kernel 


A complete singular integral equation with Hilbert kernel has the form 


QT 
a(x)p(x) + DE Nebo aa 
27 Jo 2 


p(f) dg = f(x), (1) 


where the real functions a(x), f(a), and N(a, €) and the unknown function v(x) satisfy the Hélder 
condition (see Subsection 12.2-2), with the function N (a, €) satisfying the condition with respect to 
both variables. 

The integral equation (11) can also be written in the following equivalent form, which is 
frequently used. We transform the kernel as follows: 


N(a, €) cot a = [N(w,@- N(a,2)] cot cs NCR CAS 5 ban (12) 
where we write 
N(a, x) = -0(2), > [N(a,&)- N(a,2)] cot c* = KG): (13) 
In this case, Eq. (11) with regard to (12) and (13) becomes 
acargte)— M2 cot S$ evacs [” Ke. 928 = Je (14) 


It follows from formulas (13) that the function 6(x) satisfies the Holder condition, and the ker- 
nel K(x, €) satisfies the Hélder condition everywhere except possibly for the points 7 = € at which 
the following estimate holds: 


|\K (2, 8] < os Az=const<oo, O<A<1. 

The equation in the form (14) is also called a complete singular integral equation with Hilbert 
kernel. The functions a(x) and 6(x) are called the coefficients of Eq. (14), cot| 5 (€ - x)] is called the 
Hilbert kernel, and the known function f(x) is called the right-hand side of the equation. The first 
and second summands in Eq. (14) form the so-called characteristic part or the characteristic of the 
complete singular equation, and the third summand is called its regular part; the function K(x, €) is 
called the kernel of the regular part. 

The equation 


Qn 
a(x)p(x) - “ cot § _ 
0 


is called the characteristic equation corresponding to the complete equation (14). 
As usual, the above and the forthcoming equations whose right-hand sides are zero everywhere 
on their domains are said to be homogeneous, and otherwise they are said to be nonhomogeneous. 


p(f) dé = f(a), (15) 


13.1-3. Fredholm Equations of the Second Kind on a Contour 


Fredholm theory and methods for solving Fredholm integral equations of the second kind presented 
in Chapter 1 1 remain valid if all functions and parameters in the equations are treated as complex ones 
and an interval of the real axis is replaced by a contour L. Here we present only some information 
and write the Fredholm integral equation of the second kind in the form that is convenient for the 
purposes of this chapter. 
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Consider the Fredholm integral equation 


p(t) + a | Ke. T)p(T) dr = f(t), (16) 


where L is a smooth contour, ¢ and 7 are complex coordinates of its points, y(t) is the desired 
function, f(t) is the right-hand side of the equation, and K(t, 7) is the kernel. 

If for some A, the homogeneous Fredholm equation has a nontrivial solution (or nontrivial 
solutions), then A is called a characteristic value, and the nontrivial solutions themselves are called 
eigenfunctions of the kernel K(t, 7) or of Eq. (16). 

The set of characteristic values of Eq. (16) is at most countable. If this set is infinite, then its 
only limit point is the point at infinity. To each characteristic value, there are corresponding finitely 
many linearly independent eigenfunctions. The set of characteristic values of an integral equation 
is called its spectrum. The spectrum of a Fredholm integral equation is a discrete set. 

If \ does not coincide with any characteristic value (in this case the value / is said to be regular), 
i.e., the homogeneous equation has only the trivial solution, then the nonhomogeneous equation (16) 
is solvable for any right-hand side f(t). 

The general solution is given by the formula 


p(t) = f= f Retr N) f(r) dr, (17) 


where the function R(t, 7; A) is called the resolvent of the equation or the resolvent of the kernel 
c(t, rT) and can be expressed via K(t, 7). 

If a value of the parameter \ is characteristic for Eq. (16), then the homogeneous integral 
equation 


p(t) +A ; K(t, r)p(1) dr = 0, (18) 
L 
as well as the transposed homogeneous equation 
w(t) + | K(z, y(t) dt = 0, (19) 
L 


has nontrivial solutions, and the number of solutions of Eq. (18) is finite and is equal to the number 
of linearly independent solutions of Eq. (19). 
The general solution of the homogeneous equation can be represented in the form 


g(t) = 5° Crpe(t), (20) 
k=l 
where x(t), ..., Yn(t) is a (complete) finite set of linearly independent eigenfunctions that corre- 


spond to the characteristic value A, and C;, are arbitrary constants. 
If the homogeneous equation (18) is solvable, then the nonhomogeneous equation (16) is, in 
general, unsolvable. This equation is solvable if and only if the following conditions hold: 


| f(t)vx(t) dt = 0, (21) 


where {w;,(t)} (k = 1,...,) is a (complete) finite set of linearly independent eigenfunctions of the 
transposed equation that correspond to the characteristic value 4. 
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If conditions (21) are satisfied, then the general solution of the nonhomogeneous equation (16) 
can be given by the formula (e.g., see Subsection 11.6-5) 


ptt) = f)- | Rg(t,7; f(r) dr + Y~ Creer), (22) 


k=1 


where R,(t,7; A) is called the generalized resolvent and the sum on the right-hand side of (22) is 
the general solution of the corresponding homogeneous equation. 
Now we consider an equation of the second kind with weak singularity on the contour: 


a+ | RO? cena = 70, 23) 
zt IT-tl° 

where M(t,7) is a continuous function and 0 < a < 1. By iterating we can reduce this equation 
to a Fredholm integral equation of the second kind (e.g., see Remark | in Section 11.3). It has all 
properties of a Fredholm equation. 

For the above reasons, in the theory of singular integral equations it is customary to make no 
difference between Fredholm equations and equations with weak singularity and use for them the 
same notation 


M(t,7) 
Jz —t|@ 


a+r f KU rIeo)dr =0, K(t,T) = », Osa<l. (24) 
L 
The integral equation (24) is called simply a Fredholm equation, and its kernel is called a Fredholm 
kernel. 

If in Eq. (24) the known functions satisfy the Hélder condition, and M(t,7T) satisfies this 
condition with respect to both variables, then each bounded integrable solution of Eq. (24) also 
satisfies the Hdlder condition. 


Remark 2. By the above estimates, the kernels of the regular parts of the above singular integral 
equations are Fredholm kernels. 


Remark 3. The complete and characteristic singular integral equations are sometimes called 
singular integral equations of the second kind. 


@) References for Section 13.1: F. D. Gakhov (1977), F. G. Tricomi (1985), S. G. Mikhlin and S. Préssdorf (1986), 
A. Dzhuraev (1992), N. I. Muskhelishvili (1992), I. K. Lifanov (1996). 


13.2. The Carleman Method for Characteristic Equations 


13.2-1. A Characteristic Equation With Cauchy Kernel 


Consider a characteristic equation with Cauchy kernel: 
é b(t) (7) 
K’[p@)] = ay) + — | ol dr = f(t), () 
mt Jp Tt 


where the contour L consists of m+ 1 closed smooth curves L = Lp + L) +--+: +Lm. 

Solving Eq. (1) can be reduced to solving a Riemann boundary value problem (see Subsec- 
tion 12.3-10), and the solution of the equation can be presented in a closed form. 

Let us introduce the piecewise analytic function given by the Cauchy integral whose density is 
the desired solution of the characteristic equation: 


eee ‘ cau (2) 
L 


271 T-Z 
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According to the Sokhotski—Plemelj formulas (see Subsection 12.2-5), we have 


y(t) = &*(1)-O(), 


= PO dp = O() + O(. 


Tt J TA 


On substituting (3) into (1) and solving the resultant equation for &*(t), we see that the piecewise 
analytic function ®(z) must be a solution of the Riemann boundary value problem 


b*(t) = DH® (t) + HO, (4) 
ear ()-b) fO) 
a — 
(OF gaeey M OF a+ . 


Since the function @(z) is represented by a Cauchy type integral, it follows that this function must 
satisfy the additional condition 
® (co) = 0. (6) 


The index v of the coefficient D(t) of the Riemann problem (4) is called the index of the integral 
equation (1). On solving the boundary value problem (4), we find the solution of Eq. (1) by the first 
formula in (3). 

Thus, the integral equation (1) is reduced to the Riemann boundary value problem (4). To 
establish the equivalence of the equation to the boundary value problem we note that, conversely, 
the function y(t) that is found by the above-mentioned method from the solution of the boundary 
value problem necessarily satisfies Eq. (1). 

We first consider the following normal (nonexceptional) case in which the coefficient D(t) of 
the Riemann problem (4) admits no zero or infinite values, which amounts to the condition 


a(t) + b(t) #0 (7) 


for Eq. (1). To simplify the subsequent formulas, we assume that the coefficients of Eq. (1) satisfy 
the condition 
a*(t)— b(t) = 1. (8) 


This can always be achieved by dividing the equation by \/a?(t) — b2(t). 

Let us write out the solution of the Riemann boundary value problem (4) under the assumption 
v = 0 and then use the Sokhotski—Plemelj formulas to find the limit values of the corresponding 
functions (see Subsections 12.2-5, 12.3-6, and 12.3-10): 


1 AC 1 1 HG 1 
=X] 5 ato Pal), ro=xO| ; two 5Pia(t)|, ©) 


where 
1 H(r) dr 


wi J, X*(T) 7-t 


WO=5 (10) 


The arbitrary polynomial is taken in the form -$P,1(t), which is convenient for the subsequent 
notation. 
Hence, by formula (3) we have 


X(t) 
X*(t) 


x-(t) 
X*(t) 


ett) = 514 Jao+xro|t |[¥o Pe). 
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Representing the coefficient of the Riemann problem in the form D(t) = X*(t)/X~(#) and replacing 
the function W(¢) by the expression on the right-hand side in (10), we obtain 


“1 r : 1 ]f1 f H@® ar 1 
= 51+ Gey |HO+x lt nal m/sec gy: 


Finally, on replacing X*(t) by the expression (62) in Subsection 12.3-10 and substituting the 
expressions for D(¢) and H(t) given in (5), we obtain 


b(t) Z(t) fir) dr 


alt) = af Bere 


+ bO)Z0) Pi), (1) 


where 
me) 


Z(t) = [alt) + OIA") = (a) — HOIX = Faas 


G(t) = x i In [tte ot an Ti@) = Sze)", 
L 


a(t) + b(r) | T-t’ a 


(12) 


and the coefficients a(t) and b(t) satisfy condition (7). Here II(¢) = 1 for the case in which L is a 
simple contour enclosing a simply connected domain. Since the functions a(t), b(t), and f(t) satisfy 
the Holder condition, it follows from the properties of the limit values of the Cauchy type integral 
that the function ¢y(¢) also satisfies the Hélder condition. 

The last term in formula (11) is the general solution of the homogeneous equation (f(t) = 0), 
and the first two terms form a particular solution of the nonhomogeneous equation. 

The particular solution of Eq. (1) can be represented in the form R[ f(t)], where R is the operator 
defined by 
b(t) Z(t) f@) dr 

, 27) T-t 


RIO] = aOfO 
In this case, the general solution of Eq. (1) becomes 
g(t) = RISOl+ > cree, (13) 
k=l 
where y;z(t) = b)Z(t)t*! (k = 1,2,...,v) are the linearly independent eigenfunctions of the 
characteristic equation. 


If v < 0, then the Riemann problem (4) is in general unsolvable. The solvability conditions 


A(7) 
Lt X*(7) 


rl dr =0, he a, (14) 


for problem (4) are the solvability conditions for Eq. (1) as well. 
Replacing H(r) and X*(r) by their expressions from (5) and (12), we can rewrite the solvability 
conditions in the form 


[ Foto, k=1,2,...,-v. (15) 


If the solvability conditions hold, then the solution of the nonhomogeneous equation (4) is given 
by formula (11) for P,_; = 0. 
1.° If v > 0, then the homogeneous equation K°[y(t)] = 0 has v linearly independent solutions 


pr(t) = OZ ot", BEA DX 
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2.° If v < 0, then the homogeneous equation is unsolvable (has only the trivial solution). 

3.° If v 2 0, then the nonhomogeneous equation is solvable for an arbitrary right-hand side f(t), 
and its general solution linearly depends on vy arbitrary constants. 

4.° If v < 0, then the nonhomogeneous equation is solvable if and only if its right-hand side f 
satisfies the —v conditions, 


k-1 


t 
[ emremar=o. Ve) = ZO (16) 


The above properties of characteristic singular integral equations are essentially different from 
the properties of Fredholm integral equations (see Subsection 13.1-3). With Fredholm equations, if 
the homogeneous equation is solvable, then the nonhomogeneous equation is in general unsolvable, 
and conversely, if the homogeneous equation is unsolvable, then the nonhomogeneous equation 
is solvable. However, for a singular equation, if the homogeneous equation is solvable, then 
the nonhomogeneous equation is unconditionally solvable, and if the homogeneous equation is 
unsolvable, then the nonhomogeneous equation is in general unsolvable as well. 

By analogy with the case of Fredholm equations, we introduce a parameter ) into the kernel of 
the characteristic equation and consider the equation 


mo 2 


a(t)p(t) + =0. 


As shown above, the last equation is solvable if 


a(t) — b(t) 


NY ya ABE 


The index of a continuous function changes by jumps and only for the values of A such that 
a(t) = Ab(t) = 0. If in the complex plane \ = A; +7A2 we draw the curves \ = ta(t)/b(t), then these 
curves divide the plane into domains in each of which the index is constant. Thus, the characteristic 
values of the characteristic integral equation occupy entire domains, and hence the spectrum is 
continuous, in contrast with the spectrum of a Fredholm equation. 


13.2-2. The Transposed Equation of a Characteristic Equation 


The equation 


K™ [UY] = ay 


~ | WT)WT) Gy (17) 
Tm Jp 6T t 


which is transposed to the characteristic equation K°[y(t)] = f(t), is not characteristic. However, 
the substitution 


b(typ(t) = w(t) (18) 


reduces it to a characteristic equation for the function w(¢): 
b(t 
Oa ee ah “oO dr = W(t)g(t). (19) 


From the last equation we find w(t), by the formula obtained by adding (17) to (18), and 
determine the desired function ~(#): 


= 1 1 w(T) 
aera Eo "i i oe + (0). 
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Introducing the piecewise analytic function 


&,(2) = — — | au (20) 
2nt Jr TZ 
we atrive at the Riemann boundary value problem 
t) + b(t b(t)g(t 
Ort) = BOF OD) aca Og® (21) 


a(t)— b(t) * a(t) — b(t)” 


The coefficient of the boundary value problem (21) is the inverse of the coefficient of the Riemann 
problem (4) corresponding to the equation K°[y(t)] = f(t). Hence, 
a(t) + b(¢) a(t) — b(t) 


v* = Ind erie Ind CRe eee (22) 


Note that it follows from formulas (17) in Subsection 12.3-4 that the canonical function X*(z) for 
Eq. (21) and the canonical function X (z) for (4) are reciprocal: 


1 
X*(z)= =. 

a> @ 
By analogy with the reasoning in Subsection 13.2-1, we obtain a solution of the singular integral 
equation (17) for v* = -—v = 0 in the form 


ea OH 4 
t) = a(t)g(t) + px i(t 23 
WO =ada+ | rt Ql (23) 
where Z(t) is given by formula (12) and Q,»«_;(t) is a polynomial of degree at most v* — 1 with 
arbitrary coefficients. If v* = 0, then we must set Q,«_)(t) = 0. 
If v* =-v <0, then for the solvability of Eq. (17) it is necessary and sufficient that 


ih ot) Z(t)gt)t*! dt=0, k=1,2,...,-0%, (24) 
L 


and if these conditions hold, then the solution is given by formula (23), where we must set Q,*_)(t) = 
0. 

The results of simultaneous investigation of a characteristic equation and the transposed equation 
show another essential difference from the properties of Fredholm equations (see Subsection 13.1-3). 
Transposed homogeneous characteristic equations cannot be solvable simultaneously. Either they 
are both unsolvable (v = 0), or, for a nonzero index, only the equation with a positive index is 
solvable. 

We point out that the difference between the numbers of solutions of a characteristic homoge- 
neous equation and the transposed equation is equal to the index v. 

Assertions 1° and 2° and assertions 3° and 4° in Subsection 13-2.1 are called, respectively, 
the first Fredholm theorem and the second Fredholm theorem for a characteristic equation, and the 
relationship between the index of an equation and the number of solutions of the homogeneous 
equations K° [y(t)] = 0 and K°*[z(t)] = 0 is called the third Fredholm theorem. 


13.2-3. The Characteristic Equation on the Real Axis 


The theory of the Cauchy type integral (see Section 12.2) shows that if the density of the Cauchy 
type integral taken over an infinite curve vanishes at infinity, then the properties of the integral for 
the cases in which the contour is finite and infinite are essentially the same. Therefore, the theory 
of singular integral equations on an infinite contour in the class of functions that vanish at infinity 
coincides with the theory of equations on a finite contour. 
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Just as for the case of a finite contour, the characteristic integral equation 


bx) f° vr) 
aaypa)+—— f= dr= fa) (25) 
can be reduced by means of the Cauchy type integral 
1 Co 
w=55 | Par (26) 
271 Joo T-Z% 


and the Sokhotski—Plemelj formulas (see Subsection 12.2-5), to the following Riemann boundary 
value problem for the real axis (see Subsection 12.3-8): 


en, a(t) — D(a) 5 f(a) 
®* (x) = seta) (x) + eS HE oO<2< OO. (27) 
We assume that 
a*(x)—b°(x) = 1, (28) 


because Eq. (25) can always be reduced to case (28) by the division by ,/a2(t) — b2(¢). Note that the 
index v of the integral equation (25) is given by the formula 


_ a(x) — b(a) 
vy =In aC EG) TOG: (29) 
In this case for v = 0 we obtain 
v b(a)Z(a) f° fr) dr Py(z) 
p(x) = a(x) f(x) mi hes BG E + (2) Z(x) +o’ (30) 


where 


-\ -v/2 
Z (a) = [a(a) + b(@)]X* (a) = [a(e) - ba) X“(@) = (=) aaa 


t 


_ tl ff, [fr-t\% ar)-b@)]_dr 
aay= = | in| (7=) Oo 


—CO 


For the case in which v < 0 we must set P,_1(@) = 0. For v < 0, we must also impose the solvability 
conditions 


PP: ade _ : 
—00 ZEEE k=1,2,...,—-v. (1) 


For the solution of Eq. (25) in the class of functions bounded at infinity, see F. D. Gakhov (1977). 
The analog of the characteristic equation on the real axis is the equation of the form 


W(x) f° x= 2 vl) 
atxye(uy+ <2 | dr = fa), (32) 
Tt Jog T-2% T-# 
where zo is a point that does not belong to the contour. For this equation, all qualitative results 
obtained for the characteristic equation with finite contour are still valid together with the formulas. 
In particular, the following inversion formulas for the Cauchy type integral hold: 


ieies: / ORO ie as + ih a es (33) 


T-2T-2 6 T-2%T-2 
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13.2-4. The Exceptional Case of a Characteristic Equation 


In the study of the characteristic equation in Subsection 13-2.1, the case in which the functions 
a(t) + b(t) can vanish on the contour L was excluded. The reason was that the coefficient D(t) of 
the Riemann problem to which the characteristic equation can be reduced has in the exceptional 
case zeros and poles on the contour, and hence this problem is outside the framework of the general 
theory. Let us perform an investigation of the above exceptional case. 

We assume that the coefficients of the singular equations under consideration have properties 
that provide the additional differentiability requirements that were introduced in the consideration 
of exceptional cases of the Riemann problem (see 12.3-9). 

Consider a characteristic equation with Cauchy kernel (1) under the assumption that the functions 
a(t)—b(t) and a(t)+b(¢) have zeros on the contour at the points a1,...,a,, and 3; ..., 3), respectively, 
of integral orders, and hence are representable in the form 


bh n 
a(t) — b(t) = [[@-ax)y™r(), a(t) + 6) = | [(¢-8;)"* s@), 


k=l j=l 


where r(¢) and s(t) vanish nowhere. We assume that all points a, and 3; are different. 
Assume that the coefficients of Eq. (1) satisfy the relation 


He n 
a(t) -0°(t) = | [@- ax) []¢-8;)?? = Aol). (34) 


k=l jel 


The equation under consideration can be reduced to the above case by dividing it by \/s(t)r(¢). 
In the exceptional case, by analogy with the case studied in Subsection 13.2-1, Eq. (1) can be 
reduced to the Riemann problem 


7) 
[[@-en”™ 

om= = __pwo-w+, 20 _. (35) 
[[e-3)” [[@- 4)" s® 
j=l 


j=l 


where D,(t) = r(t)/s(t). The solution of this problem in the class of functions that satisfy the 
condition ®(0o) = 0 is given by the formulas 


&*(z)= = 2 [W"(z) -U,(z) + Ao(z)P.-pi2)I, 
[[@-6” 
as oe (36) 
Oa [UW (z) -U, (2) + A(AP pil), 
[[@-ex)" 
k=1 
where ; fn) 4 
T T 
baer | s(t)X*(r) Tz" oe 


and U/,(z) is the Hermite interpolation polynomial (see Subsection 12.3-2) for the function Y(z) 
of degree p = m+ p-—1 with nodes at the points a; and {;, respectively, and of the multiplicities 
My and p,;, respectively, where m = 5° mx and p = S>p;. 
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We regard the polynomial U/,(z) as an operator that maps the right-hand side f(t) of Eq. (1) to 
the polynomial that interpolates the Cauchy type integral (37) as above. Let us denote this operator 
by 

sTIf(®] =U,(). (38) 


Here the coefficient ; is taken for the convenience of the subsequent manipulations. 
Furthermore, by analogy with the normal case, from (36) we can find 


Jyh ca Oy fd: FO) 1 fa) dr 1 1 
a ae: E s@)X*(t) » 2ni [ Xr) rot 2 OI 5 Aol Pe pa, 
[[¢-6)” 
j=l 
seed Xe) 1 fd) 1 fa) dr 1 1 
Pay | 2 s)X*( \ 2ni ‘A Xn rot 2 Ol 5 Aol P pO 
[[@-e«)" 
k=1 


We introduced the coefficient -4 in the last summands of these formulas using the fact that the 


coefficients of the polynomial P,_,_;(¢) are arbitrary. Hence, 


wees to AOL I f(r)dr 
g(t) = 8*(t)-& (= ap tato| = - meas UO! Aol Pepa, (39) 
where 
X(t X(t Xt(t X(t 
AW=— ® : On, . Ress : (t) : Om 
2[[¢-6)" 2] [e-ox)™ 2] [¢-6)" 2] J[@-a.y 
j=l k=1 gal k=1 
We write 
Z(t) = s(t)X*(t) = (XO), (40) 


and, applying relation (34), represent formula (39) as follows: 


b(t) Z(t) f@ dt 
} Lt Z(7) T-t 


laos (t) + dO) Zt)T(F co + DD) Z(t) Pypa@). 


1 
p(t) = AW 


Let us introduce the operator R,[f(t)] by the formula 


1 OYAG d 
RISOl=s ap [anso-OO | LO semzorioy). a 
and finally obtain 
ott) = RiLFO] + (DZ) Pry (42) 


Formula (42) gives a solution of Eq. (1) for the exceptional case in which y—p > 0. This 
solution linearly depends on 1 —p arbitrary constants. If v—p <0, then the solution exists only under 
p-—v special solvability conditions imposed on f(t), which follow from the solvability conditions 
for the Riemann problem (35) corresponding to this case. 
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13.2-5. The Characteristic Equation With Hilbert Kernel 


Consider the characteristic equation with Hilbert kernel 


b Qn ™ 
a(ayg(a)~ <> [cot $=" pO dé = fo) (43) 


Just as the characteristic integral equation with Cauchy kernel is related to the Riemann boundary 
value problem, so the characteristic equation (43) with Hilbert kernel can be analytically reduced to 
a Hilbert problem in a straightforward manner. In turn, the Hilbert problem can be reduced to the 
Riemann problem (see Subsection 12.3-12), and hence the solution of Eq. (43) can be constructed 
in a closed form. 

For v > 0, the homogeneous equation (43) (f(x) = 0) has 2v linearly independent solutions, and 
the nonhomogeneous problem is unconditionally solvable and linearly depends on 2v real constants. 

For v < 0, the homogeneous equation is unsolvable, and the nonhomogeneous equation is 
solvable only under —2v real solvability conditions. 

Taking into account the fact that any complex parameter contains two real parameters, and 
a complex solvability condition is equivalent to two real conditions, we see that, for v # 0, the 
qualitative results of investigating the characteristic equation with Hilbert kernel completely agree 
with the corresponding results for the characteristic equation with Cauchy kernel. 


13.2-6. The Tricomi Equation 


The singular integral Tricomi equation has the form 


Pf 1 
(a) af (= Ecag MOM =F, O<r<l. (44) 


The kernel of this equation consists of two terms. The first term is the Cauchy kernel. The second 
term is continuous if at least one of the variables x and € varies strictly inside the interval [0, 1]; 
however, for x = € = 0 and for x = € = 1, this kernel becomes infinite and is nonintegrable in the 
square {OS 7<1,0<S€< 1}. 

By using the function 


Lek: A 1 
ey ae (1 aay mee, 


which is piecewise analytic in the upper and the lower half-plane, we can reduce Eq. (44) to the 
Riemann problem with boundary condition on the real axis. The solution of the Tricomi equation 
has the form 


owl ge) (1 ote 
Wo= e|fo+ | Sanger (ea aap PO4| ee 


2 

a= —arctan(Am) (-l<a<1), _ tan = =Ar (2<() <0), 
T 

where C is an arbitrary constant. 


‘O) References for Section 13.2: P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. D. Gakhov (1977), F. G. Tricomi (1985), 
N. I. Muskhelishvili (1992). 
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13.3. Complete Singular Integral Equations Solvable in a 
Closed Form 


In contrast with characteristic equations and their transposed equations, complete singular 
integral equations cannot be solved in the closed form in general. However, there are some cases in 
which complete equations can be solved in a closed form. 


13.3-1. Closed-Form Solutions in the Case of Constant Coefficients 


Consider the complete singular integral equation with Cauchy kernel in the form (see Subsec- 
tion 13.1-1) 


atyp(t)+ 2 f © 
via) 


ars | Kt, y(t) dr = f, (1) 
L 


ptt 
where L is an arbitrary closed contour. Let us show that Eq. (1) can be solved in a closed form if 
a(t) =a and b(t) = b are constants and K (t, 7) is an arbitrary function that has an analytic continuation 
to the domain 9* with respect to each variable. 

Under the above assumptions, Eq. (1) has the form 


1 Mt 
ay(t)+ = | OD oir) dr =f), 2) 
mt Jp, TAt 
where M(t, 7) = b+ ri(t —7T)K(t,T), so that M(t, t) = b = const. Let b# 0. We write 
1 M 
vO= i OD conyar. @) 
mm Jr Tt 


According to Subsection 12.4-4, the function y(t) can be expressed via w(t) and u(t) can be 
expressed via y(t). Then we rewrite Eq. (2) as follows: 


ay(t) + byt) = f@. (4) 
On applying the operation (3) to this equation, we obtain 
aip(t) + bp(t) = w(t), (5) 
ie 1 Mt 
w(t) =~ | An) f(r) dr. 


By solving system (4), (5) we find y(#): 


a 1 1 M¢t,7T) 
ott)= laf Se feryar| 6) 


under the assumption that a # +b. 

Thus, for a # +b and for a kernel K(¢, 7) that can be analytically continued, Eq. (1) or (2) is 
solvable and has the unique solution given by formula (6). 

Equation (1) was studied above for b # 0. This assumption is natural because, for b = 0, Eq. (1) 
is no longer singular. However, the Fredholm equation obtained for b = 0, that is, 


a(t) + | Kt, Nyt) dr = fi)" a = const, (7) 
L 
is solvable in a closed form for a kernel /(¢, 7) that has analytic continuation. 


Let a function K(t, 7) have an analytic continuation to the domain Q* with respect to each of 
the variables and continuous for ¢,7 € L. In this case, the following assertions hold. 
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1°. The function 


®*(t) = i) K(t, 7)y(r) dr 
L 


has an analytic continuation to the domain (* for any function y(t) satisfying the Hélder condition. 


2°. Ifa function y*(t) satisfying the Hélder condition has an analytic continuation to the domain (0*, 
then 


| K(t, r)y*(7) dr = 0. (8) 
L 
This implies the relation 
| Kt, Ash K(7, 71) (11) dr dr = 0 (9) 
L L 


for each function y(t) (satisfying the Hélder condition). Therefore, it follows from (7) that 


a | K(t,T)p(7) dr = | K(t, 7) f (7) dr, 
L Es 
and hence 


a2 


1 
y(t) = aero f Ke. ngenvar], (10) 


Therefore, if a kernel K(t,7) is analytic in the domain (* with respect to each of the variables 
and continuous for t,7 € L, then Eq. (7) is solvable for each right-hand side, and the solution is 
given by formula (10). 


13.3-2. Closed-Form Solutions in the General Case 


Let us pass to the general case of the solvability of Eq. (1) in a closed form under the condition that 
a function K(t, 7)[a(t) + b(t)! is analytic with respect to 7 and meromorphic with respect to ¢ in 
the domain 97. 

For brevity, we write 


K[e@] - | Ke, T) Q(T) dr 


and note that 
K,[y*()] = 0 (11) 


for each function y*(t) that has an analytic continuation to the domain *. By setting y(t) = 
y*(t)- y(t) and with regard to (11), we reduce Eq. (1) to a relation similar to that of the Riemann 
problem: 


+ 1 7 = = 
OO~ a yyy RIP l= DOW + HO, (12) 
a (t)— bt) f(t) 
a — 
PO= Tern” 8° TH+ 


By assumption, we have 


n 


mr) = [[e-2)", (13) 


k=1 


IGT). ANE a) 
a(t)+ b(t)“ T+(t) ’ 


where z,% € (* and mz are positive integers and the function A*(t, 7) is analytic with respect to t 
and with respect to 7 on (2*. 
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Relation (12) becomes 
Oy (+A Te O] = IP ODOyr © + AOI, (14) 


where A®* is the integral operator with kernel A*(t,7). Since the function A*[y (¢)] is analytic 
on (*, it follows that the last relation is an ordinary Riemann problem for which the functions 
I*(y*(t) +A*[y (d)] and w(t) can be defined in a closed form, and hence the same holds for y(t). 
Namely, let us rewrite the function D(t) in the form D(t) = X*(t)/X(t), where X*(z) is the 
canonical function of the Riemann problem, and reduce relation (14) to the form in which the 
generalized Liouville theorem can be applied (see Subsection 12.3-1). We arrive at a polynomial 


of degree at most vy — 1+ 5° m, with arbitrary coefficients (for the case in which v + )> mx > 0). 
k=1 k=l 
However, the presence of the factor II*(t) (on y*(t)), which vanishes in Q* with total order of zeros 


>> mx, clearly reduces the number of arbitrary constants in the general solution. 
k=l 

Remark 1. Following the lines of the discussion in Subsection 13.3-2 we can treat the case in 
which the kernel A(t, 7) is meromorphic with respect to 7 as well. In this case, Eq. (1) can be 
reduced to a Riemann problem of the type (12) and a linear algebraic system. 


Remark 2. The solutions of a complete singular integral equation that are constructed in Sec- 
tion 13.3 can be applied for the case in which the contour L is a collection of finitely many disjoint 
smooth closed contours. 

Example 1. Consider the equation 


He i EY ear S70): (15) 
ni Jr 


T-t 


where L is an arbitrary closed contour. 
Note that the function M(t, 7) = cos(7 —t) has the property M(t, t) = 1. Therefore, it remains to apply formula (6), and 
thus for (15) we have 


mat I cos(T — t) td 
oO = a4 laro-— f Aa? firydr|, A#+1, 


Example 2. Consider the equation 


rine f MP aar = 10, (16) 
Ti Jy (T-t) 


where L is an arbitrary closed contour. 
The function M(t, 7) = sin(7 — t)/(7 — t) has the property M(t,t) = 1. Therefore, applying formula (6), for (16) we 

obtain 

1 sin(r — t) 


mi Jr (r—-t)? 


1 
y(t) = Yd ano fry], A##I1. 


@ Reference for Section 13.3: F. D. Gakhov (1977). 


13.4. The Regularization Method for Complete Singular 
Integral Equations 


13.4-1. Certain Properties of Singular Operators 


Let K, and K, be singular operators, 


1 Mit 
K, [y(t] = a,(t)e(t) + — | eo eae (1) 
mt Jp TAH 


K,[w(6)] = an(tw(t) + | MNO vite (2) 
mi Jp Tt 


The operator K = KK, defined by the formula K[y(t)] = Ky [Ki [y(t)]] is called the composition 
or the product of the operators K; and Ko. 
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Let us form the expression for the operator K, 


1 Mit 
Kiy()] = KK lo] = a(t lane tf M2 00) ar| 
geld, Gf ae) lane at | WATTAY oe an| ae (3) 
mi Jp Tt wi Jr TA-T 


and select its characteristic part. To this end, we perform the following manipulations: 


[= Mitt, 6D gender = Milt yf ee AO ars | sae SL A 
L L 


T-t 
[sszten g(r) r+ | a, (7) Mot, T) — a1 (t) Mot, t) (4) 
L TWt L 


pirdr=aoaatt. | 27a or) dr, 
1 Had 
Mo(t,7) M(t, 7) Mir, 71) 5 
Lb Tut (m1 -T)(7 -t) 
Here we applied the Poincaré—Bertrand formula (see Subsection 12.2-6). We can see that all kernels 
of the integrals of the last summands on the right-hand sides in (4) are Fredholm kernels. 
We write 


T-t 


dr i MD) pay dm =n Mat Mie DoW + | (ri) dry 
L TT L L 


M(t,t) = 61), Matt, t) = bo(t) (5) 


and see that the characteristic operator K° of the composition (product) K of two singular operators 
K, and K, can be expressed by the formula 


az(t)b\(t) + boar) f[ y(r) 


Tt 


K°[p(t)] = (K2K1)°[p)] = azar) + HO Ole® + dr. (6) 
Let us write out the operator K, and K, in the form (3) with explicitly expressed characteristic 
parts: 


b 
Kile zany) + 2 ah OO) a | Kilt, Nolr)dr, (7) 


K,[w()] = ao(t)w(t) + bx 0 dtr +f y(t, T)w(7) dr. (8) 
L 


Thus, the coefficients a(t) and b(t) of the characteristic part of the product of the operators K; 
and K, can be expressed by the formulas 


a(t) = az(t)ay(t) + b2(t)bi(t), —D(t) = aa(t)bi (t) + ba art). (9) 


These formulas do not contain regular kernels k; and kz and are symmetric with respect to the 
indices 1 and 2. This means that the characteristic part of the product of singular operators depends 
neither on their regular parts nor on the order of these operators in the product. 

Thus, any change of order of the factors, as well as a change of the regular parts of the factors, 
influences the regular part of the product of the operators only and preserves the characteristic part 
of the product. 

Let us calculate the coefficient of the Riemann problem that corresponds to the characteristic 
operator (K2K,)°: 


a(t)- bt) _ [artt)— br) [ar(t) — bi) 
es -_ = Do(t)Di(), 10 
“ a(t) + b(t) [a2(t) + bo(#)] [ay (t) + 61H] 2(t)D) (t) (10) 


where we denote by 


_ aj(t)— bi) _ ap(t) — b(t) 
O=TOr OD O> ahr ro 


© 1998 by CRC Press LLC 


the coefficients of the Riemann problems that correspond to the operators K? and K;. This means 
that the coefficient of the Riemann problem for the operator (K2K,)° is equal to the product of 
the coefficients of the Riemann problems for the operators Kj and KS, and hence the index of the 
product of singular operators is equal to the sum of indices of the factors: 


v= +1. (12) 
In its complete form, the operator K,K, is defined by the expression 


b(t) © 


KKile)] = abet) + Tare | Kitrenar, 


where a(t) and b(t) are defined by formulas (9). For a regular kernel K(t,7), on the basis of 
formulas (4) we can write out the explicit expression. 

For a singular operator K and its transposed operator K* (see Subsection 13.1-1), the following 
relations hold: 


[ voxioond= f extra 
L L 
for any functions y(t) and w(t) that satisfy the Holder condition, and 


(K2K,)* = K{K3. 


13.4-2. The Regularizer 


The regularization method is a reduction of a singular integral equation to a Fredholm equation. The 
reduction process itself is known as regularization. 

If a singular operator K is such that the operator K2Kj is regular (Fredholm), i.e., contains no 
singular integral (b(t) = 0), then Ko is called the regularizing operator with respect to the singular 
operator K, or, briefly, a regularizer. Note that if Ky is a regularizer, then the operator Kj K 2 is 
regular as well. 

Let us find the general form of a regularizer. By definition, the following relation must hold: 


b(t) = az(t)bi(t) + b2(t)ai(t) = 0, (13) 


which implies that 
az(t) = gait), b(t) = —g(t)bi (d), (14) 


where g(t) is an arbitrary function that vanishes nowhere and satisfies the Hélder condition. 
Hence, if K is a singular operator, 


“ ee 


K[y@] = aye) + — aT +f K(t, T)p(7) dr, (15) 


then, in general, the regularizer K can be expressed as follows: 


gO) | ea eae : K(t, nw(r) dr, (16) 
Tt LT—t L 


K[w(d)] = g@alt)w(t) 


where K(t, 7) is an arbitrary Fredholm kernel and g(t) is an arbitrary function satisfying the Hélder 
condition. 

Since the index of a regular operator (b(t) = 0) is clearly equal to zero, it follows from the 
property of the product of operators that the index of the regularizer has the same modulus as the 
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index of the original operator and the opposite sign. The same fact can be established directly by 
the form of a regularizer (16) from the formula 


a(t)—b(t) _ a(t)+ b(t) 
a(t)+b(t) a(t)-bv(t) Dit)’ 


Thus, for any singular operator with Cauchy kernel (15) of the normal type (a(t) + b(t) #0), there 
exist infinitely many regularizers (16) whose characteristic part depends on an arbitrary function g(t) 
that contains an arbitrary regular kernel K(t, 7). 

Since the elements g(t) and K(t, 7) are arbitrary, we can choose them so that the regularizer 
will satisfy some additional conditions. For instance, we can make the coefficient of y(t) in the 
regularized equation be normalized, i.e., equal to one. To this end we must set g(t) = [a2(t)-b?(t)]"! 
If no conditions are imposed, then it is natural to apply the simplest regularizers. These can be 
obtained by setting g(t) = 1 and K(t, 7) = 0 in formula (16), which gives the regularizer 


D(t)= 


b 
K[w(t)] = K"*fw)} = atutty - 2 2 {= aaa (17) 
or we can set g(t) = | and K(t,7) = aie BOO). and obtain 
1 T-t 
K[w())] = K**[w)] = att) — | pee (18) 
mt Jp, Tt 


The simplest operators K*° and K°* are most frequently used as regularizers. 

Since the multiplication of operators is not commutative, we must distinguish two forms of 
regularization: left regularization, which gives the operator KK, and right regularization which 
leads to the operator KK. On the basis of the above remark we can claim that a right regular- 
izer is simultaneously a left regularizer, and vice versa. Thus, the operation of regularization is 
commutative. 

If an operator K is a regularizer for an operator K, then, in turn, the operator K is a regularizer 
for the operator K. The operators K; Ky and K>K, can differ by a regular part only. 


13.4-3. The Methods of Left and Right Regularization 
Let a complete singular integral equation be given: 


b 
Kly(t)] = a(t)y(t) + oO ae 


pe +f Kt, rye(t) dr = f@. (19) 


Three methods of regularization are used. The first two methods are based on the composition 
of a given singular operator and its regularizer (left and right regularization). The third method 
differs essentially from the first two, namely, the elimination of the singular integral is performed 
by solving the corresponding characteristic equation. 


1°. Left regularization. Let us take the regularizer (16): 


K[w)] = g(ta(t)w(t) IOOO ‘i Me ies | K(t, nw(r) dr. (20) 
Tt L7T-t L 


On replacing the function w(t) in K[w(t)] with the expression K[y(t)] — f(t) we arrive at the 
integral equation 
KK[y(t)] = KL). (21) 
By definition, KK is a Fredholm operator, because K is a regularizer. Hence, Eq. (21) is a Fredholm 
equation. Thus, we have transformed the singular integral equation (19) into the Fredholm integral 
equation (21) for the same unknown function y(t). 
This is the first regularization method, which is called left regularization. 
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2°. Right Regularization. On replacing in Eq. (19) the desired function by the expression (20), 


g(t) = K[w(t)], (22) 
where w(t) is anew unknown function, we arrive at the integral equation 
K[w(t)] = fO, (23) 


which is a Fredholm equation as well. Thus, from the singular integral equation (19) for the unknown 
function y(t) we passed to the Fredholm integral equation for the new unknown function w(t). 

On solving the Fredholm equation (23), we find a solution of the original equation (19) by 
formula (22). The application of formula (22) requires integration only (a proper integral and a 
singular integral must be found). 

This is the second method of the regularization, which is called right regularization. 


13.4-4. The Problem of Equivalent Regularization 


In the reduction of a singular integral equation to a regular one we perform a functional transformation 
over the corresponding equation. In general, this transformation can either introduce new irrelevant 
solutions that do not satisfy the original equation or imply a loss of some solutions. Therefore, in 
general, the resultant equation is not equivalent to the original equation. Consider the relationship 
between the solutions of these equations and find out in what cases these equations are equivalent. 


1°. Left Regularization. Consider a singular equation 


K[y@)] = f® (24) 
and the corresponding regular equation 
K{y@] = KIO). (25) 
Let us write out Eq. (25) in the form 
K[K[y@] - f®] = (26) 


Since the operator K is homogeneous, it follows that each solution of the original equation (24) 
(a function that vanishes the expression K[y(t)] — f(£)) satisfies Eq. (26) as well. Hence, the left 
regularization implies no loss of solutions. However, a solution of the regularized equation need not 
be a solution of the original equation. 

Consider the singular integral equation corresponding to the regularizer 


K[w(t)] = 0. (27) 


Let w(t), ..., Wp(t) be a complete system of its solutions, i.e., a maximal collection of linearly 
independent eigenfunctions of the regularizer K. 

We regard Eq. (26) as a singular equation of the form (27) with the unknown function w(t) = 
K[y(t)] — f@. We obtain 


P 
Kiy(t)]- f®) = S— ajw;(t), (28) 
jl 
where the a; are some constants. 
We see that the regularized equation is equivalent to Eq. (28) rather than the original equation (24). 
Thus, Eq. (25) is equivalent to Eq. (28) in which a; are arbitrary or definite constants. It may 
occur that Eq. (28) is solvable only under the assumption that all a; satisfy the condition a; = 0. 
In this case, Eq. (25) is equivalent to the original equation (24), and the regularizer defines an 
equivalent transformation. In particular, if the regularizer has no eigenfunctions, then the right-hand 
side of Eq. (28) is identically zero, and it must be equivalent. This operator certainly exists for 
v 20. For instance, we can take the regularizer K*°, which has no eigenfunctions for the case under 
consideration because the index of the regularizer K*° is equal to -v < 0. 
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2°. Right Regularization. Consider Eq. (24) and the corresponding regularized equation 


K[w()] = f@, (29) 


which is obtained by substitution 
K[w(t)] = ep). (30) 


If w;(¢) is a solution of Eq. (29), then formula (30) gives the corresponding solution of the original 
equation 
vj (t) = Klw,(¢)]. 


Hence, the right regularization cannot lead to irrelevant solutions. 
Conversely, assume that ~;,(¢) is a solution of the original equation. In this case a solution of the 
regularized equation (29) can be obtained as a solution of the nonhomogeneous singular equation 


K[w()] = pe (d)s 


however, this solution may be unsolvable. Thus, the right regularization can lead to loss of solutions. 
We have no loss of solutions if Eq. (30) is solvable for each right-hand side. In this case the operator K 
will be an equivalent right regularizer. 


3°. The Equivalent Regularization. The operator K = K*° is an equivalent regularizer for any index; 
for v = 0, we must apply left regularization, while for v < 0 we must use right regularization. 

In the latter case we obtain an equation for a new function w(t), and if it is determined, then 
we can construct all solutions to the original equation in antiderivatives, and it follows from the 
properties of the right regularization that no irrelevant solutions can occur. 

For the other methods of equivalent regularization, see the references at the end of this section. 


13.4-5. Fredholm Theorems 


Let a complete singular integral equation be given: 


K[y(t)] = f@. (31) 


THEOREM |. The number of solutions of the singular integral equation (31) is finite. 


THEOREM 2. A necessary and sufficient solvability condition for the singular equation (31) is 


[ fovswar=o, je=l,...,m, (32) 


Where 7\(t), ..., Wm(t) is a maximal finite set of linearly independent solutions of the transposed 
homogeneous equation K*[w(t)] = 0. (Since the functions under consideration are complex, it 
follows that condition (32) is not the orthogonality condition for the functions f(t) and ~;(t).) 


THEOREM 3. The difference between the number n of linearly independent solutions of the 
singular equation K[y(t)] = 0 and the number m of linearly independent solutions of the transposed 
equation K*[¢(t)] = 0 depends on the characteristic part of the operator K only and is equal to its 
index, 1.€., 

n-M=vV. (33) 


Corollary. The number of linearly independent solutions of characteristic equations is minimal 
among all singular equations with given index v. 
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13.4-6. The Carleman-—Vekua Approach to the Regularization 


Let us transfer the regular part of a singular equation to the right-hand side and rewrite the equation 


as follows: b(t) eS 
ae) + — ae r= f- | K(t,r)g(r) dr, (34) 


or, in the operator form, 
K*[y@)] = f(O-Kile@). (35) 


We regard the last equation as a characteristic one and solve it by temporarily assuming that the 
right-hand side is a known function. In this case (see Subsection 13.2-1) 


bv(t)Z d 
we laos O20) oo ‘ — 


-law [xe T)yp(T) dr ef 


where for v <0 we must set P,_;(¢) =0. Let us reverse the order of integration in the iterated integral 
and rewrite the expression in the last parentheses as follows: 


b(t) Ze) K(11,7) 
‘A lone. T) = | AAG =D an| p(T) dr. 


ZG, a 5 | K(1,7T)¢(7) ar], (36) 


Since Z(t) satisfies the Hélder condition (and hence is bounded) and does not vanish and since 
K (1,7) satisfies the estimate |K (7, 7)| < Alm) —T/? (with 0 < \ < 1) near the point 7; = 7, we can 


see that the entire integral 
- K(1,7) 
————. dy 
Lt 2(n)(1 -t) 


satisfies an estimate similar to that for K (7,7). Hence, the kernel 


b(t) Zt K 
N(t, 7) = a(t) K(t, 7) O20 ll Z ee dr (37) 


is a Fredholm kernel. On transferring the terms with y(t) to the right-hand side, we obtain 


p(t) + | we T)p(7) dr = filt), (38) 


where N(t, 7) is the Fredholm kernel defined by formula (37) and f|(£) has the form 
b(t) Z(t) fq) dr 
1 Lt Z2(7T) T-t 


If the index of Eq. (34) v is negative, then the function must satisfy not only the Fredholm 
equation (38) but also the relations 


K(t,7) k-l = f® io 7 
a 70) t at| ptryar = Za. dt, k=1,2,...,-v. (40) 


Sid) = aOfO + b@)Z(t) Pi). (39) 


Thus, if 1 = 0, then the solution of a complete singular integral equation (34) is reduced to the 
solution of the Fredholm integral equation (38). If v < 0, then Eq. (34) can be reduced to Eq. (38) 
(where we must set P,_;(¢) = 0) together with conditions (40), which can be rewritten in the form 


[ euervetnyar = fe k=1,2,...,-y, 
L 


K(t.7) PO) jr 
Z(t) 1 Zi) 


(41) 
dt, 


pet) = id; eS 


where the ;,(7) are known functions and the f;, are known constants. 
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Relations (41) are the solvability conditions for the regularized equation (38). However, they 
need not be the solvability conditions for the original singular integral equation (34). Some of them 
can be the equivalence conditions for these two equations. Let us select the conditions of these two 
types. 

Assume that among the functions ;,(t) there are precisely h linearly independent functions. We 
can choose the numbering so that these are the functions p;(t), ..., on(t). In this case we have 


i prt) dt = fr, k=1,2,...,h. (42) 
L 
Moreover, the following 7 = |v| — h linearly independent relations must hold: 


aj pit) +--+ + ag p(t) = 0, j= 1,2,...,7. 


Let us multiply the relations in (40) successively by aj1, ..., @j),; and sum the products. Taking 
into account the last relations, we have 


lv] 


Ss pee _ pel. = 
[ fovwar=o, WO = Fey Da aunt > f= 1,2,...,7. (43) 


These relations, which do not involve the desired function y(t), are the necessary solvability 
conditions on the right-hand side f(t) for the original singular equation and the regularized equation 
to be solvable. Relations (42) are the equivalence conditions for the original singular equation and 
the regularized equation. The solution of the Fredholm equation (38) satisfies the original singular 
equation (34) if and only if it satisfies conditions (42). 

Thus, for v 2 0, the regularized equation (38) is equivalent to the original singular equation. 
For v < 0, the original equation is equivalent to the regularized equation (with common solvability 
conditions (43)) together with conditions (42). 


Remark 1. If the kernel of the regular part of a complete singular integral equation with Cauchy 
kernel is degenerate, then by the Carleman—Vekua regularization this equation can be reduced to the 
investigation of a system of linear algebraic equations (see, e.g., S. G. Mikhlin and K. L. Smolitskiy 
(1967)). 


Remark 2. The Carleman—Vekua regularization is sometimes called the regularization by solv- 
ing the characteristic equation. 


13.4-7. Regularization in Exceptional Cases 


Consider the complete singular equation with Cauchy kernel 


K[y(t)] = acytt) + 2 | ripe | K(t, Nolr) dr = ft) (44) 
md Jp, Tt L 


under the same conditions on the functions a(t) + b(t) as above in Subsection 13.2-4. 
We represent this equation in the form 


K°[e)] = f)- [Ke near 


and apply the Carleman—Vekua regularization. In this case by formula (42) of Subsection 13.2-4 we 
obtain the equation 


p(t) +Ri | | Kt, 7) (7) ar| =RifO]+6OZOP,pi®, (45) 
L 
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where the operator R, is defined by formula (41) of Subsection 13.2-4. 

In the expression for the second summand on the left-hand side in (45), the operation R; with 
respect to the variable ¢ commutes with the operation of integration with respect to 7. Therefore, 
Eq. (45) can be rewritten in the form 


ptt) + | Ri [KG 7)] er) dr = RiLfOl + 0OZOP, pi, (46) 


where the superscript t at the symbol of the operator R} means that the operation is performed with 
respect to the variable t. 

Since the operator R; is bounded, it follows that the resulting integral equation (46) is a Fredholm 
equation, and hence the regularization problem for the singular equation (44) is solved. 

It follows from the general theory of the regularization that Eq. (44) is equivalent to Eq. (46) for 
v —p = O and to Eq. (46) and a system of functional equations for v — p < 0. 

In conclusion we note that for the above cases of singular integral equations, the Fredholm 
theorems fail in general. 


Remark 3. Exceptional cases of singular integral equations with Cauchy kernel can be reduced 
to equations of the normal type. 


13.4-8. The Complete Equation With Hilbert Kernel 


Consider the complete singular integral equation with Hilbert kernel (see Subsection 13.1-2) 


b Wr Qn 
a(ayg(o)- > | cot( $5" *) xeyae + f K(e, Qy(@) dé = fla). (47) 


Let us show that Eq. (47) can be reduced to a complete singular integral equation with a kernel 
of the Cauchy type, and in this connection, the theory of the latter equation can be directly extended 
to Eq. (47). Since the regular parts of these two types of equations have the same character, it 
follows that it suffices to apply the relationship between the Hilbert kernel and the Cauchy kernel 
(see Subsection 12.4-5): 


dt 1 €-2 a 

Sr = e0t( 2 ) ag + Sa. (48) 
Hence, 

1 €-2 dt l dr 

5 t( 2 )e= 25-55. oe 


where t = e’* and r = e*§ are the complex coordinates of points of the contour L, that is, the unit 
circle. 

On replacing the Hilbert kernel in Eq. (47) with the expression (49) and on substituting x =-i Int, 
€=-ilnr, and d€ =-i7™! dr, after obvious manipulations we reduce Eq. (47) to a complete singular 
integral equation with Cauchy kernel of the form 


ay(t)o1(t) mo mat ee MD) ars i: K((t,7) dr = fit). (50) 
L 


The coefficient of the Riemann problem corresponding to Eq. (50) is 


7 a(t) + iby (t) a a(x) + 2b(x) 
BO ay(t)—ibi(t) a(x) -ib(x)’ ee 
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and the index is expressed by the formula 


Ind D(t) = 2 Ind[a(x) + ib(x)). (52) 
Example. Let us perform the regularization of the following singular integral equations in different ways: 
t-t! 1 
K[p@)] = t+) e@ + — : en ; i (+t! (7 +77 )e(r) dr = 28’, (53) 
us) Lt-t 2mt JL 


where L is the unit circle. 

The regular part of the kernel is degenerate. Therefore, in the same way as was applied in the solution of Fredholm 
equations with degenerate kernel (see Section 11.2), the equation can be reduced to the investigation of the characteristic 
equation and a linear algebraic equation, and hence it can be solved in a closed form. Thus, we need no regularization. 
However, the equation under consideration is useful in the illustration of general methods because all calculations can be 
performed to the very end. 

For convenience of the subsequent discussion, we first solve this equation. We write 


: | (T+ Tt Yep(r) dr=A, (54) 
L 


2m% 
and write out the equation in the characteristic form: 


t-t! 
+e )g(t)+ | OO) op = 22 + AEE), 
Td LgT-t 
For the corresponding Riemann boundary value problem 
O*(t) = tO (t+ t+ FA +E), (55) 


we have the index v = —2, and the solvability conditions (see Subsection 13.2-1) hold for A = 0 only. In this case, ®*(z) = z 
and ®-(z) = 0. This gives a solution to Eq. (53) in the form y(t) = &*(t) — ®-(t) = t. On substituting the last expression into 
Eq. (54) we see that this relation holds for A = 0. Hence, the given equation is solvable and has a unique solution of the form 


p(t) = t. 


1°. Left Regularization. Since the index of the equation v = —2 < 0 is negative, it follows that any its regularizer has 
eigenfunctions (at least two linearly independent), and hence the left regularization leads, in general, to an equation that is 
not equivalent to the original one. 

We first consider the left regularization by means of the simplest regularizer K*°. Let us find the linearly independent 
eigenfunctions of the equation 


=i 
K*°[w(t)) = (t+ wt) - = | OMT) Sy 


Tt Ltt 
The corresponding Riemann boundary value problem 
O*(t) =O (t) 
now has the index v = 2. We can find the eigenfunctions of the operator K*° by the formulas of Subsection 13.2-1 and obtain 
wi(t)=1-t7, wo(t)=t-t?. 


On the basis of the general theory (see Subsection 13.4-4), the regular equation K*° K[y(t)] = K*°[f()] is equivalent 
to the singular equation: 
K[p()] = f) + awit) + a2ur(t), (56) 
where a; and a2 are constants that can be either arbitrary or definite. Taking into account Eq. (54), we write out Eq. (56) in 
the form of a characteristic equation: 


Syed 
creyos ef LO dr 228 + AEE) + a(t) + 0n(t- 7). 
7 L 


The corresponding Riemann boundary value problem has the form 
B*(t) = tO (t+ t+ FAL +t?) + Fae! +4) + Fan(1-t”). 
Its solution can be represented as follows: 
O(z)=z4+ 4A + 402, ®(z)= xe loz + (ay — A)z —ayz4). 
The solvability conditions give a, = 0 and a2 = A. In this case, the solution of Eq. (56) is defined by the formula 
y(t) = &*(t) - Ot) =t + A. 


On substituting the above expression for p(t) into Eq. (54) we obtain the identity A = A. Hence, the constant a2 = A remains 
arbitrary, and the regularized equation is equivalent not to the original equation but to the equation 


K[y@)] = f@) + a242@), 


which has the solution y(t) = t + A, where A is an arbitrary constant. The last function ¢ satisfies the original equation only 
for A =0. 
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2°. Right Regularization. For a right regularizer we take the simplest operator K*°. By setting 


t-¢! 
g(t) = K*°[w(t)] = (t+ w(t) - —— | 2 ar, (57) 
Tr LgT-t 
we obtain the following Fredholm equation with respect to the function w(t): 
1 
KK*° [w(t)] = w(t) - i [e(r? 147?) +201 tr? +3477) - 2777 u(r) dr = Ft. (58) 
mt JL 


The last equation is degenerate. On solving it we obtain 
w(t) = 4? +a(t-t!)+BU-t), 
where a and @ are arbitrary constants. 


Thus, the regularized equation for w(t) has two linearly independent solutions, while the original equation (53) has a 
unique solution. On substituting the above expression for w(t) into formula (57) we obtain 


p(t) =K*° [4 +at-t') + BU-t%)] =t, 


where y(t) is the (unique) solution of the original singular equation. The result agrees with the general theory because, for a 
negative index, the right regularization by means of the operator K*° is an equivalent regularization. 


3°. The Carleman—Vekua Regularization. This method of regularization is performed by formulas (36)-(39). However, we 


must recall that these formulas can be applied only for an equation such that a(t) — b*(¢) = 1. Therefore, we must first divide 
Eq. (53) by two. In this case, we have 


a=4(t+t'), b=t(t-t'), fm=vt, Kin =-zott hirer, X*@e=l1, Zt)=(at+bX* =t, 
TU 


| 2 
Aw=ferrhe-TO* f Te, 
L 


2m0 T T-t 

1 1 t-t')t(r+7! +7! d 1 
NG.7)=-2 +9 eer trys et 2 f Se -(r+71), 

2 Ani Qri- Ari L TI ™1-t Qni 
The regularized equation has the form 

1 
y(t) - <— | (r+ p(n) dr = t. (59) 
20% 7 


To this equation we must add conditions (41) for k = 1,2. This equation is degenerate, and on solving it we find the general 
solution y(t) = t + A, where A is an arbitrary constant. Let us write out conditions (42) and (43). Here we have 


K(t fal 
pxtr)= f (7) get gp @ 747 fawete at, k= 1,2, 
L Z(t) Ani TG 
f@® 


pir)=0, pralry=-Lir +r), faz f FOtrae= f that fre p se: 


The functions p;(t) and p2(t) are linearly dependent. The dependence aj; p1(t) +--+ + j|,|pP\r|(t) = 0 (see Subsec- 
tion 13.4-6) has the form 


a p(t) + 0- p2(t) = 0. 
Hence, the solvability condition (43) holds identically. The equivalence condition (42) 


| pr(t)p(r)dr =—-4 1 (r+7'\(r+ A)dr =0 
L L 


holds for A = 0 only. Hence, among the solutions to the regularized equation, y(t) = t + A, only the function y(t) = t satisfies 
the original equation. 


‘O) References for Section 13.4: F. D. Gakhov (1977), S. G. Mikhlin and S. Préssdorf (1986), N. I. Muskhelishvili (1992). 
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Chapter 14 


Methods for Solving 
Nonlinear Integral Equations 


14.1. Some Definitions and Remarks 


14.1-1. Nonlinear Volterra Integral Equations 


Nonlinear Volterra integral equations can be represented in the form 
/ K(a,t, y(t) dt = F(x, y(x)), (1) 


where Kr (a, t, y(t)) is the kernel of the integral equation and y(x) is the unknown function (a< x <b). 
All functions in (1) are usually assumed to be continuous. 

The form (1) does not cover all possible forms of nonlinear Volterra integral equations; however, 
it includes the types of nonlinear equations which are most frequently used and studied. A nonlinear 
integral equation (1) is called a Volterra integral equation in the Urysohn form. 

In some cases, Eq. (1) can be rewritten in the form 


i K(a,t, y@)) dt = f(a). (2) 


Equation (2) is called a Volterra equation of the first kind in the Urysohn form. Similarly, the 
equation 


yo) | K(2,t,y@) dt = f(a), (3) 


is called a Volterra equation of the second kind in the Urysohn form. 
By the substitution u(x) = y(x) — f(x), Eq. (3) can be reduced to the canonical form 


u(x) = i bare u(t)) dt, (4) 


where KC (a t, u(t)) is the kernel* of the canonical integral equation. 
The kernel K (z, t, y(t) is said to be degenerate if 


K (x,t, y®) = >> ge(a)he(t, yO). 


k=1 


* There are another ways of reducing Eq. (3) to the form (4) for which the form of the function K may be different. 
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If in Eq. (1) the kernel is K (x,t, y(t)) = Q(z, t)®(t, y), where Q(z, t) and ®(¢, y) are known 
functions, then we obtain the Volterra integral equation in the Hammerstein form: 


/ Q(z, )®(t, yD) dt = F(x, y(a)). (5) 


In some cases Eq. (5) can be rewritten in the form 


/ Q(x, t)®(t, y() dt = f(a). (6) 


Equation (6) is called a Volterra equation of the first kind in the Hammerstein form. Similarly, an 
equation of the form 


ya) | Q(x, )®(t, yD) dt = f(a), (7) 


is called a Volterra equation of the second kind in the Hammerstein form. 
It is possible to reduce Eq. (7) to the canonical form 


ue) = / ; Q(z, t)®.(t, w(t)) dt, (8) 


where u(x) = y(x) — f(x). 


Remark 1. Since a Volterra equation in the Hammerstein form is a special case of a Volterra 
equation in the Urysohn form, the methods discussed below for the latter are certainly applicable to 
the former. 


Remark 2. Some other types of nonlinear integral equations with variable limits of integration 
are considered in Chapter 5. 


14.1-2. Nonlinear Equations With Constant Integration Limits 


Nonlinear integral equations with constant integration limits can be represented in the form 


b 
i) K (a, t, y(t)) dt = F(z, y(2)), as<xs QZ, (9) 


where Ic (a t, y(t)) is the kernel of the integral equation and y(z) is the unknown function. Usually, 
all functions in (9) are assumed to be continuous and the case of a = a and (@ = b is considered. 
The form (9) does not cover all possible forms of nonlinear integral equations with constant 
integration limits; however, just as the form (1) for the Volterra equations, it includes the most 
frequently used and most studied types of these equations. A nonlinear integral equation (1) with 
constant limits of integration is called an integral equation of the Urysohn type. 
If Eq. (9) can be rewritten in the form 


b 
/ K (a, t, y(t) dt = f(2), (10) 


then (10) is called an Urysohn equation of the first kind. Similarly, the equation 


b 
yx) | K(a,t,y@) dt = f(a), (1) 


is called an Urysohn equation of the second kind. 
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An Urysohn equation of the second kind can be rewritten in the canonical form 


b 
u(x) = f K (ca, t, u(t)) dt. (12) 


Remark 3. Conditions for existence and uniqueness of the solution of an Urysohn equation are 
discussed below in Subsections 14.3-4 and 14.3-5. 

If in Eq. (9) the kernel is K (x,t, y(t)) = Q(x, t)®(t, yt), and Q(a, t) and ®(t, y) are given 
functions, then we obtain an integral equation of the Hammerstein type: 


b 
i) Q(z, t)®(t, yd) dt = F(x, y(2)), (13) 


where, as usual, all functions in the equation are assumed to be continuous. 
If Eq. (13) can be rewritten in the form 


b 
/ Q(x, H(t, yD) dt = f(a), (14) 


then (14) is called a Hammerstein equation of the first kind. Similarly, an equation of the form 


b 
roe i" Q(x. t)H(t,y(d)) dt = f(r), (15) 


is called a Hammerstein equation of the second kind. 
A Hammerstein equation of the second kind can be rewritten in the canonical form 


b 
ula) = ‘| Q(x, )®.(t, u(t)) dt. (16) 


The existence of the canonical forms (4), (8), (12) and (16) means that the distinction between 
the inhomogeneous and homogeneous nonlinear integral equations is unessential, unlike the case of 
linear equations. Another specific feature of a nonlinear equation is that it frequently has several 
solutions. 


Remark 4. Since a Hammerstein equation is a special case of an Urysohn equation, the methods 
discussed below for the latter are certainly applicable to the former. 


Remark 5. Some other types of nonlinear integral equations with constant limits of integration 
are considered in Chapter 6. 


@) References for Section 14.1: N. S. Smirnov (1951), M. A. Krasnosel’skii (1964), M. L. Krasnov, A. I. Kiselev, 


and G. I. Makarenko (1971), P. P. Zabreyko, A. I. Koshelev, et al. (1975), FE. G. Tricomi (1985), A. F. Verlan’ and 
V. S. Sizikov (1986). 


14.2. Nonlinear Volterra Integral Equations 
14.2-1. The Method of Integral Transforms 
Consider a Volterra integral equation with quadratic nonlinearity 
pylz)-d [ ye-dylt) dt = fer) a) 
0 


To solve this equation, the Laplace transform can be applied, which, with regard to the convolution 
theorem (see Section 7.2), leads to a quadratic equation for the transform 9(p) = L{y(x)}: 


LG(p) — AG? (p) = FP). 


ase fis 
ip) = 7 2) 


The inverse Laplace transform y(x) = cae 9(p)} (if it exists) is a solution to Eq. (1). Note that for 
the two different signs in formula (2), there are two corresponding solutions of the original equation. 


This implies 
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Example 1. Consider the integral equation 
x 
| ya —ty()dt = Ar™, m>-t. 
0 


Applying the Laplace transform to the equation under consideration with regard to the relation Lf} =T(m + 1)p-"™!, 
we obtain 
7 p) = AL(m 4 Dp, 


where I'(m) is the gamma function. On extracting the square root of both sides of the equation, we obtain 


m+ 
G(p)=+/VAlT(m+ lp 2. 


Applying the Laplace inversion formula, we obtain two solutions to the original integral equation 


Al(m+1) mel JAT(m +1) met 
yi(@) =-—— 5 ? yo(a) = — 8? 
dm ae, 


14.2-2. The Method of Differentiation for Integral Equations 


Sometimes, differentiation (possibly multiple) of a nonlinear integral equation with subsequent 
elimination of the integral terms by means of the original equation makes it possible to reduce this 
equation to a nonlinear ordinary differential equation. Below we briefly list some equations of this 


type. 


1°. The equation 
y(a) + / f(t, y@) dt = g(x) (3) 
can be reduced by differentiation to the nonlinear first-order equation 
Ur + f(x,y) — g(x) = 0 


with the initial condition y(a) = g(a). 
2°. The equation 
y(x) + if (x-t)f (t,y@) dt = g(x) (4) 


can be reduced by double differentiation (with the subsequent elimination of the integral term by 
using the original equation) to the nonlinear second-order equation: 


You + f(t, Y) — Gra (&) = 0. (5) 


The initial conditions for the function y = y(x) have the form 


y(a) = g(@), Yn (a) = g(a). (6) 


3°. The equation 
y(a) + / eX?) F(t, y(t)) dt = g(x) (7) 


can be reduced by differentiation to the nonlinear first-order equation 
Un + fay) — Ay + Ag(@) - g(x) = 0. (8) 


The desired function y = y(a) must satisfy the initial condition y(a) = g(a). 
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4°. Equations of the form 


ya) + | . cosh[A(a —t)] f(t, y(®) dt = g(a), (9) 
y(a) + : : sinh|\(a —t)] f(t, y(t) dt = g(a), (10) 
y(a) + | . cos[\a—1)] f(t, y) dt = g(@), (11) 
y(a) + | * sin [Ma -t)] f(t, y@) dt = g(x) (12) 


can also be reduced to second-order ordinary differential equations by double differentiation. For 
these equations, see Section 5.8 in the first part of the book (Eqs. 22, 23, 24, and 25, respectively). 


14.2-3. The Successive Approximation Method 


1°. In many cases, the successive approximation method can be successfully applied to solve various 
types of integral equations. The principles of constructing the iteration process are the same as in 
the case of linear equations. For Volterra equations of the second kind in the Urysohn form 


y(x) - i : K(a,t, y@)) dt = f(a), a<asb, (13) 


the corresponding recurrent expression has the form 


x 


neta) = fea)+ | K(z,t,y,(é)) dt,  k=0,1,2,... (14) 


a 


It is customary to take the initial approximation either in the form yo(x)=0 or in the form yo(x) = f(x). 
In contrast to the case of linear equations, the successive approximation method has a smaller 
domain of convergence. Let us present the convergence conditions for the iteration process (14) that 
are simultaneously the existence conditions for a solution of Eq. (13). To be definite, we assume 
that yo(x) = f (2). 
If for any z; and z2 we have the relation 


|K(a,t, 21) - K (a, t, 22) S$ pa, lz - zl 


and the relation 


< Ya) 


fr K (a, t, f(t) dt 


holds, where 
x b x 
/ w(t) dt < N’, / / v(x, t) dt dx < M?, 


for some constants N and M, then the successive approximations converge to a unique solution of 
Eq. (13) almost everywhere absolutely and uniformly. 


Example 2. Let us apply the successive approximation method to solve the equation 


x 2 
y(x) = py) dt 
0 


1+ 
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If yo(x) = 0, then 


ei im dt ‘ 
v= —~ =arctan x, 
a o l+t? 


® | + arctan? t = 1 3 
y2(x) inf dt = arctan x + 3 arctan” x, 


© | +arctant + 4 arctan? t 
y3(x) i) 


dt = arctanx + 4 arctan? ut ze arctan? L+ gt arctan’ x. 
1422 3 3-5 79 


On continuing this process, we can observe that y;,(”) — tan(arctan x) = x as k — ov, ie., y(x) = x. The substitution 
of this result into the original equation shows the validity of the result. 


Example 3. For the nonlinear equation 
oe 
ia) = [te — nat 
0 
we must obtain the first three approximations. If we set yo(x) = 0, then 
x 
yi(@) = f (-l) dt =-zx, 
0 
x 
yo(a) = a) (8-1) dt =-x+ ta", 
0 


x 
y3(x) = [i(4e - a0 +t’) _ 1] dt =-x+ za" = qe! + Wwe’. 
0 


2°. The successive approximation method can be applied to solve other forms of nonlinear equations, 
for instance, equations of the form 


y(a)y=F («. if. K(a, thy(t) ar) 


solved for y(x) in which the integral has x as the upper integration limit. This makes it possible to 
obtain a numerical solution by applying small steps with respect to x and by linearization at each 
step, which usually provides the uniqueness of the result of the iterations for an arbitrary initial 
approximation. 


3°. The initial approximation substantially influences the number of iterations necessary to obtain 
the result with prescribed accuracy, and therefore when choosing this approximation, some additional 
arguments are usually applied. Namely, for the equation 


oe if Q(x t)®(y(t)) dt = f(a), 


where A is a constant, a good initial approximation yo(x) can sometimes be found from the solution 
of the following (in general, transcendental) equation for §j(p): 


Agjo(p) — Q(p)® (Go(p)) = fp), 


where §(p), Q(p), and f(p) are the transforms of the corresponding functions obtained by means of 
the Laplace transform. If %o(p) is defined, then the initial approximation can be found by applying 
the Laplace inversion formula: yo(x) = ey Yo(p)}. 
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14.2-4. The Newton—Kantorovich Method 


A merit of the iteration methods when applied to Volterra linear equations of the second kind 
is their unconditional convergence under weak restrictions on the kernel and the right-hand side. 
When solving nonlinear equations, the applicability domain of the method of simple iterations is 
smaller, and if the process is still convergent, then, in many cases, the rate of convergence can be 
very low. An effective method that makes it possible to overcome the indicated complications is the 
Newton—Kantorovich method. The main objective of this method is the solution of nonlinear integral 
equations of the second kind with constant limits of integration. Nevertheless, this method is useful 
in the solution of many problems for the Volterra equations and makes it possible to significantly 
increase the rate of convergence compared with the successive approximation method. 

Let us apply the Newton—Kantorovich method to solve a Volterra equation of the second kind 
in the Urysohn form 


y(x) = f(x) + / K (a, t, y(t) dt. (15) 
We obtain the following iteration process: 
YR(@) = Yra(L) + pra(2), Re, 2) cox (16) 
ysl) = ex1(0)+ / K! (w,t,yn@) on(2) dt, (17) 
cra(o)=Fa)+ f K(2.tana®) dria) 1s) 


The algorithm is based on the solution of the linear integral equation (17) for the correc- 
tion yz_1(xz) with the kernel and right-hand side that vary from step to step. This process has a high 
rate of convergence, but it is rather complicated because we must solve a new equation at each step 
of iteration. To simplify the problem, we can replace Eq. (17) by the equation 


pri) = epa(a) + / K! (r,t, yo(t)) Pe-a(t) dt (19) 


or by the equation 


ysl) = exs(2)+ - K* (t,t, yn(E)) e-a(t) at, (20) 


a 


whose kernels do not vary. In Eq. (20), m is fixed and satisfies the condition m < k-1. 

It is reasonable to apply Eq. (19) with an appropriately chosen initial approximation. Otherwise 
we can stop at some mth approximation and, beginning with this approximation, apply the simplified 
equation (20). The iteration process thus obtained is the modified Newton—Kantorovich method. In 
principle, it converges somewhat slower than the original process (16)-(18); however, it is not so 
cumbersome in the calculations. 


Example 4. Let us apply the Newton—Kantorovich method to solve the equation 
cane) 
y(a) = | [ty?(t) — 1] dt. 
0 
The derivative of the integrand with respect to y has the form 


Ky (yO) = 2ty@. 


For the zero approximation we take yo(x) =0. According to (17) and (18) we obtain yo(a) =—a and y; (x) =—x. Furthermore, 
yo(x) = yi(@) + (x). By (18) we have 


€|(£) = fuce -lJdt+a= fa", 
0 
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The equation for the correction has the form 
as 1 
pile) = -2 f y(t) dt + 7 
0 


and can be solved by any of the known methods for Volterra linear equations of the second kind. In the case under 
consideration, we apply the successive approximation method, which leads to the following results (the number of the step 
is indicated in the superscript): 


0 
oO 


x 
()_ 1,4 1,64 21,4 1,7 
Py = qr -2 f qt dt = 4x Sate 


xz 
(2)_ 1,4 Df Wgd eT 5 Dy hee de FIs 110 
py =qr -2 f (gt zu") dt qe Litwax. 


We restrict ourselves to the second approximation and obtain 


yo(x) = v+tat 1.7 1,10 


and then pass to the third iteration step of the Newton—Kantorovich method: 


Yy3(X) = yo(x) + ya(x), 


er ees eee es Eee es a 122 
E2(&) = Tepe 18207 — Fao + o3q0% + Tors00% > 


x 
2(@) = €o(ax) + 2f t(t+ te - Fe + Fe) pow dt. 


When solving the last equation, we restrict ourselves to the zero approximation and obtain 


14 17 23 ,,10 1 13 1 16 1 19 1 22 


yx(@) = U4 GR — Tye’ + Tye 1820” — Feo + o340% + To7s00 


The application of the successive approximation method to the original equation leads to the same result at the fourth step. 


As usual, in the numerical solution the integral is replaced by a quadrature formula. The main 
difficulty of the implementation of the method in this case is in evaluating the derivative of the 
kernel. The problem can be simplified if the kernel is given as an analytic expression that can be 
differentiated in the analytic form. However, if the kernel is given by a table, then the evaluation 
must be performed numerically. 


14.2-5. The Collocation Method 


When applied to the solution of a Volterra equation of the first kind in the Urysohn form 


[ K(a,t, y@) dt = f(a), a<asb, (21) 


the collocation method 1s as follows. The interval [a, b] is divided into N parts on each of which the 
desired solution can be presented by a function of a certain form 


G(x) = O(a, Aj,..., Am), (22) 


involving free parameters A;,i = 1,...,m. 
On the (Kk + 1)st part x, < © < xp41, where k =0,1,..., N—1, the solution can be written in the 
form 


K(a,t, 9@) dt = f(x) - V;,(2), (23) 


k 


where the integral 


UW, (x) = / ° K(a,t, 9@) dt, (24) 
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can always be calculated for the approximate solution 9(x), which is known on the intervala< x <2; 
and was previously obtained for & — 1 parts. The initial value y(a) of the desired solution can be 
found by an auxiliary method or is assumed to be given. 

To solve Eq. (23), representation (22) is applied, and the free parameters A; (4 = 1,...,™m) can 
be defined from the condition that the residuals vanish: 


Lkj 
€(Aj, 4,5) = | K (apy, t, ®(t, A,...,Am)) dt — f(ae,j) — Va(@ng), (25) 
Lk 
where the x,,; (j = 1,...,7™m) are the nodes that correspond to the partition of the interval [7 X41] 
into m parts (subintervals). System (25) is a system of m equations for Ai,..., Am. 


For convenience of the calculations, it is reasonable to present the desired solution on any part 
as a polynomial 


Ga) = S~ Avila), (26) 
i=l 
where the y;(a) are linearly independent coordinate functions. For the functions y;(~), power and 
trigonometric polynomials are frequently used; for instance, y;(x) = 2*!. 
In applications, the concrete form of the functions y;(a) in formula (26), as well as the form of 
the functions ® in (20), can sometimes be given on the basis of physical reasoning or defined by the 
structure of the solution of a simpler model equation. 


14.2-6. The Quadrature Method 


To solve a nonlinear Volterra equation, we can apply the method based on the use of quadrature 
formulas. The procedure of constructing the approximate system of equations is the same as in the 
linear case (see Subsection 9.10-1). 


1°. We consider the nonlinear Volterra equation of the second kind in the Urysohn form 
ya) - / K(a,t,y@) dt = f(a) (27) 


on an interval a < x < b. Assume that (a; t, y(t)) and f(x) are continuous functions. 
From Eq. (27) we find that y(a) = f(a). Let us choose a constant integration step h and consider 
the discrete set of points x; = a+h(z—1), where i =1,...,n. For x = x;, Eq. (27) becomes 


yoni | K(aist, y(t)) dt = f(x). (28) 


Applying the quadrature formula (see Subsection 8.7-1) to the integral in (28), choosing x; 
(j = 1,...,7) to be the nodes in ¢, and neglecting the truncation error, we arrive at the following 
system of nonlinear algebraic (or transcendental) equations: 


i 
y= fi. yi- >. Aig Kig(yy) = fis t=2,...,1, (29) 
j=l 
where the A;, are the coefficients of the quadrature formula on the interval [a,z,;], the y; are the 
approximate values of the solution y(x) at the nodes x;, f; = f(x;), and Ki;(y;) = K (aj, t;, y;). 
Relations (29) can be rewritten as a sequence of recurrent nonlinear equations, 


i-l1 


wef. y-AnKutyd = fit D> AgGKiyly),  1=2,....0, (30) 


j=l 


for the approximate values of the desired solution at the nodes. 
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2°. When applied to the Volterra equation of the second kind in the Hammerstein form 


yca)- | Qa. ®(t.yb) dt = flo) G1) 
the main relations of the quadrature method have the form (a; = a) 
wef, yi- >, Aig Qiz®j(ys) = fir 7=2,...,n, (32) 
j=l 


where Qi; = Q(a;,t;) and ®;(y;) = ®(t;,y;). These relations lead to the sequence of nonlinear 
recurrent equations 


i-l 
Mah. yw-AuQu®ilys) = fit S- Ajj Qij Bj (Ys), VS Di icingMs (33) 
jel 
whose solutions give approximate values of the desired function. 


Example 5. In the solution of the equation 
x 
y(a) — | ea (t) dt =e, 0<2x<0.1, 
0 
where Q(x, t) =e, H(t, y(t)) = y(t), and f(x) = e~, the approximate expression has the form 


v5 
y(x4) -f ei OP) dt =e, 
0 


On applying the trapezoidal rule to evaluate the integral (with step h = 0.02) and finding the solution at the nodes x; = 0, 
0.02, 0.04, 0.06, 0.08, 0.1, we obtain, according to (33), the following system of computational relations: 


i-l 
Mah, yi-0.01 Quy; = fit S 5 0.02 Qi5}; t=2,...,6. 
j=l 
Thus, to find an approximate solution, we must solve a quadratic equation for each value y;, which makes it possible to write 
out the answer 


i-l 1/2 
yi = 50+ sot = 0.04 ( fi + ¥0.02Q:548)] ae ees 
jel 


@) References for Section 14.2: M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), P. P. Zabreyko, A. I. Koshelev, 
et al. (1975), A. F. Verlan’ and V. S. Sizikov (1986). 


14.3. Equations With Constant Integration Limits 


14.3-1. Nonlinear Equations With Degenerate Kernels 


1°. Consider a Hammerstein equation of the second kind in the canonical form 


b 
y(x) = i Q(x, t)®(t, yo) dt, (1) 


where Q(z, t) and ®(¢, y) are given functions and y(a) is the unknown function. 
Let the kernel Q(a, t) be degenerate, i.e., 


Q(x, t) = So gx(ahe). (2) 


k=1 
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In this case Eq. (1) becomes 


m db 
yz) = gn(0) f helt) (t,u() a 3) 
k=l 
We write n 
A, = | hy (t)®(t, yO) dt, k=1,...,m, (4) 
where the constants A; are yet unknown. Then it follows from (3) that 
yx) = 5° Ange(2). (5) 
k=l 


On substituting the expression (5) for y(x) into relations (4), we obtain (in the general case) 
m transcendental equations of the form 


Ap = Vy(Al,..., Am), k=1,...,m, (6) 


which contain m unknown numbers A),..., Am. 
For the case in which ®(¢, y) is a polynomial in y, ie., 


P(t, y) = polt) + pi(Dy + +--+ Pn(by”, (7) 
where po(t), ..., Pn(t) are, for instance, continuous functions of ¢ on the interval [a, b], system (6) 
becomes a system of nonlinear algebraic equations for Aj, ..., Am. 


The number of solutions of the integral equation (3) is equal to the number of solutions of 
system (6). Each solution of system (6) generates a solution (5) of the integral equation. 


2°. Consider the Urysohn equation of the second kind with the simplified degenerate kernel of the 
following form: 


b n 
yl) + | {> on(x) f(t, wo) } dt = h(a). (8) 
Soke 
Its solution has the form ” 
ya) = h(x) + S> Argu(a), (9) 
k=l 
where the constants A; can be defined by solving the algebraic (or transcendental) system of 
equations 


b n 
rn + f fin(ts R(t) + >> Aegu(t) ) dt = 0, a (10) 
2 k=1 


To different roots of this system, there are different corresponding solutions of the nonlinear integral 
equation. It may happen that (real) solutions are absent. 


A solution of an Urysohn equation of the second kind with degenerate kernel in the general form 


b n 
f(x, y(a)) + | { on (@, y(x)) he (t, wo) } dt=0, (11) 
Cees | 
can be represented in the implicit form 
f(x,y) + S° Argun (w,y(a)) = 0, (12) 
k=l 
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where the parameters A; are determined from the system of algebraic (or transcendental) equations: 


Ap — H(A) = 0, k=1,...,n, 


a b ra (13) 
HG = | An (t,y@) dé, A=f\,..-,An} 


Into system (13), we must substitute the function y(x) = y(2, »), which can be obtained by solving 
Eq. (12). 

The number of solutions of the integral equation is defined by the number of solutions obtained 
from (12) and (13). It can occur that there is no solution. 


Example 1. Let us solve the integral equation 


1 
y(“) = d | aty?(t) dt (14) 
0 
with parameter A. We write 
1 
A -[ ty (t) dt. (15) 
0 
In this case, it follows from (14) that 
y(a) = AAa. (16) 


On substituting y(x) in the form (16) into relation (15), we obtain 
1 
A= | th AB dt. 
0 
Hence, as 
A= 1.343, (17) 
For A > 0, Eq. (17) has three solutions: 


Hence, the integral equation (14) also has three solutions for any » > 0: 


ee (=) syste) = (3)'"e. 


For X < 0, Eq. (17) has only the trivial solution y(a) = 0. 


14.3-2. The Method of Integral Transforms 


1°. Consider the following nonlinear integral equation with quadratic nonlinearity on a semi-axis: 


al 
po) | Fu(F) uo de = Fo (18) 


To solve this equation, the Mellin transform can be applied, which, with regard to the convolution 
theorem (see Section 7.3), leads to a quadratic equation for the transform §(s) = Dt{y(x)}: 


L9(s) — A9?(s) = f(s). 


wt ue -A4Af(s) as 


ws) = D 


The inverse transform y(a) = rly G(s)} obtained by means of the Mellin inversion formula (if it 
exists) is a solution of Eq. (18). To different signs in the formula for the images (19), there are two 
corresponding solutions of the original equation. 


This implies 
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2°. By applying the Mellin transform, one can solve nonlinear integral equations of the form 


y(x) — | t? y(xt)y(t) dt = f(a). (20) 
) 


The Mellin transform (see Table 2 in Section 7.3) reduces (20) to the following functional equation 
for the transform §(s) = Dt{y(x)}: 


G(s) — NH(s)GC -s + B) = f(s). (21) 
On replacing s by 1 —s + § in (21), we obtain the relationship 
9 -s + 8)-dj(s)9U-s+ 8) = fl-s+). (22) 
On eliminating the quadratic term from (21) and (22), we obtain 
H(s) - f(s) = 91 -s+8)-fl-s+ 8). (23) 


We express §(1 — s + 3) from this relation and substitute it into (21). We arrive at the quadratic 
equation 


NG (s) - [1+ f(s)— FU —s + B)] G(s) + f(s) = 0. (24) 


On solving (24) for §(s), by means of the Mellin inversion formula we can find a solution of the 
original integral equation (20). 


14.3-3. The Method of Differentiating for Integral Equations 


1°. The equation 
b 
ya) + / |x — Ulf (¢, y(®) dt = g(a). (25) 


can be reduced to a nonlinear second-order equation by double differentiation (with subsequent 
elimination of the integral term by using the original equation): 


Yr + 2f(2,y) = Gn (a). (26) 


For the boundary conditions for this equation, see Section 6.8 in the first part of the book (Eq. 35). 
2°. The equation 


b 
y(a) + / er! F(t, y(t) dt = g(a). (27) 


can also be reduced to a nonlinear second-order equation by double differentiation (with subsequent 
elimination of the integral term by using the original equation): 


Yee t 2Af (a, y) —r°y = Gf (x) — A 9(2). (28) 


For the boundary conditions for this equation, see Section 6.8 of the first part of the book (Eq. 36). 


3°. The equations 
b 
y(a) + i sinh(Alx — tl) f(t, y(t) dt = g(2), (29) 


b 
y(2) +f sin(Alz —tl) f (t, y@) dt = g(a), (30) 


can also be reduced to second-order ordinary differential equations by means of the differentiation. 
For these equations, see Section 6.8 of the first part of the book (Eqs. 37 and 38). 
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14.3-4. The Successive Approximation Method 


Consider the nonlinear Urysohn integral equation in the canonical form: 


b 
y(x) = i, K(a,t,y@) dt, asasb. (31) 


The iteration process for this equation is constructed by the formula 


b 
na) = | R@eya@)ds. “RE 2Qsn. (32) 


If the function K(a, t, y) is jointly continuous together with the derivative K,@, t, y) (with respect 
to the variables x, t, and p,a<a<b,a<t<b, and ly] < p) andif 


b b 
i sup |K(a, t, y)| dt < p, / sup Ks t,y|dt<6<1, (33) 
a yy a Yy 


then for any continuous function yo(~) of the initial approximation from the domain {|y|Sp, aSa<b}, 
the successive approximations (32) converge to a continuous solution y*(a), which lies in the same 
domain and is unique in this domain. The rate of convergence is defined by the inequality 


k 


Wants A 


sup yi (x) — yo(@)I, asxsb, (34) 


which gives an a priori estimate for the error of the Ath approximation. The a posteriori estimate 
(which is, in general, more precise) has the form 


ly" (x) — yp(x)| S sup |yn(x) — yr-1 (2), asaxsb. (35) 


p 
1-6 


A solution of an equation of the form (31) with an additional term f(a) on the right-hand side 
can be constructed in a similar manner. 


Example 2. Let us apply the successive approximation method to solve the equation 
1 
y(x) = - aty?(t) dt — ae +1. 
0 
The recurrent formula has the form 
1 
YR(2) - | atyp(t)dt- 52+, k=1,2,... 


For the initial approximation we take yo(x) = 1. The calculation yields 


yi (x) = 1+ 0.083 x, yo(x) = 14+0.14 2, y3(x) = 1+0.18 2, 
yg(x) = 1+0.27 2, yo(x) = 1+0.26 2, yio(x) = 14+0.29 x, 
yio(x) = 140.3182, yi7(v)=14+0321 2, yig(x) = 140.323 2, 


Thus, the approximations tend to the exact solution y(a) = 1+ ta. We see that the rate of convergence of the iteration 
process is fairly small. 
Note that in Subsection 14.3-5, the equation in question is solved by a more efficient method. 
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14.3-5. The Newton—Kantorovich Method 


The solution of nonlinear integral equations is a complicated problem of computational mathematics, 
which is related to difficulties of both a principal and computational character. In this connection, 
methods are developed that are especially designed for solving nonlinear equations, including the 
Newton—Kantorovich method, which makes it possible to provide and accelerate the convergence 
of iteration processes in many cases. 

We consider this method in connection with the Urysohn equation in the canonical form (31). 
The iteration process is constructed as follows: 


ve(e) = Yes) + Or), BELQeoy (6) 
b 
prio) = e(a) + 7 K! (2, t, yx-a(t)) onaCt) dt, (7) 
b 
épi() = i. K(a,t, yx-1(8) dt -yna(a). (38) 


At each step of the algorithm, a linear integral equation for the correction y,_1() is solved. Under 
some conditions, the process (36) has high rate of convergence; however, it is rather complicated, 
because at each iteration we must obtain the new kernel Ky ee t, yr (t)) for Eqs. (37). 

The algorithm can be simplified by using the equation 


b 
iors @) = ep-a(ae) + K! (2, yo(t)) ona) dt (39) 


instead of (37). If the initial approximation is chosen successfully, then the difference between the 
integral operators in (37) and (39) is small, and the kernel in (39) remains the same in the course of 
the solution. 

The successive approximation method that consists in the application of formulas (36), (38), 
and (39) is called the modified Newton—Kantorovich method. In principle, its rate of convergence 
is less than that of the original (nonmodified) method; however, this version of the method is less 
complicated in calculations, and therefore it is frequently preferable. 

Let the function K(x, t, y) be jointly continuous together with the derivatives K,@, t,y) and 
Ky Aes t, y) with respect to the variables x,t, y, wherea< a2 <banda<t< b, and let the following 
conditions hold: 


1°. For the initial approximation yo(a), the resolvent 7(x, t) of the linear integral equation (37) 
with the kernel Se (a, t, yo(t)) satisfies the condition 


b 
/ R(x, t)|dt< A<co, asa<b. 
2°. The residual eo(x) of Eq. (38) for the approximation yo(«) satisfies the inequality 
b 
leo(x)| -| / K(z2,t, yo(t)) dt -— yo(a)|S B < oo. 
3°. In the domain |y(x) — yo(x)| < 2(1 + A)B, the following relation holds: 
b 
/ sup|KY),(«, t, y)| dt< D<o. 
a y 


4°. The constants A, B, and D satisfy the condition 


H=(1+A)YBD<}. 
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In this case, under assumptions 1°-4°, the process (36) converges to a solution y*(x) of Eq. (31) in 
the domain 


ly(x) — yo(x)| << (1- V1 -2H)H'(1- A)B, = aS <b. 


This solution is unique in the domain 
ly(x) — yo(x)| S$ 201 + ADB, asasb. 
The rate of convergence is determined by the estimate 
ly*(x)-yx(a)| << 2'*QHY - AB, = a Sab. 


Thus, the above conditions establish the convergence of the algorithm and the existence, the position, 
and the uniqueness domain of a solution of the nonlinear equation (31). These conditions impose 
certain restrictions on the initial approximation yo(2) whose choice is an important independent 
problem that has no unified approach. As usual, the initial approximation is determined either by 
more detailed a priori analysis of the equation under consideration or by physical reasoning implied 
by the essence of the problem described by this equation. Under a successful choice of the initial 
approximation, the Newton—Kantorovich method provides a high rate of convergence of the iteration 
process to obtain an approximate solution with given accuracy. 


Remark. Let the right-hand side of Eq. (31) contain an additional term f(x). Then such an 
equation can be represented in the form (31), where the integrand is Iv (a, t, y(t)) + (b-a)! f(a). 


Example 3. Let us apply the Newton—Kantorovich method to solve the equation 


1 
y(a) = | aty’(t)dt- a+. (40) 
0 


For the initial approximation we take yo(x) = 1. According to (38), we find the residual 
1 1 
E0(x) = [ atya(t) dt — Sut 1—yo(x) = xf tdt— Sut 1-l= pe. 
0 0 


The y-derivative of the kernel K(x, t, y) = xty?(t), which is needed in the calculations, has the form Ky (x,t, y) = 2xty(t). 
According to (37), we form the following equation for yo(x): 


1 
goa) = e+ 2x | tyo(t)po(t) dt, 
0 


where the kernel turns out to be degenerate, which makes it possible to obtain the solution yo(x) = t2 directly. 
Now we define the first approximation to the desired function: 


yi(a) = yo(x) + yo(a) = 1+ Fa. 


We continue the iteration process and obtain 


1 
eta)= f at(1 +t) dt + (1-42) -(1+ 42) = go. 
0 


The equation for 1 (x) has the form 


1 
yi(x) = de+2e f t(1 + 4t) dt + (1-2) -(1+ 42), 
0 


and the solution is v1 (x) = ae. Hence, y2(x) = 1+ ta + pe = 1+0.325 a. The maximal difference between the exact 


solution y(x) = 1+ +2 and the approximate solution y2(x) is observed at x = | and is less than 0.5%. 

This solution is not unique. The other solution can be obtained by taking the function yo(x) = 1 + 0.8 x for the initial 
approximation. In this case we can repeat the above sequence of approximations and obtain the following results (the 
numerical coefficient of x is rounded): 


yy(~) = 140822, ywlxy=1tl.l3a, y3(~)=14+0.982, ..., 


and the subsequent approximations tend to the exact solution y(x) = 1+ 2. 
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We see that the rate of convergence of the iteration process performed by the Newton—Kantorovich method is significantly 
higher than that performed by the method of successive approximations (see Example 2 in Subsection 14.4-4). 

To estimate the rate of convergence of the performed iteration process, we can compare the above results with the 
realization of the modified Newton—Kantorovich method. In connection with the latter, for the above versions of the 
approximations we can obtain 


ko | ky | ko | ks | ka | ks | ke | ky | ke 
0 | 0.25 | 0.69 | 0.60 | 0.51 | 0.44 | 0.38 | 0.36 | 0.345 


Yyn(x) =1+kn2x; 


The iteration process converges to the exact solution y(x) = 1+ ta. 


We see that the modified Newton—Kantorovich method is less efficient than the Newton—Kantorovich method, but more 
efficient than the method of successive approximations (see Example 2 in Subsection 14.4-4). 


14.3-6. The Quadrature Method 


To solve an arbitrary nonlinear equation, we can apply the method based on the application of 
quadrature formulas. The procedure of composing the approximating system of equations is the 
same as in the linear case (see Subsection 11.18-1). We consider this procedure for an example of 
the Urysohn equation of the second kind: 


b 
y(2) — / K(a,t, y@)) dt = f(a), a<asb. (41) 
We set x = x; (2 = 1,...,). Then we obtain 
b 
y(a@4) -| gcse t, y(t)) dt = f(x;). $= Tye g's (42) 


On applying the quadrature formula from Subsection 11.18-1 and neglecting the approximation 
error, we transform relations (42) into the system of nonlinear equations 


yi- > AV Kij(y) = fis 1=1,...,n, (43) 
j=l 
for the approximate values y; of the solution y(x) at the nodes 271, ..., 2, where f; = f(#;) and 
Kij(yj) = K (ai, tj, yj), and A; are the coefficients of the quadrature formula. 
The solution of the nonlinear system (43) gives values yj), ..., Yn for which by interpolation 


we find an approximate solution of the integral equation (41) on the entire interval [a, b]. For the 
analytic expression of an approximate solution, we can take the function 


Ga) = fw) + > ASK (@, 23,44). (44) 


j=l 


14.3-7. The Tikhonov Regularization Method 


In connection with the nonlinear Urysohn integral equation of the first kind 


b 
/ K(a, t, y(t)) dt = f(x), cs<a<d, (45) 
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where f(x) € Lo(c, d) and y(t) € D(a, b), the Tikhonov regularization method leads to a regularized 
nonlinear integral equation in the form 


b 
AYa(L) +f M(t, ZL, Yat), Ya(x)) dt = F(z, vaca): asaxsb, (46) 
d 
M(t,2,y@), y(2)) = / K(s,t, y(t) Ky, (s, 2, y(x)) ds, (47) 
d 
F(a, y(x)) = i Ki (t,x, y(x)) ft) dt, (48) 


where a is a regularization parameter. 

For instance, by applying the quadrature method on the basis of the trapezoidal rule, we can 
reduce Eq. (46) to a system of nonlinear algebraic equations. An approximate solution of (45) is 
constructed by the principle described above for linear equations (see Section 10.8). 


O) References for Section 14.3: N. S. Smirnov (1951), P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. G. Tricomi (1985), 
A. F. Verlan’ and V. S. Sizikov (1986). 
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Supplements 


Supplement 1 


Elementary Functions 
and Their Properties 


Throughout Supplement I it is assumed that n is a positive integer, unless otherwise specified. 


1.1. Trigonometric Functions 


> Simplest relations 


2 


sin’ x +cos’ x = 1, sin(-x) =—sinx, cos(—x©) =cosz, 
S 1 
tanz = ——, cotzx = ——_, l+tan? z= a 1+cot? z= — ee 
COS & sin x x sin? x 
tanxcotx=1, tan(-x)=-—tanz, cot(-x) =-—cotz. 
> Relations between trigonometric functions of single argument 
; tan x 1 
sina = +V1-—cos?27=+ ia , 
V1 + tan? x V1+cot? x 
1 cot © 
cost =+V1-sin?x=+ =+ : 
V1 + tan? x V1+cot? a 
sin x V1-cos? x 1 
tanz==x0 =x = . 
V1-—sin2 x cos x cot x 
V1-sin? x cos x 1 
cotrt =a : ie = . 
sin x V1l—cos27 tanz 
> Reduction formulas 
sin(x + nr) = (-1)” sin z, cos(x + nz) = (-1)" cos x, 

: 2n+1 : 2n+1 So 
sin(x ay r) =+(-1)" cos a, cos (x aa r) = +F(-1)" sina, 
tan(a + nz) = tana, cot(@ + nm) = cot x, 

2n+1 2n+1 
tan( x r) =-cotz, cot (« za r) =-—tanz, 
2 2 

. ( T ) 2 (3 ) ( 7 ) v2 Saad 

sin( x + — } = —(sinz +cos2), cos( a2 + 7 cos x + sin x), 
4 2 4 2 
T tanzt1 T cotz = 1 

tan( ae *) — cot (x Ss *) = 
4 1+ tanz 4 +cotx 
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> Addition formulas 


sin(a + y) = sinxzcosy + cos x sin y, 


tan x + tany 1 + tanztany 


tan(a@ + 


Ey) = cot(@ + y) = 


1 Ftanztany’ 


tang +tany © 


> Addition and subtraction of trigonometric functions 


sing + siny = 2sin( = 


sing —siny = 2sin( +4 


cos x + COS Y = 2c0s( => 


cos(x + y) = cos xcos y F sin z sin y, 


cOS Z—COsSy = 2sin( 


2 


sin? x — sin? y = cos” y — cos 


2) a 
2 


2 


u-y 

> )? 
x = sin(x + y) sin(xz — y), 
2 


sin’ x — cos” y =—cos(x + y) cos(x — y), 
sin(a + sin(y + x 
ieee ee! etede eps Use), 
cos x COs y sin x sin y 


acosx+bsing =rsin(a + y) = rcos(x 


Here r= Va’?+0*, sing=a/r, cosp=b/r, siny = 


—). 
b/r, and cosw=a/r. 


> Products of trigonometric functions 


sin x siny = 4 [cos(x —y)-cos(z + y)], 
cos © cos y = 4[cos(x —y)+cos(x + y)], 
sin £ COS y = 4 [sin(a —y)+sin(x + y)]. 


> Powers of trigonometric functions 


cos? x = 4 cos 2x + 5, ee Gaoaes 
cos? x = z cos 3x + 3 cos x, sin’ x = -t sin 3x + 3 sin x, 
patna Le ee Nae es gs 
cos’ 4 = a cos 5x + 7% cos 3a +2 3 COS ©, sim x = a sin 5x2 — *. sin 3a + & sin x, 
1 n-l 
2n 
cos = Fant y CX, cos[2(n — k)a] Soy CR, 
k=0 
ntl 
co = or Y Cx,41 cos[(2n - 2k + 1)z], 
k=0 
1 n-l 
TORO | n-k pk 
sin B= 2 (-1)" “Cy, cos[2(n — k)a] + —— om Con 
sin?”*! x y (-1)”"*C# | sin[(2n -2k + 1a]. 
= oH 2n+1 
k=0 
Here Cy, = —————— are binomial coefficients (0! = 1). 
™ —k!(m-k)! 
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> Trigonometric functions of multiple arguments 


cos 2x = 2cos* x-1=1-2sin’ z, sin 2x7 = 2sinxcos 2x, 
cos 3x = —3cos x +4 cos? v. sin 32 = 3sinz —4sin? x, 
cos 4x = 1 -8cos” x + 8cos* x, sin4x = 4cos x (sinx —2 sin? x), 


cos 5x2 = 5cos x —20cos? x + 16cos> x, sindx=S5sinx—20 sin? x + 16 sin° pe 


n2—1)...[n2—(k-1)7] 


k on 2k 
Qh)! 4” sin” x, 


n 2 
cos(2nz)=1+ 5 °Ck™ ( 


k=1 


sane Dae cosa {143 be [Qn+ 12-1] n+ 12-32]... [On+1)2—-2k-LD?] “iis :} 


= (2k)! 


sin 


n 2 2_ 2 2 p2 
sine + 5 ( 4)* Se eee ee al nec 


sin(2nxz) = 2ncos x | 
k=l 


sin[(2n+1)z] = (2n1){ si «+S (DF 


| 
ar (2k+1)! 
2tanx 3tanax —tan? x 4tana —4 tan? x 
tan2x = ——_,,_, tan3xz = ——___,_,, tan 42 = 
1—-tan- x 1-—3tan- x 


1 —6tan? x + tan* x’ 


> Trigonometric functions of half argument 


.2%  1|-cosx 7x 1+cosx 
sin? — = ——_— cos’ — = —————_ 
2; 2 : 2, 2 ; 
x sin x l-—cosz x sin x 1+cosz 
tan — = = : F ot~ = = ; 
2 1l+cosxz sin x 2 1-—cosz sin x 
2 tan 5 1 — tan? 5 2 tan > 
sing = ———+~—,  cosx = ———~,,_ tanx = ——_~—.. 
1+ tan? $’ 1+ tan? $’ 1 -tan? $ 


> Euler and de Moivre formulas. Relationship with hyperbolic functions 


eY'® = eVM(cosxtisinz), (cosx+isinz)” =cos(nz)+isin(nz), i? =-1, 
sinix) =7sinhxz, cos(ix)=coshaz, tan(@@x)=itanhxz, cot) =-icoths. 
> Differentiation formulas 


dsinx = dcosx . dtan x z 1 dcotx 7 1 


dx P dx , dx cos? x” dx sin? x 


> Expansion into power series 


2 4 6 
cosa =1- bh (|a| < 00), 
x 2 x! 
sint=t-a +a a t (|a| < oo), 
dict ee fe (lel < 2/2) 
a IS BIS 
eget ee 2, (|x| < 1). 
ze 3. 45 945 
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(2n+1)?-1][(2n+1)?-32] ... ((2n+1)°-(2k-1)7] spa 
sin & 


\ 


1.2. Hyperbolic Functions 


> Definitions 


—x 


: e* — ev +e e* —e* +e 
sinh x = , coshx = , tanha = ———., cothr= 
2 e*+e* =e % 
> Simplest relations 
cosh? x — sinh? x = 1, tanh x cothz = 1, 
sinh(—x) = —sinh z, cosh(—a) = cosh x, 
sinh x cosh x 
tanh x = 4 cothz = — . 
cosh x sinh 
tanh(—x) = —tanhz, coth(—a) = —coth x, 
1 1 
1 -tanh? x = - coth’ x -1=— 5 
cosh* x sinh* x 


> Relations between hyperbolic functions of single argument (x = 0) 


tanh 1 
sinh x = V cosh’ x = ee == 5 ; 
Vi-tanh?2 Voth? «-1 
1 th 
coshz = V sinh? 7 +1 = = — : 
V1-tanh?x Vcoth?x-1 
ea sinh x Vcosh? x — 1 1 
ann t = = — 
Vsinh? x + 1 cosh x coth x’ 
is Vsinh? x + 1 cosh x 1 
cotn ¢® = = — ‘ 
sinh x Veosh2r—]  tanhz 
> Addition formulas 
sinh(w + y) = sinh xz coshy + sinh y cosh z, cosh(x + y) = coshz cosh y + sinh z sinh y, 
tanh x + tanh y coth x coth y + 1 
t h oz fe a ee th ag = Se 
ane) 1 + tanh x tanh y’ cone Y coth y + coth x 
>» Addition and subtraction of hyperbolic functions 
is pe y 


sinh x 4 
cosh x + coshy = 2 
cosh x — cosh y = 2 
sinh” x — sinh” y 


sinh’ x + cosh” Yy 
sinh(x 4 


tanh x + tanhy = 


> Products of hyperbolic functions 


sinh x sinh y = 
cosh x cosh y = 


sinh x cosh y = 
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t sinh y = 2 sinh (“4 


= cosh’ x — 


ry) 
cosh x cosh y’ 


ae 


sinh (4 


y 


cosh” y = sinh(a + . sinh(x — y), 
= cosh(x + y) cosh(z — y), 


sinh(x ai y) 
Cc th = See ee 
seed sinh x sinh y 


coth x 4 


4 [cosh(x + y) —cosh(x — y)], 
4[cosh(a + y) + cosh(x — y)], 
4[sinh(x + y) + sinh(a — y)]. 


> Powers of hyperbolic functions 


cosh? 7 = ; cosh 2a + 4, sinh? x = 4 cosh 2x — 4, 
cosh? x = ; cosh 3x + i cosh x, sinh? x = + sinh 3x — 3 sinh x, 
cosh‘ x = 5 cosh 4x + : cosh 2x + at sinh’ x = ; cosh 4x — : cosh 2x +3 = 
cosh? x = + cosh5x+ 4 > cosh 3a + z 5 cosh x, sinh? x = * sinh 5x2 —+ > sinh 3a + z > sinh x, 
n-l 
1 : 
cosh?” x = ei S- Ck, cosh[2(n — k)a] + J Op, 
k=0 
cosh?”*! x = om em cosh[(2n — 2k + lz], 
k=0 
i . 
sinh?” x = EE Yc 1)*C, cosh[2(n — k)x] + —— = pe —_ Chi, 


sinh?”*! = on Se 1)*Ck,,, sinh[(2n - 2k + 1)z]. 
k=0 


Here C*, are binomial coefficients. 


> Hyperbolic functions of multiple arguments 


cosh 2x = 2. cosh? x — 1, sinh 2x = 2 sinh x coshz, 
cosh 3x = —3 cosh x + 4 cosh? x, sinh 3x = 3 sinh x + 4 sinh? Ls 
cosh 4x = 1-8 cosh’ x + 8 cosh' x, sinh 4x = 4 cosh x(sinh x + 2 sinh’ 2), 
cosh 5x = 5coshx—20cosh?x+16cosh>z, sinh5z = 5sinh x + 20sinh’ x + 16 sinh’ z. 
pine (- 1)*t! 
cosh(nx) = 2”! cosh” x reels (Gig ed 2k cosh x) 7*, 
2<~ k+l 
[(n-1)/2] 
sinh(nz) = sinha S > 2”*1CK (cosh)?! 
k=0 


Here CE, are binomial coefficients and [A] stands for the integer part of a number A. 


> Relationship with trigonometric functions 


sinh(@iz) =7sinz, cosh(iz)=cosz, tanh(iz)=itanz, coth(ix) =-7cotz, veal. 


> Differentiation formulas 


dsinh x h dcosh x inh dtanh x 1 dcoth x 1 
=coshz, = sinha, = ‘ = 
dx dx dx cosh? x dx sinh? x 


> Expansion into power series 


cohe= 14 4 eT a (|x| < co), 
3 a . 
sinha = 2+ — 31 +a +—+::- (|a| < 00), 
ee ea Te? tees (2] < 7/2) 
3° 15 315 
3 5 
cothx = . # 5 + _ ws al <7). 
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1.3. Inverse Trigonometric Functions 


> Definitions and some properties 
sin(arcsin x) = x, cos(arccos x) = x, 
tan(arctan x) = x, cot(arccot x) = x. 
Principal values of inverse trigonometric functions are defined by the inequalities 
5 Saresinx <5, OSarccosr <7 (-l<az<1), 
ee 0 < arccot x <7 (-oo < % < 00). 
> Simplest formulas 


arcsin(—x) = —arcsin x, arccos(—«) = 7 — arccos x, 


arctan(—x) = — arctan x, arccot(—x) = 7 —arccot x, 


arcsin(sin x) = { 


v—2nt if 2nn-F Sax <2n 
—1+2(n+1)r if Qn+)r- fsx 


x2 —2nt if 2nn <a <(2n+4+1)z, 


BELO COND) { -2+2(n+ in if Qn+l)r<2< n+), 


arctan(tanz)=x-na if nn-F<xu<nat+ 5, 


arccot(cotr)=ax-na if na<ax<(n4+1)z. 


> Relations between inverse trigonometric functions 


arcsin © +arccos x = 5, arctan x+arccotx = 4; 
arccos V 1-22 if O<ax<l, arcsin V 1-22 if O<av<l, 
—arccos V 1-2? if -l<2x<0, m—arcsinVl—-a2 if -l<a2<0, 
x : 2 
inx = < arctan ———— if -l<ax<l = 2x : 
aiceue 1-72 ay APES OS arctan if O0O<a2<l, 
1-x? x : 
arccot ———-7 if -l<a<0,; arccot ———— ss if -l<a<\l; 
x V 1-2? 
x 1 
a ae for any x, arcsin ———— if x >0, 
V1l+az 1472 
1 ; 1 
arccos peo) if 7 20, 7 —arcsin ~——= if x <0, 
arctan 7 = I arccot © = , l+a 
—arccos SSS if x <0, arctan — if x >0, 
l+ax x 
: 1 , 
arccot — if x >0; 7+arctan — if «<0. 
x x 
> Addition and subtraction of inverse trigonometric functions 
arcsin x + arcsin y = arcsin(av/1—y? + yV 1-2?) for «+y' <1, 


nT + 
< n+ lr 


arccos x + arccos y = + arccos|[ry F \/(1—-2?)(1-y?)] for rty20, 


uty 
arctan x + arctan y = arctan for xzy<l, 
t-y 
arctan x — arctan y = arctan for «y>-l. 
+ ry 
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> Differentiation formulas 


: 1 d 1 : 1 d : 1 
— arcsin x = ————, — arccosx =—-————,  — arctany = ——~, — arccotxr =—-——.... 
dx l-x2. dx l-x2 dx l+a?’ dx l+22 
> Expansion into power series 
. le 1-3@ 1-3-527 
arcsinx = “4+ + +--+ (jz] <1), 
23 2-45 2-4-67 
3 5 7 
jee eee es (|x| < 1), 
3 5 7 
x ol 1 1 
arctan 7 = ak + 333 3a3 +--- (|x| > 1). 


The expansions for arccos x and arccot x can be obtained with the aid of the formulas arccos x = 


2 —arcsin x and arccot x = > — arctan x. 


1.4. Inverse Hyperbolic Functions 


> Relationship with logarithmic function 
Arsinh x = In(x +Vax24+1 ), 


Arcosh x = In(x +Va?2-1 ie 


Arsinh(—-x) = —Arsinh z, 
Arcosh(—2) = Arcosh z, 


Artanh x = aa ree 
2 l-2« 
Arcoth x = ae ee, 
2 «a«-1 


Artanh(—x) = —Artanh x, 
Arcoth(—x) = —Arcoth x. 


> Relations between inverse hyperbolic functions 


Arsinh x = Arcosh Vx? + 1 = Artanh id 


Va24+1° 
Va2—-1 


Arcosh x = Arsinh V x? — 1 = Artanh , 
x 


x 


V1l-22 


Artanh x = Arsinh 


= Arcosh 


1 
= Arcoth —. 
x 


1 
V1l—22 


> Addition and subtraction of inverse hyperbolic functions 


Arsinh x + Arsinh y = Arsinh (1/1 +y? £yV1+22), 
Arcosh x + Arcosh y = Arcosh [zy + VJ (a? - 1)(y? - 1] : 
Arsinh « + Arcosh y = Arsinh [ry + \/(22 + DGy?-D], 


Artanh x + Artanh y = Artanh aie : 
vy 


> Differentiation formulas 


d 

— Arsinh x = : ; 

dx x+1 

“ Artanh x = ; (a? <1) 
de rtan aaa ee xv 5. 
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oe 1 
Artanh x + Arcoth y = Artanh — 
d 
— Arcosh x = : ; 
dx 2 1 
Arcoth x = (2? > 1) 
ie reoth x = iz *@ ; 


> Expansion into power series 


le 1-32 1-3-5a7 
Arsinh x = « ec Spegt (j| < 1), 
x 2 q! 
Artanh xv = x + — + —+—+::: <1). 
rtanhz =2 3 3 7 (|x| ) 


@) References for Supplement 1: H. B. Dwight (1961), M. Arbramowitz and I. A. Stegun (1964), G. A. Korn and T. M. Korn 
(1968), W. H. Beyer (1991). 
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Supplement 2 


Tables of Indefinite Integrals 


2.1. Integrals Containing Rational Functions 


> Integrals containing a + bx.* 


d 1 
| Y= Inla + bal. 


atbxe 0b 


(a+ bx)! 
2: bx)" dx = ; #1. 
feo DOE aegis 
d. 1 
if — = 53 (at be aln|a + ba). 
a+ bx 
aa 171 
[> = 5 | 5(a + ba)? —2a(a + ber) +a In|a + bar ; 
a+ bx 
/ dx 7 * in| "2 | 
va+br) a ze 
| dx a. " b in| "2 | 
w(atbr) ax a2 x ol 
Pet = (inja+ bx +—*_) 
(a+bry2 DENS i Ba 
x? da 


oO 


a 
—— => bx —2al ba| — : 
(a + bx)? a (a+ Sa a a+bx 


: dx a 1 1 in| at+bx | 

aatbry  alatbx) a2 x | 
x dx 1 1 a 

10. = : 

/ (at+bz)> a+ bx $ ae ee 


> Integrals containing a + x and b+ x. 


U1. | eee a tyinpp ea, 


b+a 
d 1 b 
12. /—=— = — In| , a#b. Fora =b, see integral 2 with n = —2. 
a dx 1 
13. = Inja+2|-bln|b+2]). 
(a+x)(b+2) a ne a u) 
4 dx _ 1 1 aa 


Cia babe. Gale eae 


* Throughout this section, the integration constant C’ is omitted for brevity. 
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xdx 


b a 


is _ nlZ +2 | 
(ata\(b+a2) (a—-bb+x) (a-b)? lb+al 
x? dx v2 a —2ab 
16. = 1 —— In|b ‘ 
/ Gate? G2 9bte Gee esas 
rr / dx 7 1 ( 1 i 1 ae in| oe 
. (a+zy(b+xy + (a—-b?\atx bdbt+ez (a-b |btal 
18 / x dx _ 1 ( a e b ) + at+b in| S42) 
' (atzyV(b+xyr  (a—-b? \at+a b+ (a-bPp lbtal 
19 a dx " 1 ( a i 2 ) + 2ab ote 
, (a+azy(b+a  (a—b?\ata b+ (a—b)3 “Nbeal 
> Integrals containing a” + x. 
dx 1 x 
20. i ag a ; arctan ; 
x x 
21 = t 
(a2+27)? 2a2(a? + x”) F apea rete a 
22 = = + Be + arctan - 
: (a2+223 — 4a2(a2 +22)  8a4(a2 +22) 8a a 
x 2n-1 dx 
23 = . = ',.2; 
(a2+27)"! — 2na?(a2 + x2)” i 2na2 / (a2 + x2)” " 
x dx 1 2 2 
24. | per zhne + 2°). 
x dx 1 
25. = : 
(a2 + x7)? 2(a2 + 27) 
x dx 1 
26. = . 
(a2 + x7)3 4(a? + x?) 
57. / a dx fi 1 : Sie 
oe +22)"41 ~  In(a? + x2)’ ee ae 
x? dx x 
28. >= C= - aarctan —. 
a+ a 
x? dx x x 
29. = t 
la (a2 + x7)? 2(a2 + 27) i 2a ati a 
30. la a det = : + is + arctan Es 
(+223 4(a2 +27)?  8a2(a2 +a?) 8a3 a 
a? dx x 
31. — : Sle 2 2 
/ (a2 + 2)! 2n(a2 + x2)” 4 2n J (a2 +22)" 
x dx x a 2 2 
32. [s2- 5) 5 In(a* + 2”). 
aw dx a2 _ 
5! 
i” oe Wier” Were aes? 
x dx 1 aa 
4. = 5 = 2 atte 
2 / @+al Imo l@+a! meray ">> 


1 x? 


32: [== ri 


2a? m a+ x20 
1 1 


dx 
20. => ~ 


© 1998 by CRC Press LLC 


+ In : 
2a2(a2 +27) 2at atta? 


37 / dx 1 ' 1 : 1 \ x 
: = n ; 
a(a2+27)3 4a2(a2 +27)? 2at(a2+27) 2a a? +x? 


38 / dx 1 1 ; x 
: = arctan 
x2(a2 + x?) er a a 


39. / i = ! = 2 arctan = 
x2(a2 + x2)? ata =2a*(a2 +27) 2a? a 
40. / . Bis oan d Die Bees 
v3(a2 + 22)? 2ata2 = 2a*(a2 +27) aS a2+2? 
At / dx ze 1 x 72x 15 ee x 
: x(a? + 22)3 a®x 4at(a2+x7)2 8a5(a2+2x7) 8a’ a 
40 / dx = 1 1 1 3 In x 
; x(a? + 22)3 2aSa2  a®(a2 +27) 4at(a2+27)? 2a8 a2 +220 


> Integrals containing a” - x”. 


43. / dx _ 1 in| *= | 


a—-a2 2a la-z 


44 / dx x 7 1 \ | atx | 
' - n : 
(a2-a?)? 2a2(a2-2?) 3403 la-2 


45 / dx 7 x a 3x 3 r atx | 
, (a2-22)3  4a2(a2-2?2)? — 8a4(a2-— x2) 165 a-axl 


d 2n-1 d 
46. / ut = im + i / ae 5 n= 1, 2, # oe 
(2-22)! ~ Inaa2—-22)"  2na? | (a2—-22)” 
d i 
47. i ee 5 In|a? — 2". 


a? — x 
a dx 1 
48. 7 ; 
(@2—22)2 2(a2 — 22) 
49 adx 1 


(2-2) A222)? 


x dx 1 
9 = ‘ i ee ea 
50 / (2-22)! In(@e—aryr’? "0 


x? dx a atx 
st. f SA =-0+ Fin]. 


a-2x 

5. x? dx . x 1 eel 
(a2-ax?)? 2a2-a2?) 4a la-ax 

53. | x dx _ ae x 1 n°), 
(a2-27 = 4(a2-2?)?  8a2(a2-2?) =16a2 ~la-x 


x” da: x 1 dx 
34. = : an ea are 
/ (2 — 22"! In(e2—a2)" In i) (ayn? ™ 


3 d 2 2 
55. [a Poe) lal ae 


a2 — x? 2. 2 
3 2: 
a? dx a 1 
56. = In|a? — 2? |. 
Gea! Iga oe | 


57 / a dx a 1 7 a 
; (a2 = gyri ~ 2n- 1)(a2 = g2yr-l 2n(a2 = ayn $ 


dx 1 x 
era | . 
2 \=s 2a | a — 22 


WS 355200 
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dx 


1 


1 


2 


59. / Pre 


+ 
2a2(a2-—x?)  2a4 


1 


In 


1 


2 


“al: 


dx 
60. lacs = 


4a2(a2 — 22)2 


> Integrals containing a? + x°. 


+ + ] 
2a*(a2- a2?)  2a® "; 


61 / ce 1 Z In CEs zy + arctan pee 
: ata 6a2 at-arta? 92/3 aV3 
62 / dx _ x i 2: / dx 
: (B+23 ~~ 3a3(a3 +23) 303 e+x3 
63 / x dx eye! is @rarta 1 pen 2%-a 
. etx 6a (a+ 2x) aV/3 aV3 
x dx x 1 x dx 
64. = + ; 
(a2+23)? 3a3(a2 +23) 303 a+x3 
x? dx 1 3 3 
65. / ae = 3 In la +E |. 
dx 1 x 
66. Sates] | . 
/ x(a +23) 3a3 “ at+x3 
dx 1 1 xe 
67. = pee | . 
/ x(ae+a3)? 3a3(a3 +23) 3a6 "+a 
68 / dx 24 1 / x dx 
, (e+) @2 @ aet+x- 
69 / dx _ ol x 4 : a dx 
: e(a+a3) aoe 3a%(a3 +23) 3a J @B+a3° 
> Integrals containing a> - x°. 
70 / dx _ ol In @o+axntx . 1 haces 2n+a 
7 @e-2  6a2 (a-«x) a/3 aV3- 
71 i, dx e x te 2 if dx 
, (3-23)? 3a3(a3-—23) 3.03 aa—23- 
79 / a dx _ i fi a+antx? 1 ak. 2n+a 
, a—2 6a (a-—2x)? aV3 aV3- 
adx x 1 a dx 
73. = + . 
(2-2) 3a3(a2-23) 3a J a-23 
x? dx 1 3 3 
74. / wae 7 3 In |a> — «|. 
dx 1 x 
15. 2 | . 
: / x(a3—2x3)  3a3 ea 
dx 1 1 x 
16. Z | | . 
: i x(a —2x3)2 — 3a3(a3 — x3) F 308 laa 
dx 1 1 ax dx 
Ts = : 
/ x?(a3 — x3) me a / as — x 
78 / dx ee! x 4 / a dx 
, r(a—-2) ax 3a%(a3—23) 30° J ae —23° 
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> Integrals containing a* + «+. 


dx 1 a +arV2+ 2? 1 axV/2 
79. ; 7 In arctan oat’ 
atea* 4a3V2 a —-anV2+2 * 32 Ly 
x dx 1 p 
80. Mage ap arctan me" 
x? dx 1 a t+ar/2+ 2? 1 axV/2 


= ie arctan 


at +a 4aV/2 -arVJ/2+ ea 2aV2 a? — a" 


1 
er arctan ~~ 
2a a 


iS 
Pat. ie ee 
| = 
M 
aja” 
+ 
ale § 


1 x 
arctan 
a a 


dx 1 ge 
85. =] | 
ih a(atbe™) am 3 at+ba™ 


2.2. Integrals Containing Irrational Functions 


> Integrals containing x!/?. 


/ g'/2 dr 2: 1/2 2a ba! /2 
= £ arctan 3 
a 


ater be bs 
ede 2203/2 2a2a'/2 203 ba!/2 
[3 pape aR i + 3 arctan F 
a!/? dx gil? 1 ba!/? 
= ti é 
5 fa (a2 + b2x)? b2(a2 + b2x) ” io 
a? dx 23/2 3a221/? 3a ba!/? 
= t 
4 fa (a2+bx) b(a2+bx) W(a2+hr) bh ares 
2 a /2 
iy (a2 + Bx)ax!/2 ~ ab sees 
dx 2 tan OO? 
(a2 +bx)x3/2 7 @axl/2 ees 
dx gi/2 1 ba! /2 
(a2 + b2x)2x!/2 7 a2(a? + b2x) ss a3b ee 
/ x? dx 2 1/2 2a le 
= gol + n . 
-bax b2 b3 a—by!/2 
x/? dx 2¢3/2 Qa2al/2 a+ ba'/2 
{3 Pg 3 oO B® nl Gabe } 
x'/? dex gi/2 1 a+ ba/2 
10. la = In . 
(a2-b?x)? = b(a2-b?x) §=2ab> | a— ba! /2 


= ig a—ba!/2 | 


u / x/? dx 3a27a!/2 2b? 23/2 3a Bie | 
(a@2-b2)? —b4(a2 — bx) 2b5 


1/2 


/ of fe | 
(a2—b2x)r!/2 ~~ ab | a—ba!/2 0 
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2 b ba!/2 
13. Io a b + in] “* = . 
a 


— b2a)a3/2 aa/2 a3 | a@—ba/2 
dx gi/2 1 a+ ba!/2 

14, = 7 In . 

(a2—ba)ya!/2 a(a2-b?x) =2a3b | a—ba!/2 
> Integrals containing (a + bx)?/?. 

2 
ts. / (a+ br)?/? dx = herp” + br) t?)/2. 
2 [at br)? — a(at ba) &*?)/? 
16. bx)?/? dx = 
6 [eo i) x | roe a2 
7 [ee spl da 2 [(atbr)?*/2 — 2a(a + ba) P/2 a a2(a + bx )P*?)/2 
: b3 pt+6 pt+4 pt+2 


> Integrals containing (2? + a)!/?. 
1 2 
18. fo +a’)!/2 dz= ze + 22)!/2 <: S in[e+ (2? + a2)'/?], 
1 
19. [eo +a’)! dx = 30 +2°)3/?, 


1 
20. fe + ay/? dx = que + z?)3/? + aaa? + gil? + aa In| + (a? + aye 


a+ (a? +a?)!/2 | 


x 


1 
21. [pera = +2" aln| 
x 


dx 
22. ls =Infxt (a7 +.07)!/?]. 
Va? +a? 
xadxz 
23. a ee ay, 
Vx? +02 


24. fo + a*y3/? dx = a? x(x? + ay '/2, 


> Integrals containing (x? - a?)!/2. 


1 2 
25. [ie ae = 5 aa ay 5 In|a + (a? —a?)!/?|. 


26. fe@-ay? dz = plot ay 


1 
27. [oe-a? dz = ule a2)? ote? a2)!/2 4 oa In|a + (a? - a?)"/?|, 


1 
28. 7 (x? re ie dz = (a? =e - aarecos| “|. 
r x 


dx 
29. [ss = Injx + (2? —a?)!/?|. 
ae | 
adx 
30. a eat aa 7, 
Vx? — a2 


31. fe - wy? dx = -a? x(a? — ay t/?, 
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> Integrals containing (a? - x”)!/2. 
1 2 
32, KG ~a)'/? de = =a(a2 —2?)'/? + © aresin =. 
2 2 a 
1 
33. [ro -27)'/? dx = -3@ aay 


1 3 5} 
34. fe - gyl? dz = que - gy! + zee - gyi /? + 30 arcsin a 
a 


1 2_ 1.2)1/2 
35. [p@-2 Pde = x)'/2 aln eee : 
x 


x 
dx SE 
36. iS = arcsin a 
37. ade (a? — 2)'/?, 


falage. 
38. KG - ea aes dz =a*a(a? - gy l/?, 


> Reduction formulas. The parameters a, b, p,m, and n below can assume arbitrary values, 
except for those at which denominators vanish in successive applications of a formula. Notation: 
w=ar” +b, 


39. pene" +b)? dx = (omlw? + npb | my! dx). 


m+np+i 
1 
40. pena" +b)? dz = iA@-ei) [ort wirl +(m+n+np+t1) i gm yPt! dx ; 
n 
41. femae" +b)? dz = SGD ertwes -a(m+n+npt 1) f amu? da . 
m 


1 


m n Pp _ 
42. fe (ax" + b)? dx aren aD 


jam etl —b(m-—n+ 1) for-rw? de . 


2.3. Integrals Containing Exponential Functions 


1 
if (e dx = —e*” 
a 
2. fe ee. 
Ina 
1 
3: poo dz = en(= - =). 
a a 
a 9 2 
4. [eer de et (SS + =). 
ae@ a 
1 -1 ! ! 
ae ieee du=e*| x2” o gry ne ) na se ot(-1)* 1 : a+(-1)” : as 5 eee 
a az a3 qn qnti 
ax ax . (-1)* d* é - 3 
6. P,(aje** dx=e S- I age fn)» where P,,(x) is an arbitrary nth-degree polynomial. 
k=0 


d 1 
i, ee Ina + be?*|, 
ap 


atbeP? a 
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1 a 
—— arctan{ e?*,/— if ab>0, 
8. i dx pv ab ( b ) 


aeP® + be-P® 1 b+ e?? V/—ab ; 
In if ab <0. 
2pv—ab b— eP®/—-ab 
y/ pr _ 
bg NOONE, egeG 
9 / dx _) pla Vat ber® + Ja 
Va +t beP® 2 Vatber™ 
arctan if a<0. 
pa \/-a 


2.4. Integrals Containing Hyperbolic Functions 


> Integrals containing cosh z. 


1 
1. [costa + bx) dx = . sinh(a + bx). 
2: i axcoshxz dx = x sinhz—coshz. 


3. [2 cosh x dx = (a? + 2) sinh x — 2x coshz. 


OT Gtk g2k-l 
2 coshade = On| 2 sinh x Qk-D! cosh, 
2k+l 2k 


a"! cosh x dx = (2n+ 1)! Slr +D! sinh x an cosh 


cosh? x dx = 4a + ; sinh 22. 


6. fe cosh x dx = x? sinha — px”! cosh x + p(p— 1) / x?” cosh x da. 


8. [ cost’ x dx = sinhx + + sinh? x. 


n-l : 
e 1 sinh[2(n — k)x] 
: 12” @ de =O”  Sppcaueres Sah ao | See. 
9 [os a dx Cin san + sel Cn 2n-k) n=1, 2, 


‘ee sinh[(2n —2k + 1)z] sinh?**! 
2n+l 7 k = k 
10. [cost ade = >) Cnet Ce ae = .”%ha]” n=l, 2) 
k=0 k=0 
1 -1 
11 [cost x2 dx = — sinha cosh?! x + ies / cosh? x dx. 
Pp Pp 
12. i cosh az cosh bx dx = ES [a cosh bx sinh ax — bcosh az sinh ba] ; 
a i 
dx 2 
13. = — arct: a). 
3 / Ade a arc an(e ) 
dx sinh x 1 a 2k(n-1)\(n—-2)...(n—-k) 1 
14. 2 = 2 s In—2k , 
cosh?” x  2n-1| cosh?”! x (2n —3)(2n—5)...(2n-2k-1) cosh?” 7! x 


k=1 
ne Ae Qe 44 
n-1 


sf dix naa 1 Fy pe oe Ca Pea a) 1 


cosh?”*! 2n | cosh?” x 2k(n—1)\(n-2)...(n-k) — cosh?”* x 
2n-1)!! 
ee arctan sinh x, n=1,2,... 
n)! 
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sign x . b+acoshz 


arcsin if a <0’, 

ae: age a+ bcoshx 
2 | =e Ly at b+Var—# tanh(e/2) ie os ap 
if a : 


n 
Vva-b atb—-Vva?—b? tanh(2/2) 
> Integrals containing sinh z. 


1 
17. i; sinh(a + bx) dx = b cosh(a + bx). 


18. x sinh x dx = x coshz — sinha. 
19. x’ sinh x dx = (x? + 2) cosh x — 2x sinh x. 
n 2k n g2k-l 
20. x” sinh x dx = (2n)! bs Cp cosh x S- GRAD! sinh 
k=0 k=1 
n 2k 2k 
a. fae smbede=Qn+0tS aE Di cosh x Gn! sinh. 


x? sinh x dx = x? cosh x — px?! sinh x + p(p— 1» fa sinh x dz. 
aw) = ia 

sinh’ «dx =—5% + z sinh 22. 
3 = 1 3 

sinh” x dx =—coshx + 3 cosh” x 


k)a] 


N 
a 
PO es ee a SS ee eg, a ee 


On nc ko Ke ~~ _ 

25. f sinh”” xdzx = (-1)"C. naan “mar D*C. po REL 

hse cosh[(2n-2k+l)z] cosh?*+! x 
26. hn! dz = — —] kok = 1 ntk Ok , 

one ae OG 2 Cnt! on Dk + I ears 

Se Qe nd 

: 1, —1 p-l : —2 
27. sinh? x dx = — sinh? x cosh x — —— | sinh?~ x dz. 

Pp Pp 
1 
28. sinh az sinh bx dx = ane [a cosh az sinh bx — bcosh bz sinh ax]. 
d 1 

29. = — Inftanh SI. 

sinhaz 
30. . a _ | . i 

sinh” 2 = =92n-1| sinh” x 

n-l 

2*(n-1)(n—-2)...n—-k 1 
tenet aD Oe ene) a eee 
a (2n—3)(2n—5)...(2n-2k-1) sinh?”2*"! x 


n-l 
dx cosha[ 1 21 Q2n-1)(2n-3)...(2n-2k4+1) 1 
31. = + 1 
/ sinh?! 2n or 2  BRn=Din=2)... (=k) sink? gy 


,(2n-1)!! z : 

+(-1) Onl! Intanh —, MeN, De ces 
32 / dx I atanh(2/2)—b+ Va? + b2 
a 7 = n A 
a+bsinha = Vo2+  atanh(a/2)-b- Va? +0? 


- dx = —ax+ n : 
a + bsinh x b bVa2 +2 atanh(2/2)-b- Va? +2 


[=e B Ab-Ba i atanh(7/2)-b+ Va? +b? 
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> Integrals containing tanh x or coth x. 


34. [sana dx = Incoshz. 


35. jf ssnt? xa =a-tanhz. 


36. / tanh? x dx = -5 tanh? x + Incoshz. 


n 


tanh2”-24*! » 
aT: tanh?” x dx = , =1,2,. 
i aie oy In—2k+1 
Seed : “ (DCE 7) tanh??-2h+2 5 
38. [saan ee ete eae » aa ee 
1 
39. ran? ae ea tank f tanh? de 
40. 5 cothir di = insind 
41. [ cott?sr dr = 0 —cothe 
42. / coth’ x dx = —4 coth’ x + In|sinh a]. 
n In-2k+1 
an - coth x 7 
43. [cots adx=a eS TEE? Eee 
n Ck n coth2”-2**2 » 
44. th?”*! dex =In|sinh2|- § © ——2_— = In|sinh 
Jo x dx = In|sinh z| So De sinha n|sinh z| d ay ee 
1 
45. J cott? xa ae cotta f coth?? xda, 


2.5. Integrals Containing Logarithmic Functions 


P, 


2. 


4 


3 


a 


~ 


irarde=cinar—a, 


[omear= sa Inz — 42°. 


—— 7"! Inagx — 5 
[orinarde = ptl (p+ 1) 
5 In’ ax if p=-l. 


fo zy dx = x(Inx) 22 Inax +22. 


i a(n x)? dx = 4a7dn2)? - 4a? Ine + 127. 


pti 2 1 pti 
: “(nx - Ine + ; if p#-l, 
[eranz) dz = ptl (p+ 1) (p+ 1) 
1in's if p=-1. 


L fanaytda= Fy LMM Dn lak Dana Fe ee 
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We 1s 2p: 


8. on x)! dx = x(n x)? - fan x)t! dr, q#-1. 


n+1 _™ 1) 
9. [erdnay” dx = — ae a (m+ lm...(m—-k+1)dnay”™, nym= 1, 2, ... 


1 
10. i, a? (In x)? de = ——a?*\(Ina)t —- —*— i: 2?(Inaz)t! dr, p,q#-l. 
ptl ptl 


11. [ima be) de = “(ar + b)In(ax +b)—2. 


1 2 a’ 1 x a 
12. [sinasboyae= 5 (1 -5) Ina + oo) 5(S-F0). 


! a 1(/2? ax we 
2 _tf.3  & 
13. fe In(a + bx) dx = 5(« 5 +) Ina + be) “(5 Tr + ra ). 


14 Invdx _ Inx ig 1 o x 
; (at+bx)2? (a+ bx) ab a tbe 
15 Inedx _ Ing ts 1 " 1 In x 
(a+bz)}3 —- 2b(a+ ba)? = 2ab(at+bx) = 2a2b- a tba 
2 atbr+/a 
—|(Inz-2)Va+tbze+ Ja ln ——_ if a>0, 
ined at Ms va A 
16. | ee 
a+ bx Vatb 
5 («ne 2)Va + bx + 2/=a arctan a] if a<0. 


1%: i In(a? +. a”) dx = x In(a? + a?) — 2x + 2a arctan(x/a). 
18. [eine +a’)dx = 4[(a? +a7)In(a* +a°)-2’]. 


19. / x In(a? + a’) dz = + [2° In(a? + a’) - 3a? +2a*a -2a3 arctan(zx /a)| . 


2.6. Integrals Containing Trigonometric Functions 
> Integrals containing cos x. Notation: n = 1, 2,... 
1. [costa + bx) dx = * sin(a + bz). 


Dy [cose de = cos.r + eins 


x’ cos x dx = 2x cos.x + (x7 —2)sina. 


wp 2n-2k n-l 2n-2k-1 


2 eosede = nt| Big @n22b! mart Dek iy* (Qn -2k—D! cos. 


k=0 


Qn—2k+ 1)! (2n—2k)! 
x? cosa dx = x? sina + px? | cos x — p(p— ie a cos x dx. 


cos? «dx = 42 + t sin 22. 


n 22k 22k 
5. (ee cos x dx = (2n + myo |k tf sina + oe: 
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cos? x dx = sina — + sin? a. 


5. | 
9. [eos cdz= 


22n ant — 1 


ra sin[(2n —2k)ax] 
2n—2k : 


Sch 


1 sin[(2n —2k + 1)z] 
2nt+1 ox k 
10. [os vie = 352 Ch eae 
11. i ue = Injtan(>+)]. 
cos & 2 4 
12. [a oe = tan x. 
cos 
dx sin x 1 c oT 
1 T r (+ *) . 
2 l= Dee ee 2°] 
14. / dx _ sin x =f dx eat 
cos"? (n—1)cos*™!2 n-1 J cos*?x 
15. / x dx By eae Dane te) (2n —2k)x sin x —cos x 
cos2” x = (2n—1)(2n-3)...(22n—2k +3) (Q2n-—2k + 1)(2n —2k) cos2”-2h+1 x 
Qn 1 —])! 
ie ce tan x + In|cos a). 
in|(b— in}(b+ 
16. [es ax cos bx dx = sin|( aye] sin|( aye] ; +b. 
2(b-a) 2(b + a) 
2 (a—b) ane) ee 
arctan if a2 >, 
a / dx _ |) va va? —b2 
; a+bcosxz 1 Anda — a? + (b—a) tan(a/2) epi, 
Vb - a2 ae —a? —(b-a) tan(ax/2) 
dx bsinax a dx 
18. = ; 
(at+bcosz) (b?-—a?)(a+bcos - b-a? J at+bcosz 
19 / ee = : arctan a 
, a+bcostx gVa2+h2 Tae 
: arctan ane if a> 
—— ene eae a , 
20 i: dx _ J ava? —b? Vaz —b? 
: a* —b? cos? x 1 VYe-a-atanz| .. 1, _ 5 
n if b >a’. 
2aVb2—-a2 | Ve? -a2 +atane 
21. fe cos bx dx = e°” = sin bx + ae cos be , 
ax 2 et 2 : 2 
22. e*” cos rdz = —— acos’x+2sinxcosxr+— }. 
a* +4 a 
one e%” cos”! ; n(n—1) “as 
23. e** cos” x dx = 57 (acos x +n sin x) + ——; cos” ~*~ «dx 
azt+n azt+n 
> Integrals containing sin x. Notation: n= 1, 2,... 
1 
24 if sin(a + bx) dx = 5 cos(a + bz). 
25 J esine de = sine—reosz. 
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37. 


40. 


41. 


42. 


43. 


44. 


ye sin x dx = 2x sinx — (a* —2) cos x. 


i x sinx dx = (327 —6) sinx — (a> — 6x) cos x. 


wp 2n-2k n=l 2k l 
/ 2 sina = Amt] De errs t it seer = IG REA sin. 
i: Parl ren: Giy*! awe cos x + ( eine 
x z Qn—2k+1)! (Qn —2k)! 


k=0 


[er sinzede =-2" cose + pa?! sine plp-1) f a? sine, 


| sin? xa = sr z sin 2x. 


| esin cde = 30° fx sin 2x x COs 2x. 


[ sin’ 2a =—cosxz+ 1 cos? D. 


qn 
[sn a dx = + gna & ) x peck, nen eho 


22n 22n- 1 —2k 
! 
where (oa 7 iGo are binomial coefficients (0! = 1). 
!(m—k)! 


: pe cos[(2n — 2k + 1)z] 
2n+1 nt+k+1 pk 

dz = =— -1 C. : 
[oo ada = 5, > ) 2ntl 9 ka] 


=| dx x 
= Inftan =|, 
sin £ 2, 


la Sere =-cotzr 
a dx COS & 1, 
= , + In)tan = . 
sin? x 2sin?x 2 2 
| dx cos x n-2 i. dx 
= ; a3 : ,n>t. 
sin” x (n-l)sin*!=x n-1/ sin”? a 
/ x dx sd eee ie) sinx + (2n—2k)xcos x 
sin2” x (2n-1)2n-3)...(Q2n-2k +3) (Q2n—2k + 1)(2n —2k) sin2”-2'+! x 
Qn 1 ! 
+ cole eS (In |sin x| — x cot i): 
(2n—-1)!! 
sin[((b—a)x]  sin[(b+ a)x] 
ba dx = +b. 
[sinac sin bx dx = 2(b — a) 2(b + a) ,aF 
2 b+atanaz/2 
———— . arctan ———__—_— if a? > 0’, 
i dx _) ve? Vaz —b2 
at+bsina — 1 b- Vb? -a* +atanx/2 


if b? >a’. 
b2 — a2 Joviea cous 


i _ bcosx é a / dx 
(at+bsinz)? (a2—b?)(at+bsinz) ab? J atbsina’ 


dx 1 ; a? +b tane 
: = arctan ; 
a2+b?sin?x g/g? +h2 


© 1998 by CRC Press LLC 


1 Va? —b? tanx See, 
————. arctan ——_ if a* > 0b’, 
a 
odes 1 , Vb2-—a? tanx+a 
n 
2avV/b? — a2 Vb? —a? tanz—a 


sin x dx 1 . kceosx 
= arcsin 


V1+k? sin? x : JV1+k2 
d. 
mae = ~ In|k cose + VT~R? sin? | 


V1 —k2 sin? x 


—Ss COP 
aa Z - V1 +R? sin? x dx aves 1+ k? sin? x — is spouts VOROUEE 


45. 


if b& >a?. 


46. 


47. 


2 2k V1+k2. 


aV1—k2 sin x dx = RE VER sink - 


sin 
sin 


k2 
; In|k cos. x + V1—k? sin? a |. 


b 
” sin bx dx = e* ‘las sin bx 4 cos be| ; 


© sin adr = 


2 


, 2: 
Se: 2 sin x cos x + “), 
a’ +4 a 


ax n-l 
et sin” x, n(n—1) Sah 
* sin” x dx = 5 (asin x —ncos £) + ———- e@ sin” x da. 
a+n 


az +n2 


> Integrals containing sin x and cos z. 


+b cos|(a—b)x 
53. i sin ax cos ba dx = aa a Ke = », G#xb. 
c 
54, = t (; t ) 
/ b? cos? ax + +3 amar abe NBO 
1 ctanax +b 
55. Seo] | 
i: b? cos? ax — es sint?ax  2abe a ctanax —b 
n+m-l n2k-2m+l 
56. — ee eee me 
i cos?” x sin2™ x een xL gp a nm-t Te 2m + r tes 
dr , n+m n2k-2m x 
57; / soap quam = Crem In|tan 2 + Cn nS nym aT, 22.4 


> Reduction formulas. The parameters p and g below can assume any values, except for those at 
which the denominators on the right-hand side vanish. 


sin?! acost! 2 p-1 
+ 


pt+q pt+q 


58. i; sin? x cos? x dx = / sin? x cos! x dz. 


sin?t! ¢ cost! x -1 
59. / sin? x cos? x dx = ra + 7 z / sin? x cos? x dx. 
prd ptrd 
: sin?! a cost! x / . -1 
60. / sin? x cos? x dx = (sin? x 2 ) 
pt+q prgas 


g. SDE dD 
(p+ Q(p+q-2) 


61. [sin cos" xdx = 


sin’? x cos? x dz. 


sin?t! 


qrl +q+2 
ae “+? : 1 sinh? cost de. 
D Pp 


sin’*! ecos#! a2 p+q+2 


62. / sin? x cos? x dx = / sin? x cos?*? x dx. 


qt+1 qt1 
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7 1 +1 
: sin? x cos?’ x -1 : 
63. / sin? x cos? x dx = i re ; sin? x cos’? x dz. 
qt qt 
; sin?t! x cost! x -1 ; 
64. sin? x cos? x dx = 2 sin?*? x cos? x dz. 
ptl ptl 


> Integrals containing tan x and cot x. 


65. [rane dx =—In|cos 2]. 
66. [os adx =tanx—«x. 
67. [on xdx = 4 tan? x +In|cos 2]. 
iw (-1)* (tan x)?"-2**! 

68. t dx = (-1)"x ; =1, 2.4.5 

[isnt i ec » In-2k+1 " 

antl 5 pated n (-1)¥ (tan x)?” 2**? = 

69. [im x = (-1)"*! In|cos x| » ay 5 eae ee 
70. ws = 2a (ax + bln|jacos a + bsina|). 


71. nea = d arccos( 1-$ cose), b>a, b>0. 
Va+btanr2x WVb-a \ b 


72. [cote de =n |sin z|. 
73. [oot xdx=-cotx-2. 
74. [oot «dx =-4 cot? x — In|sin z]. 

cn a fe (- 1)*(cot 2)?”-2*+! 7 
15, [oo x dx = > eee 

1 k t 2n-2k+2 

16. cot ede = 1" ininal+ es ‘oa He as 
TAs /otee = ap (ax bin |asin x + bcos 2] ). 


2.7. Integrals Containing Inverse Trigonometric 
Functions 


_ 2 _ 2 
ifs | sin = dr = x aresin = 4 Va? =a, 
a a 
PUN BAF a _ 2 
arcsin—} dx =ax\(arcsin—} —2x”%+2Va?-— <2? arcsin—. 
a a a 
_ £ 1 _ £2 &£ 
3. J vavesin = a = oe + qve-@. 
a 


N 


43 
_ £ 
4. |e aresin dx = 3 aresin — + (a + 2a7)V a? = 2?. 
a 
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x x 
5. [ sxccos — dx = xarccos — — Va? — x?. 


a a 


x \2 x2 x 
6. J (atec0s =) dx = wr (arecos ) 2a —2V a? — x? arccos —. 
a a a 
x 1 Ls 
Ts xarccos — dx = —(2x* — a”) arccos — — — Va? — 2?. 
a 4 a 4 
3 
x x x 1 
8. :, x arccos — dx = — arccos (2? + 2a7)V a2 — 2?. 
a 3 a 9 
x£ x oa 
9. a arctan — dx = x arctan — — — In(a’ + 2). 
a a 2 


x 1 Lr ax 
x arctan — dx = —(x* + a”) arctan — — —. 
a 2 a 2 
3 2 3 
x x Lu ax a 
x arctan — dx = arctan +: —Inlae +97). 
a 3 a 6 6 


11. 


ax 


x 1 x 
13. xarccot — dx = —(x* +a”) arccot — + —. 
a 2 a 2 


3 2 3 
x x Lu ax a 
x arccot — dx = arccot — + In(a? + x). 
a 3 a 6 6 


14. 


12. [cco = dx = x arccot = + = In(a? + x”). 
a a 2 


@) References for Supplement 2: H. B. Dwight (1961), I. S. Gradshteyn and I. M. Ryzhik (1980), A. P. Prudnikov, 
Yu. A. Brychkov, and O. I. Marichev (1986, 1988). 
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Supplement 3 


Tables of Definite Integrals 


Throughout Supplement 3 it is assumed that n is a positive integer, unless otherwise specified. 


3.1. ee nn Power-Law Functions 


1. . 
La te Jab 
2. 
l= oa 
lo" dx (-1)* 
=(-1)”| In2 
Sy gare neil = 


co go! 
4. | F=_" O<a<l. 
0 xr+1 sin(ra)’ 


%° gr! dr m(1—A) 
: 2. 
| jaan? Pana 


- dx _ B 
9 @2+2rcosb+1  2sinZ’ 


' (e* +a) de 7 sin(a) 
7. = 1 re 
[ x?+2xrcos3+1 — sin(a)sinB’ lal< 1, G@#(Qn+1)7 
oo A-l Me PT 
. [ tae = », 0<A<2. 
0 (e+a)(x+b)  (b-a)sin(rA) 
© or l(7 +0) dx 1 G20 44. Be 
, = 7 ye? 1. 
. I (x + a)(x + b) say (S$ oT Goats i 0<A< 
° ade _ tA) 
I (c+13 — 2sin(wA)’ Die 


oo el plage 
ll. i | = ee 
0 (a? +a?)(a? +b?) 2(a? - 0?) sin(wA/2) 


1 
1- 
12. [ a-o ae = Dy eee: 
0 2 sin(7a) 


1 
13; | Ota ae Hee 
9 «%(1—2)'@ © sin(ra) 
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1 a 
14. | x? dx Bee Ta 
9 (l-2)* © sin(ra) 


l<a<l. 


1 
15. | x? (1-2)! dr = B(p,q = , pq>o. 
0 T(pt+q) 
1 
16. | a1 297 ?/4 de =", g>p>0. 
0 q sin(rp/q) 
1 
17. | atl] 2) P/4 dg =P __ gap, 
0 ¢ sin(rp/q) 
1 
18. [ema aay te = p>, q>0. 
0 qsin(1/p) 
1 .p-l _ »-P 
19. | Sf  de=ncot(rp), |pl<1. 
l-z 
1 ed ee 
20. [- Woe day 2 ea 
0 l+a sin(7p) 
1 PP 1 
21. | SS’ de=—-rcot(rp), |pl<1. 
0 «-1 Pp 
1 PP 1 
22. [+ ig 8. ples 
9 Il+z2 p  sin(ap) 
1 ,.1+p _ ,.1-p 1 
93. | a dx = ~ cot( 7) Sp et: 
0 1-2 2 2 p 
1 ).1+p _ ,,.1-p 1 
24. cam inl <1. 
P 


26. 


1 
2 sin(rp/2)’ 


Ja an 2) 


i 
get a d 
25. [ ——— dz = 7[cot(rp)-cot(7q)],  p,q>0. 
0 
f 


2 
arctan a. 
a 


1 lt+a 


27. [ a 
0 (1-a?x)(1-2) 


=—In 
a Il-a 


P@@) 


XL Tk. 
28. / = 2 Neca 
-1(a-a)V1l-a2? Va?-1 
1 
x” dx 2(2n)!! 
29. = , n=1,2,. 
Vine Onehu 
Py 2 dy = r(2n-1)!! 
30. = , n=1,2,. 
eae eee (2n)!! 
ei. V9” dx _t 1:3...Qn=1) ee 
jogs 2 4...(2n) 
1 ).2n+1 
30: a eC es ee 
Wie 1 One 1 
ce gl dx TOR 
33. = (-1)”" co 0 1. 
| ine < ome oe 
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34. 


35. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


50. 


a x” de _ ymtt,,) 2n=2m—3)!! re a.b>0, 
9 (at bayrtt/2 (2n-1)!! pm! 
n,m=1,2,..., m<b—>5. 

ad dx nm (2n—3)!! 1 

= ee SE SE Desk 

9 (a2 +a2)™ 2 Qn—2)!! ar! 

© (¢ +1) _i1- a 
i Gea KGap 

: xo dx T 


7 0<A<1,a>-l. 


9 (l+ar)\1-x) (1+a)sin(7))’ 


ad in[(2A — 1)k] 
v Xv sin 
pee Obes ke 
[ Gace ere oy ane 
-$<A<l,a>0. 
© gl dy 7 
= <b. 
| es wane 
© ot! dx m(a—b) 
= 2b. 
| @®+1e Bsinfxa—b/s) 7 ~ 
we dg 12 T(A - 1/2) 
pa te pug we aan exe 
i @+aa+by vr(va+vb) foyer 
~~ t-a2 2 msin A Ta TC 
i = > A=—, C=—; b, 0. 
j j—ae * = bsinC sin(A +O) b bo eee We 
gt! dy 
| Gane = 2B(za! b sa), ta+b<l, a>0. 
ae ik | 2m —1)!!(2n —2m-—3)!! 
if a wd = OO EAC eel aun a,b>0, n>metl. 
0 (ax? +b)” 2(2n-2)! amb ab 
BS geen aloe m!(n—-m-—2)! 
= b 124: 
| (aa? +b)" ~ UnaNlarigemt? 970 nome 
Co gt! dx 1 m mM 
= B( ; ), 0, 0 
i; (1 + aa?” part/P D V p p> << py 
co Po nan! 
(V2? +a?-2) WS) 5 a WED Soe: 
0 n--1 
at dx n 
nm ’ MEH 2.35438 
I (c+ V2? +a?) a”|(n? - 1) 
i) a n-migrrm! 
(in| pd dee dx = 
[ a (Va? + at — a)” de Heme NG= Ile Gey 
n,m=1,2,..., OSms<n-2 
a x” dx n-m! 
n> SD Bm tals 
0 (x+ a +a?) (n—-m-—-1)\(n—m41)...m4+me+4lav! 


3.2. Integrals Containing Exponential Functions 


oe 1 
1. | e** dx = — 
0 a 
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r) 


a>0. 


k = arctan /a 


’ 


n 
n! n! 1 
ee dx = —_ -e& ———, a>0, n=1,2,... 
qnti k! qn-kt 
k=0 


N 
o— 


3. i ge de= —_, a>0, n=1,2,... 
0 a” 
CO pax 1 
4. dx=,/—, a>0O 
| os Ay . a 
P T 
5. | aw te dr = ae Lu >0 
0 Le 
ge 
0 14+ e% a 
co g2n- = 2n B 
7. [ - ea =(-l)”" iG “) ate n=1,2,... (Bm are the Bernoulli numbers). 
0 ePr p 4n 
2n- * 2n |B 
8. a Ome aan 28) [Bonk a2, 
go ePt +1 p 4n 
°° eP® dx T 
9. = : 0 0 ; 
o l+ea — qsin(rp/q) DER TB rece 
Of ett 4 eae T 
10. | dx = , b>a. 
o; See 2b cos (=) 
2b 
CO EPL _ gx 
11. ie c E dx = " cot ns p,q>0. 
Oj: Paes p+q  ptq 
Co 7 1 UL 
12. | Loe" eM de = —B(E y+). 
ae B\B 
ot 1 
13. 7 exp(-az’) dx = 5 -, a>0O 
if" reise 0, n=1,2 
S av exp |—ax o= a ynel? a>, Nm=l,24,... 
0 
er 1-3...(2n-1)/ar 
15. [ x exp(-az”) dx = Arel ntl f2 , a>O, n=l, 2, 
0 
fore) b2 
16. i exp(-a7x + ba) de = exp(z-5). 
‘ See ee Vab b 
17. exp( ax =) c= 5) ~ exp( 2 b), a,b>0 
0 
18. | exp(-2*) de=-I(—), a>0 
0 a 


3.3. Integrals Containing Hyperbolic Functions 


1 i de == 
"Jy coshax 2Ial” 


2 Vb — a? ; 
oo arctan 1 > |al, 
f |b 
> dx _ be — a2 atb 
9 a+bcoshz 1 at+b+vVa?-b? 
1 if |b] < Jal. 


n 
Vae-h atb—-vVa?4+b? 
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20 2nd qT \2n4l 
a = =) Beh ia, 
fe cosh az Cc ae 28 
lee) wen g2n _2 
4 fae = Bl a>. 
0 cosh a a(2a)*" 
°° cosh 
5. | =e, 2 T = Siar 
9 cosh bx db (=) 
cos| >, 
°° 4, cosh ax n a 1 
6. » b>|al, = 1, 2, 
i a coshbx 2b da2” cos(47a/b) ee 
( Ta ) ( mb ) 
oo cos({ — } cos{ — 
7 | cosh az cosh bx fe Ic Ie eSB 
‘ cosh(cz) c ( ma ) ( a 
cos{ — } +cos{ — 
Cc c 
ee) d 1 
8. | Pen i eo aS 0. 
9 Sinhax 2a 
e 1 at+b+Var7+l? 
9. = In , ab#0. 
0 eu Vae+h atb-vVa?+b? 
°° sinh ax T Ta 
10. tan(="), b> lal, 
| sinh bes ~ 36 OT 3H al 
°° 4, sinh ax a an Ta 
t , b>al, a Dee eeee 
uf or anes > Rae an( 2b ) lah 
foe) we" 
12. = B nis 0. 
in ae = qo Diol Be 


3.4. Integrals Containing Logarithmic Functions 


1 
ieee adx=(-lI)"nla™!, a>O, n=1,2,... 
0 


1 


Ina 1 
2. : 
| ut mre hy me 
1 2 k 
x a 7 (-1) 
= 1 ntl =1.2 
Ye ‘Ine rat! 
4. = l t 1. 
ope ar t= inca ne m cot(mp)], O<p< 
Ds [ [Ina|’¥ dx =T(u+1), p> -t. 
0 
lo) ue T 
6. a’ Indl + ax) dx = —————.,_ -1<p<0. 
0 pat sin(7[L) 
1 2n k-1 
: 1 (-l) 
2n-1 = = 
7. fe mee id ee 
1 a 1* 
8. | x" In(1 + 2) da = =~ ar [ints 2% Jn =0,1,... 
0 
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1 n n k 

2iIn2 4(-1 -l 

9. | a”? Ind +2) dz = = i T CY 
0 2nt+1 2n+1 rar 


10. [ » i OE Gp rl b), a,b>0. 


nu [> gP! Ine | nm cos(mp/q) 
0 


= », O<p<gq. 
1l+24 q@? sin?(7p/q) ove 


12. | eM neds =—"(C+Inp), u>O, C=0.5772... 
0 


3.5. Integrals Containing Trigonometric Functions 


n/2 nm 1-3...Qn-1) 
‘ i 7 = 159.5: 
; cos’” «dx = 7. Ee On” n De 
sie PhO 
2 Detlget ee 8 eee 
0 1-3...Qn+41) 
n /2 m-1 Oke] ob a ; 
a xcos” «dz = ee + 1)(n-2k +3)...(n-1) 
A ra (n-2k)(n-2k+2)...n n—2k 
2m —2)!! 
oa if n=2m-1, 
m2 Qm—1)!! hes m=1,2,... 
8) Omi! Wwn=zm, 


flee - (2n—2k-1)!! Qk- 1D! pa+b\* 
‘: 5 a bcosay*l = Ine peEE Wie he es (n—kB! (—) » a>). 


~~ cos ax [ar 
, dx = ,/— : 
5 ; iE cL 2a a>0O 
6. | NES SEES = in)” . G26, 
x a 


7 i, cee eer A aeEe 
0 

8. A a cosax dx = a "T (1) cos(+ TI), a>0O, O<p<l. 
0 


co 

COS AX TT 

EL =—¢% a,b>0. 
0 b +X 2b 


10. [ eae m2 ex a cos a + sin( a b>0 
7 — — a : 
9 Of+ eo 4b3 P J2 J2 V2) \° ‘ 
~ cos ax 
11. | @+2) dx == (ltabje, a,b>0. 


‘6 i. cos ax dx _t (ber = ce?) 
"fo (+22 +272) 2be(b?-c2) ’ 


a,b,c>0. 


of 1 7 
13. *) dx = 4 > 0. 
| cosa?) de= 5/2, a 
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TT 


ve _Td 
14. | cos ( (ax?) d = OPP) gg E a>0O, p>l. 
0 pal/p ~~" 2p 
1-3...Qn-1 
15. i Gee oi , 
i o Dad On) 
4...(2n) 
1 rm"! = =1.2 
e prs Canady 
17. | une dx = — " sign a. 
0 x 2 
ew) 
18. | sin oe re al 
0 x 
° sin ax T 
19. dx =,/—, >0. 
| Jr is \ 2a - 
2 T 1 
20. iP ax sin Made = Go >t. 
0 [T+ 3) 


21. i a sin ax dx = a *T(y) sin(4 TM), a>0, O<yp<l. 


o 


9. ee sin x dx Se mith 
0 Vl-ksintx 2k 1-k 
na 1 [a 
23. Sy >0 
| sin(aa?) dr= 5/5, a 
a _Td 
24. | sin ( — UP) ig a>0O, p>l. 
0 pa\/P 2 
25. 13 ee a n,m = 
0 2n+m-+1)! 


26. i. sin?! x cost! x dx = +B(4p, 349). 


Qn 
27. | (asinx + bcos)” dx = 27 


Oo 


2g. — sin x cos ax os 


Oo 


79. [ sin x dx 
0 Vat +1-—2acosz 


t 
30. i ae! iy sign a. 
0 2 


a (tan x)** dx = 
0 


32. | e** sin bx dx = ae 
0 a 


33. | &* cos ba dx = 
0 a 
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One DM p5o,aen 
“Oni any (eth) 
= if lal<1, 
= if jal =1, 
0 if 1<|al. 
fe HOS ae: 
~)2/a if l<a. 
T 
——_—., |A|< 1. 
2cos(47A) | 
24 p? a>0. 
rare a>0O. 


12s. hee 


Wwe 1,2 o22 


ee 1 |r be 
2 — ne — i 
34. | exp(-axz ) cos ba dx = Va exp( Za }. 
ee) b2 b2 
35. | cos(ax”) cos ba dx = as cos{| —— } +sin{ — ]], a,b>0. 
0 \ 8a 4a a 
36 [ ax + sin ax) cos(b?2) dx = ss ue ex _# a,b>0 
Se Slee er on ee: 


37 JP (cosa + sina Re ee 7 ex (=) a,b>0 
a SEAS Se DE en 


@ References for Supplement 3: H. B. Dwight (1961), I S. Gradshteyn and I. M. Ryzhik (1980), A. P. Prudnikov, 
Yu. A. Brychkov, and O. I. Marichev (1986, 1988). 
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Supplement 4 


Tables of Laplace Transforms 


4.1. General Formulas 


10 | cos(wxr) f(x) 


No Original function, f(x) Laplace transform, f(p) = | * eP* f(a) dx 
0 
1 | afi(z) + bfr(a) afi(p) + bfx) 
2 | f@/a), a>0 af(ap) 
0 if 0<2<a, epg 

3 aes if a<2, eo“ f@) 
4 | x"f(x); n=1,2,... ars — fp) 
aes f(x) ae f(a dq 

v Pp 
6 | e** f(z) f(p 
7 | sinh(ax) f(x) > Te- a)~ f(p +a)| 
8 | cosh(ax) f(x) 3([f(p-a) + fp +a)| 
9 | sin@wax) f(x) {TF (p —iw)— f(p+ hes 

f 


iz 
z| (p- iw) + f(p+iw)], i 


11 | f(2?) 


Pp P42 
= fr exp (-%)s0 ) dt 


1 
12 x1 f(—), et 
iG: 


i: (t/p)*/Ja(2V/pt) fit) dt 


13 | f(asinhaz), a>0 


he ” Jp(at) f(t) dt 
0 


14 | f(vt+a)= f(x) (periodic function) 


— 


ia f(xjeP” dx 


f(v+a)=-f@) 


(antiperiodic function) 


+e af faje™ de 


16: of) 


pf) - f(+0) 


17: |. f@) 


p” Fp) — Sp * fF P40) 


k=1 
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No Original function, f(x) Laplace transform, f(p) = | i“ eP* f(a) dx 
0 
18 | c™f™(@), men (oy. [p” f(p)| 
Jax ’ dp J 
me d™ 
19 - [2 f(a)] men (- eae aI) 
20 | f(t) dt @) 
0 Pp 
x 1 - 
1 i (a —t) f(t) at +f 
0 Pp 
2 v: (xt fd, v>-1 w+ Dp fF) 
0 
23 | eA F(t) at _F@) 
0 pta 
Fe af(p) 
24 | sinh |a(a —t)| f(t) dt Pod 
a af(p) 
25 | sin[a(x —t)] f(t) dt Prd 
26 | fit) fr(a—t) dt AMA) 
17 [pion ‘| ie 
ee “ee q) dq 
Co 1 1 P oo 
28 | fo ipae ~ | Fada 
x Pp 0 
foe) . JT - 1 
| Yes Vi afl 
30 = cos(2V‘at ), fadt WL) 
oo jae 
31 1 FY peat pi lve) 
t ca 
32 i’ ws = F) saat Flv) 
33 fa)-a | f (va? -t?) Ji(at) dt f (Vp? +a?) 
0 
34 flayra | f(va?-#)N(at)dt | f(\/p?-a?) 
0 
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4.2. Expressions With Power-Law Functions 


No Original function, f(x) Laplace transform, f(p) = | e P* f(x) dx 
0 
1 
1/1 = 
Pp 
0 if O<2<a, 1 
2/41 ifa<ar<b, —(e? —e) 
0 if b<a. . 
3 1 
Ab af 
ee 
1 ist 
4 —e*? Ei(—ap) 
zrt+a 
n!} 
50) ees n=1,2 pal 
1-3...(2n- lJ 


Qnpntl/2 


1 7 
[= 6? erf 
7 eae oe erfc(/ap ) 
8 va 4/ Jae” erfc(./ap ) 
cata Pp 
9 | @wt+ay?”? py ae Wrp)\/7e%” erfc(./ap ) 


(x/p)'/? - mal/? ew erfc(/ap ) 


ma7'/?e% erfc(./ap ) 


12. |: y>—l Tw+ lp’! 
13 | (w@+a)” y>-l pv te?T(v + 1, ap) 
14 | 2’(e+ay, v>-l ke??T(-v, ap), k=a’Tw+1) 


15 | (2? +2ar)!/*(x +a) 


ae*” Ki (ap) 


4.3. Expressions With Exponential Functions 


No Original function, f(x) Laplace transform, f(p) = if e?* f(a) dx 
0 
1 |e (p+a)! 
2) «eo (p+a)” 
Bs) gy heae y>0 TV)(p +a)” 
1 
4 | —(e**-e*) In(p + b) — In(p + a) 
x 
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No Original function, f(x) Laplace transform, f(p) = i e?* f(a) dx 
0 
5 +(e) (p + 2a) In(p + 2a) + pln p— 2(p + a) In(p + a) 
x 
6 | exp(-aa’), a>0 (rby'/? exp (bp’) erfc(pvb), a= z 
7 | xexp (-ax") 2b — 2n!/7*/?p erfc(pvb), a= za 
8 | exp(-a/x), aZz0 2\/a/pK\ (2,/ap ) 
9 | /rexp(-a/z), a>=0 4\/1/p3(1 +2,/ap ) exp(-2,/ap ) 
1 
10 rs sa aZ=0 1 /pexp(-2,/ap ) 
1 
11 ag oxPta/2), a>0O 7 /aexp(-2,/ap ) 
12 | a’ texp(-a/x),  a>0 2(a/p)’/?K, (2,/ap) 
13 exp(-2,/az ) p! —(na)!/?p3/2¢%/P erfc( a/p) 
1 
14 ie exp(-2,/az ) (x /py\/?e8/? erfc(./a/p) 
4.4. Expressions With Hyperbolic Functions 
No Original function, f(x) Laplace transform, f(p) = | eP* f(a) dx 
0 
a 
1 | sinh(azx) pa 
2 | sinh? ae 
sin (ax) p —4a2p 
1. 1, pta 
3 = sinh(az) 5 In a: 
4 | a2’ 'sinh(ax),  v>-l 3T()[(p- ay” -(p tay] 
5 | sinh(2V/az ) a eo/P 
6 | Vxsinh(2V/az ) mp? (Lp + a)e*!P erf(\/a/p) a te 
1 
7 Ja sinh (2Vac) m'/29-1/2¢4/? erf(\/a/p) 
8 <a sinh (Var) Lt/2p-1/2 (¢4/P _ 1) 
9 | cosh(az) oe 
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No Original function, f(x) 


Laplace transform, f(p) = i e?* f(a) dx 
0 


10 | cosh*(ax) 


pr as 2a 
p> —4a*p 


11 | 2” cosh(az), v>0 


31) [(p- ay” + (p+ ay” 


12 | cosh(2V/az ) 


P) 


1 
a WEE Cap erf ( a/ 
D/P 


+ 
Pp 


13 | Vxcosh(2V/az ) 


m2 5/2 (1p + a)e"/P 


14 oa cosh(2,/az ) 


mp '/2@9/P 


Ja 
15 = cosh? (\/az ) 


dp l/?p1/? (e2/P + 1) 


4.5. Expressions With Logarithmic Functions 


No Original function, f(x) Laplace transform, f(p) = | eP* f(x) dx 
0 
z ] C 
1 | Inez -—(Inp+C), 
C =0.5772... is the Euler constant 
1 
2 | Ind +az) ——e?/* Fi(-p/a) 
Pp 


3 | In(w@t+a) 


[In a—e*P Ei(-ap)] 


n) 1,1 1 
4|a™lnz, n=1,2,... earth arg oh = lp), 
C =0.5772... is the Euler constant 
1 
5 Veo —\/1/p [In(4p) + C] 
ati pL ae 2 _In(4p) —C 
pire | $a tg tiv4 5D -C, 
6 | 2/2 Ing, n= 1, 2, Ve 
kn =1-3-5...Qn—-I)-, C =0.5772... 


T(v)p” [pv)-Inp], (v) is the logarithmic 
derivative of the gamma function 


. [dna+Cy+4n7], C=0.5772... 
P 


In(p +a) +C 
pta 


, C =0.5772... 
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4.6. Expressions With Trigonometric Functions 


No Original function, f(x) Laplace transform, f(p) = | s e?* f(x) dx 
0 
a 
1 | sin(azx) Pte 
a TD 
2 | |sin(ax),  a>0 Eee coth( 5”) 
3 | sin?”(ax) n=1,2,... i) 
; oo? pp? + (2a)?| [p? + (4a)?] .. . [p? + (2na)?] 
4 | sin?! (az) n=1,2,... aC EN 
, aii ae + = [p? + 32a?] re [p? +(2n+ 1)?a?] 
5 | a"sin(az), n=1,2,... ai So cater (- ) _ 


(p? + a?) n+l 
Pp 0<2k<n 


1 
6 | —sin(ax) 
x 


a 
arctan ( =) 
Pp 


1 es 
7 | —sin*(ax) 
x 


t In(1 + 4a*p) 


1 
8 | — sin*(az) 
x 


aarctan(2a/p) - +P In(1 + 4a*p”) 


; Ta eo! 
9 | sin(2,/axr OEP 
(viz) ee 
1 
10 | —sin(2Vaz ) nerf (./a/p) 
x 
Pp 
11 | cos(aa) ree 
2 2 
5 po +2a 
12 | cos*(az) 1s) 
prt! jon a 
13 | 2™cos(az),  n=1,2,... Gea Ss Cb Cals a 
ee ta 0<2k<n+l 


14 [1 - cos(azx)] 


4 In(1 + = 


me 18 


15 = [cos(ax) - cos(bx)] 


1 p+? 
—In 
2 pt+a 


16 | Vxcos(2V/az ) 


A g?y/?(p—2a)e*/P 


17 a cos(2\/az ) 


"x /'p ea! P 


18 | sin(ax) sin(bx) 


2abp 
[p? +(a+ b)?] [p? +(a- b)?] 


19 | cos(ax) sin(bx) 


b(p? -a+ b?) 
[p? +(a+ b)?] [p? +(a- b)?] 
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Original function, f(x) 


Laplace transform, f(p) = i e?* f(a) dx 
0 


cos(ax) cos(bx) 


p(p +07 + b?) 
[p? +(a+ b)?] [p? +(a- b)?] 


ax cos(ax) — sin(ax) 


21 _ paretan - <4 
22 | e°* sin(ax) ae 
23 | e?* cos(azx) a 
24 | sin(ax) sinh(ax) wee 
24 a2 
25 | sin(ax) cosh(ax) oe) 
2992 
26 | cos(ax) sinh(ax) ee 
27 | cos(ax) cosh(ax) ona 
4.7. Expressions With Special Functions 


No Original function, f(x) Laplace transform, f(p) = | . e?* f(a) dx 
0 
1 49 1 
1 | erf(az) — exp(b p ) erfc(bp), b= — 
Pp 2a 
Ja 
2 | erf(/azx) oe 
3 ent erf(/az ) aw 
1 
4 erf(5/a/z) pit —exp-vaP)| 
J/pta—-/J/a 
5 | erfc(V/az ) te 
1 
6 e erfc(/ax ) p+ Jap 
7 | erfe(4Va/z) * exp(-VoP) 
8 | Ci(x) * In(p* + 1) 
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No Original function, f(x) Laplace transform, f(p) = yi e?* f(a) dx 
0 
: 1 
9 | Si(x) — arccot p 
Pp 
: 1 
10 | Ei(-x) ——In(p + 1) 
Pp 
1 
11 | Jo(ax) 


12 | JL(ax), y>-l 


a 
\/p? + a2 (p+ Vp t+az)” 


Vv 


13 | 2” J, (az), n=1,2,... 


13255 Cnehe@ ey" 


14 | 2’ J,(az), v> -5 


2a PD (y + 5)a” (p + ayn 


15 | 2”*! Z(az), v>-l 


QD (y+ 3)a" p(y? a 


1 


16 | Jo(2Vaz ) oo 
17 | VxJi (2Vaz ) Veen 
18 | x’? J,(2V/az ), | ql /2y¥-1e-a/p 
19 | Ip(ax) = a 


20 | IL(az), y>-l 


a’ 


JP a (p+ Vp a)” 


21 | x” I,(az), y>-4 qb (v + 4)a” (p?- re it ha 
22 | o”*\E(az), v>-l eT (y+ 3)a"p(p?- a)? 
23 | Ip(2Vaa) nel? 

1 it Be 
24 Tee =e (Po) 


25 | «”/?I,(2V/az), y>-l 


avg tee 


2 Arsinh(p/a) 


26 | Yo(ax) ‘a BY ran 
2_72\_ 
27 | Ko(az) In(p+ \/p* —a ) Ina 


@) References for Supplement 4: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), V. A. Ditkin and 


A. P. Prudnikov (1965). 
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Supplement 5 


Tables of Inverse Laplace Transforms 


5.1. General Formulas 


No Laplace transform, f(p) 


1 c+ti0o 7 
Inverse transform, f(x) = an i eP* f(p) dp 
TM J eico 


1 | fta) 


2 | flap), a>O0 


3 | flap+b), a>O 


4 | f(p—a)+f(p+a) 2 f(x) cosh(az) 
5 | f—a)-f(p+a) 2 f(x) sinh(ax) 
= | (0 if0<2<a, 
6) ew f@), 220 = if a<z. 
7 | pf(p) = if f(+0) =0 
Xv 
| es £ 
8 | Fw) if f(t) dt 
Pp 0 
9 : fo) eu i e" f(t) dt 
pta 0 
1 43 zx 
10 | > f@) if (a —t) f(t) dt 
p 0 
f(r) 1 a a(a-t) 
11 = l-e t) dt 
p(p +a) a Jo ee |f@ 
f@) 7 = —a(x-t) 
12 @+ay : (a —t)e f(t) dt 
f(p) 1 af —a(a—t) _ —b(x-t) 
13 Gs nol aa, le e |f@ dt 
f@) 1 fe ER. s 
14 (Cerra bh e€ sin[b(a t)] f@ dt 


I 
15 = 1 ths 1°25 och 
P 


1 


x n-1 
a | (x-t)" f() dt 


16 | AMA) 


| fi@® faa - #) dt 
0 
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1 


No Laplace transform, f(p) Inverse transform, f(x) = ae / he eP® Fp) dp 
teil 2 cos(2Vat ) 
17 Bie MS ieee fd dt 
are eco 
1 1 7 
185 Sean [en me )fae 
1.1 ea 
20) of (=) i Jo(2V at ) f(t) dt 
21 * F(p+ *) | Jo(2Vat — 2) f) dt 
P Pp 0 
1 ~ a Fre —ty\y 
99 pal ci (p+ - i (—) Joy (2V axt — at? ) f(t) dt 
S co t #2 
23 | f( vp) | ar exp(---) / dt 
Le 
24 apt (ve) af exp (-$) 10 dt 
25 | f(p+ Vp) : ; : exp| a f(t) dt 
2m Jo (2 -1)3/? 4(a —t)1° 


foa)—a f° f(v x ~t?) J\(at) dt 
0 


foayra fo s(VP-P)at at 
0 


f(Vp? +0?) i 
aa Jo (av x? — t? ) f(t) dt 
28 ear f o(a x \f@ 
pele 0 
30 | f(\/@+a?—®) e f(a) + ber 7 f (Ve =P) 1b) dt 
0 
co gt! 
31 | fdnp) | “__ f(t) dt 
0 


iNGD) 


32 * Fanp) 
Pp 


co at 
7 T+) Tern 


33 | f(p—ia)+ f(ptia), ? =- 2 f(x) cos(ax) 
34 | i[f(p—ia)- f(p+ia)], ? =-1 2 f(x) sin(ax) 
Ae “an f(2) 
dp 
36 | ZF) <2)" f(a) 
dp” 
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No Laplace transform, f(p) 


c+t00 


1 i 
Inverse transform, f(x) = an / eP* f(p) dp 
TU Je 


—100 


3 7 yp nd” F@) 


i 


m d m 


dpm 
38 i. fi@dq 
Pp 


1 
39 =f. f(a dq 
p 


r FO 


Slr 


qa f@dq 
Pp 


[4 IO 


5.2. Expressions With Rational Functions 


. 1 ctico . 
No Laplace transform, f(p) Inverse transform, f(x) = oe / e?* f(p) dp 
Mt J c-ico 
1 
AL” | 1 
P 
1 
2 eet 
pta 
3 : x 
pe 
_— —axr 
* | pp +a) Peale 
! —ax 
>| @+ap ue 
nt —axr 
6 (p+ar (1 -azx)e 
7 : ae h 
Paw ms sinh(ax) 
Pp 
8 pe cosh(ax) 
! 1 —ba ax 
* | @¥a@+5 oe eS 
=P 1 be 
0 | @raw+D aap (ae be) 
ie |e Ls 
Pte - sin(ax) 
EET (az 
12 P+ cos(ax 
! 1 —ba o: 
13 (p+ be +a2 a sin(ax) 
4 | ——, be ee 
(p+ by + @ € [eos(asr) aie sin(az) 
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c+t00 
No Laplace transform, fi (p) Inverse transform, f(x) = x / err fi (p) dp 
Mt J c-~ico 
1 
5 | =a lg 
Dp 2 
1 —axr 
16 p(p +a) 7) (e +ax-1) 
1 1 an —ba 
17 pp +ay(p +b) iba = 0). (a —b+be —ae ) 
1 1 —axr —ax 
18 CE a (i -—e"" —aze ) 
19 1 (c— bye + (a-ce* + (b-ae™ 
(p+ a)(p + b)(p +0) (a—b)(b—c)(c—a) 
20 P a(b—c)e* + W(c—a)e?* + ca — be 
(p + a)(p + b)(p + c) (a—b)(b—c\(c—a) 
a1 pr a2(c— bye” + (a- oe * + 2(b- ale 
(p+ a)(p + b)(p +0) (a —b)(b—c)(c—a) 
1 1 ax bax —ba 
22 @+ow@rd? Gene le -—e°* +(a—b)xe | 
Pp 1 —ax —bax 
23 (p + ay(p + by2 (G—by {-ae +[a+ b(b = a)z| e } 
24 2 : [ae +b(b-2a-b’ax + abx)e "| 
(p+ ay(p + bY (a—by 
1 1,2 -ax 
25 ores zue 
Pp 1 ax 
26 (p+ay a(1-4az)e 
27 sw. (1 —2ax+ 502") en 
(p+a) 2 
1 1 
28 D(p2 + a2) 2 [1 - cos(ax)] 
1 1 —bx b : 
29 pl ne a] am {1 -e [eos(asr) + . sin(ax) \ 
30 : —— feat a = sins b 
(p+ ar +P) ep lO + 5 sine) —costha)| 
Pp 1 ; 
31 (ptawy +) am [-ae* + acos(bx) + bsin(bx)] 
p 1 9s. : 2 
32 @+0e"+2 ev [a € —ab sin(bx) +b cos(bx)] 
1 1 
Pe : 1 aie . aoe [cos(ka) — V3 sin(ka)], 
p+a eatas 
Pp au eer + A ax/2 [cos(ka) +V3 sin(ka)| ; 
34 p + a3 3a 3a 
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c+100 


= 1 - 
No Laplace transform, f(p) Inverse transform, f(x) = ah | e?* f(p) dp 
TM J eico 
Pp 1 2 ,ax/2 1 
35 pre 3€ + 3€ cos(kz), k = tav3 
36 1 ee _ 6 cos(cx) + ke~* sin(cx) ies a—b 
(p+a)|(p+b)? +c] (a—b)? +e , ~  ¢ 
-ae* + ae” cos(cx) + ke” sin(cx) 
P (a—b)? +e ‘ 
7) (pralipt bP +2) | Pre -ab 
aed aes 
: aze** +(b? +02 —2ab)e* cos(ca) + ke” sin(cx) 
38 P (a—b)? +c? : 
+ +b) +e bb 
(p ale ge k = -ac oe 
Cc 
1 
39 | | 1,3 
pt 6 
1 1 1 1.5 1. os. 
sis p(p+a) as mee 9a aa 
1 1 —axr 2 —axr 
41 Parar elite )+Gle 1) 
45 1 a+b. 1 a 1 ~ae 4 1 _be 
p2(p + ap + b) ee ab aba) Bab)” 
dal oe ae al Caarer) haal Gere) 
(p + a)2(p + by @oel a ae 
1 1,3 ,-ax 
44 +a eu e 
45 p 7 1 y2eat dagen a 
(p +a) 
1 1 , 
46 pp? + a2) ae [ax = sin(ax)| 
Alene 1 [sinh(az) - sin(az)] 
Pad a3 sinh(ax) — sin(ax 
P 1 
48 pia Fad [cosh(ax) - cos(azx)] 
Pp 1 
49 — |sinh i 
od a [sinh(ax) + sin(ax)] 
p 1 
= h 
50 ae 5 [cos (ax) + cos(ax)] 
1 1 ax 
1 — (cosh € sin € — sinh € cos €), = — 
31] aya gy (Cos sing sinh cose), &= 
us : sin( ~~) sinh( —) 
52 pi+a4 a2 V2 V2 
2 1 ax 
Dp : : 
cos € sinh € + sin€ cosh &), eee 
53 | eal aa €sinh€ +sin€cosh€), € i 
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2 1 ctico 2 
No Laplace transform, f(p) Inverse transform, f(x) = a ’ e?*” f(p) dp 
Tt J ico 
1 1 
54 Gua +ap aad [sin(ax) —ax cos(az)] 
Pp 1 : 
55 (p2 + a2)2 aa” sin(ax) 
ee * [sin(ac) + ax cos(azt) 
(poe aa sin(ax) + ax cos(ax 
57 P cos(ax) — sax sin(ax) 
(p+ a2 
: ee 
58 [pt bP +02] 2 703° [sin(ax) — ax cos(az’)] 
! A 1 
a2 (pa)? —B) poe [- sinh(ax) — — * sinh(bx)| 
Pp res —cosh(bz) 
60 @- wep BP) Rp 
Pe asinh(ax) — b sinh(bx) 
° | @=eeP-P) eB 
62 a a? cosh(ax) — b? cosh(bx) 
(p? — a?)(p? — b?) — 
a | I ae er 
(p2 + a?)(p2 + b2) Baas [- sin(ax) _ 5 sin( zr) 
64 ee eee cos(ax) — cos(bx) 
(p? + a2)(p2 + b?) 7 eae, = 
65 p —a sin(ax) + bsin(bz) 
(p? + a*)(p? + b*) b? — a2 
66 a ae -a’ cos(ax) + b* cos(bx) 
(p? + a*)(p? + b?) b? — a? 
1 1 
ae -1.2 nl 
°7 | pr os (n—D!” 
i 1 
=1,2 nl .-anr 
Pool page (ca > 
1 Bi yn 
=1,2 21] eae = Se cata 
69 (p+a)" > 2, a [1 € €n(ax)], €n(z) =1+ 7 feet sj 
1 
1 Hate B exp(a2) [ax cos(byx) — by sin(b.x)], 
70 Raa = 1,2) 
ne n(2k—1) 
Gy = ACOS YR, by = aSiNYE, YR = — ——— 
2n 
d sinh(ax) + ! S © expan) 
1 one na2n! ie naz = PGR 
7 pn — aan’ US oe oe x [az Cos(b;,x) — by sin(b;,x)], 


mk —1) 


n 


Ak = aCcos yr, by = GSINYR, YR = 
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e 1 C+ioo . 
No Laplace transform, f(p) Inverse transform, f(#) = —— e?* f(p) dp 
271 < 
eo 2 
: Qn+ ba” Qn+ hart! » exp(aez) 
72 perl qunal? n=0,1,... X [ap cos(b.x) — be sin(b.x)], 
; m(2k — 1) 
= b. = =e eee 
ak aCOS Yk, Ok asin Yr, Pr Fed 
e* 2 
; Qn+ Da” * Ont lar » EE Gne) 
73 pentl — q2ntl” n=0, 1,... x [ax cos(b;,.x) — by sin(b;,x)], 
‘ 2tk 
ap = acos yz, by =aSinyr, Y= ea 
Q(r) 
P(p)’ Q(ak) 
74 | P@)= (p-ai)...@~ an); 3 Pia) Ee): 
Q(p) is ap olynomial of degree (the prime stand for the differentiation) 
S<n-1;, a, #a;if 43 
Q0) n Mr © ( ) 
P(p)’ kG mel 
P@) = (Pay)... P= an); oS 2 igi Gae= DIGI” PLM" 
75 Q(p) is a polynomial of degree d | Qi) P(p) 
< + +-5-+my-1; ®yi(p) = | | Py (p) = 
Lee WP we LPO) OR Gann 
a; #aj;if i#] 
Oe > Q(ia,) sin(a42) + a, R(éa,,) cos(a,2) 
16 | P(p)=(p +43)... (p+ @); k=l an e(¢an) 
Q(p) and R(p) are polynomials Pn (p) = be 2 , gees 
of degree < 2n-2; a, #aj, 14] Do + ar, 


5.3. 


Expressions With Square Roots 


my 1 c+t00 i: 
No Laplace transform, f(p) Inverse transform, f(x) = ar i; e?* f(p) dp 
Mt J c-ico 
i 1 1 
JP VJTx 
cbt — ew 
2 -—a- —b 
- i Wr 
1 da 
> | pra Vra 
+ 
tar Jae**/*[h (Lax) + 1o(4az) 
pta Sui 1/2,,-be 1/2,.1/2 
—b f}(a—b 
5 ae: ae an erf|(a ag | 
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. 1 ctioo 2 

No Laplace transform, f(p) Inverse transform, f(x) = ae / eP* F(p) dp 

1 [x 
6) — 3 Der] 
D/P T 
1 
GA | ee b—a)/7e- erf[(b—a)!/2a1/? 
(p+avptb ve Mane 
1 1 ax 
8 \Vp(p—a) war erf(/az ) 
1 
9 na) oer erf(/az ) =a ' qo l/?g1/2 
1 
10 pra q/2gl/2 _ get2 erfc(ay/z ) 
a 2 
11 pl/P+a) 1-e** erfe(ay/z ) 
1 2 

12 p+ajp e** erfc(ay/z ) 

13 : face (ax)'/? + (1 —2ax)e** [erf (ax ) — 1] 
nts 2 — —(ax —2azx)e ax ) — 
(e+ Va) vi y 

: : + (2 *) “” erfc(/az ) z Vx 
eC ,) = x——Je ax ) — x 
- p(./p+ va) a a JTa 
1 5 
15 pear Qn V2 q1/2 _ 2are%* erfc(ay/z ) 
1 2 2 
16° | “= — (ax + 1)/Vx - ax(2a7x + 3)e%* erfc(ay/z ) 
(/pta) JT 
WAL 
—n-1/2 = ‘ n-1/2 
17 | p pe ae 2h isn lyn 
Dit 
—n-1/2 n-1/2_-ax 
18 | @+a) LOR Dye 
1 
19 | os Jo(ax) 
1 
20 aay: Ip(azx) 
21 | 1 b—142 1/2 
Pap Et exp(-4az) Jo [( —qa ) a] 
1 
1/2 
22 | ( [2 + a? -p) oe sin(ax) 
1 1/2 J2 
eee ee Vas Ao 
23 pray? +a? +p) Tag Cosa) 
1 1/2 2 
24 (VP =e +p)" v2 cosh(azx) 
p?-a Wien 
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: 1 ctico p 
No Laplace transform, f(p) Inverse transform, f(x) = ae | e?* f(p) dp 
Mt J c-~ico 

05 (Vv pe +ar+ p) ie naa In(ax) 
26 (Vp? -a + p) naa! T,(ax) 

2 9y\-n-1/2 (a/a)” Jp (ax) 
27 | (p* +a’) 1-3-5...Qn-l) 
28 (p? _ Ce (x/a) In(ax) 


153:52.On=1) 


Expressions With Arbitrary Powers 


a 1 c+t00 
No Laplace transform, f(p) Inverse transform, f(x) = om i e?* F(p) dp 
Me J c-ico 
1 " yy >0 1 v-1| .-ax 
(pta)", Vv ro” e 
V 
2 | [ra +(pro'2], v>0 | Gopher + ba] L [2(@-de] 
-v Tf xe \¥-l/2 at+b a—b 
3 [(p + a)(p + b)} , v>O0 (4) exp(- 5 x) L-u2{ 5) x) 
2, .2\-¥-1/2 vr v 
4 (p +a’) , y>-4 QayTv+t)” J, (az) 
2 2) -v-1/2 Vr Vv 
5 (p -a’) : y>-5 QayTw+s) 17 I, (az) 
2, .2)-¥-1/2 at vy 
6 p(p +a’) 3 y>0 QayT(v +4)” Jy_1(az) 
2 2y-¥-1/2 _ aym v 
7 p(p -a’) > y>0O (2a)’P (v + ay I,_-1(ax) 
[w* +07)? +p)” = fe 
8 a” [(p? +.a2)!/? —p]”, er va “a JL(ax) 
[(p? -a?)!/? +p] ” = ae 
9 a” [p- (p - a2)! Be eG vax I,(ax) 
10 | p[(p? +07)! +p], v >I valve Jys(ax) —v(y + Da’ a? J (ax) 
11 p((p =a)? +p| yy peed val a! I,_\(ax)-—v + la’ x7 I, (az) 
[y2+4q2+p)” 
i A st Ea CTS 
[2 + a2 
[p22 +49)" 
3) a pe ae Eee) 
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5.5. Expressions With Exponential Functions 


. 1 ctioco 7 
No Laplace transform, f(p) Inverse transform, f(x) = = / e?* f(p) dp 
TM J e-ico 
0 if 0O<a2<a 
—] —ap ? 
Oe ee Mi if a<c. 
-1/1_ ,-ap 1 if 0<a<a, 
PSE Ts 2000 Vanes 
0 if O<2<a, 
3 p'(e” e*P) O<sa<b {1 if a<a<b, 
0 if b<a. 
0) if 0<2<a, 
4 p’(e* e?) O<a<b v-a ifa<xr<b, 
b-a if b<za. 
0 if O<a<a 
-l —ap > 
5 | @+bye a>0 bee if a<z. 
0 if O<2<a, 
—y ap _qy-l 
6 | pre y>0 {=a if a<z. 
oy rae (cues 8 aso f(ix)=n if na<a<(n+)Da; n=0,1,2,... 
8 | c@/P_] (in (2V/az ) 
x 
1 
-1/2,a/p h(2 
9] ple a ( Vaz ) 
1 
-3/2,4/P inh(2 
10 | p3/e Ta (2\V/az ) 
1 
11 | p3/ea/P j= cosh(2/aa ) - sinh(2./az 
Pp = ( ) I ae ( ) 
12 pers pS] (a/ay’ I,(2V/ax ) 
13 | 1—e4/P = Ji (2\V/az ) 
Vx 
1 
1/2 ,-a/p 2 
14 | ple Ta Vax ) 
1 
-3/2,-a/p in(2 
15 | pe ma sin(2,/az ) 
1 x 
16 | p3/2¢e-4/P —— sin(2V/az ) - ,/— cos(2Vax 
Pp Ol mae ( ) A ( ) 
17 | pete? y>-l (x/ay’!? F,(2Vaz ) 
18 | exp(-/ap), a>0 st 3/2 exp(-) 
19 pexp(-,/ap), a>O i (a ~6x)a7/? exp(->-) 
1 va 
- exp(-/ap), a20 f ( ) 
20 ; exp( ap ) a erfc 2Jz 
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No Laplace transform, f(p) Inverse transform, f(x) = a / : = eP® F(p) dp 
1 5/2 a 
21 | Vpexp(-/ap), a>0 Ah (a-2x)x exp(-7- ) 
1 1 a 
22 VB exp(-/ap), a20 Wie exp (-z) 
1 Z 2/z a Ja 
23 | eew-var). «20 | WZ anp(2)-vaete( 2) 
exp(-ky/p? ne). 0 if O<a<k, 
24 JVp+e k>0 Jo (av x? — k? ) if k<a. 
exp(-ky/p? =a) 0 if 0:<2'< k, 
2 Poe nee { folaV2=E) if k<a. 
5.6. Expressions With Hyperbolic Functions 
No Laplace transform, f(p) Inverse transform, f(x) = x / aig eP* F(p) dp 
Te J c-ioo 
1 f(x) =2n if aQn-1)<2<aQn+1); 
| aamnapye n=0,1,2,... (a>0) 
1 f(x) =2n(a@-an) if aQn-1)<2<aQn+4+1); 
2 erennapye Or OA on aS) 
sinh(a/p) 1 
3 JE = [cosh(2,/azx ) — cos(2V/az ) | 
4 oe ie [sinh(2/az ) — sin(2V/az ) | 
5 | p’'sinh(a/p), v >-2 L(e/a)”/? (I, (2Vaz ) - J, (2Vaz )| 
1 Oe 0 if a4n-1)<a<a(4n+]), 
o'l| Seana: a>0 JO=) 9 if a(4n41) <2 <a(4n+3), 
sae n=0,1,2,... (2>0) 
1 x—(-l)"(a@-2an) if 2n-1<a/a<2n+1; 
lc oesaiapy oe n=0,1,2,... (e>9) 
8 me ue [cosh(2,/az ) + cos(2V/az ) | 
9 cesta) [sinh(2/az ) + sin(2,/az ) | 
P\/P ym 
10 | p’cosh(a/p), v>-1 L(x/a)”/? (I, (2Vaz) + J, (2Var)| 
u dt aANCGD),. a0 f(x) =(-1I)"" if 2a(n-1) <x <2an; 
Pp | a —_s es an 
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a 1 c+ioo a 
No Laplace transform, f(p) Inverse transform, f(x) = a | e?* f(p) dp 
TT J cic 
1 — - i _ 3 
|= SG aS f(z) =(@n-1) if 2a(n-1) <a < 2an; 
Pp ol bee 
1 
13 | Arcoth(p/a) — sinh(azx) 
x 


5.7. Expressions With Logarithmic Functions 


. 1 ctico 7 
No Laplace transform, f(p) Inverse transform, f(x) = —— e?* f(p) dp 
2 
Me J cico 
1 1 —Inzx-C, 
1 | —Inp : 
p C =0.5772... is the Euler constant 
1 gl 
2| o™Inp (Peron oe mm) ag 
C =0.5772... is the Euler constant 
ken [2+ 2 4 2 4-++4 524 -Inex)-C]a”!?, 
3 | yp? Inp 2” 
Rn, = , CEU sTi2 =... 
1-3-5...(2n-1)\/7 
4| ein: BO Tw x’ |wv)-Ina], (Vv) is the logarithmic 
derivative of the gamma function 
5 | —dnp)? (nz+cy—in, C=0.5772... 
1 
6 pinpy a[(Inz +C-1)?+1- 77] 
In(p + b 
7 e : ) e {In(b— a) - Ei[(a—b)2]} 
g Inp 1 Si ir ina—-C; 
Pua a cos(ax) Si(ax) + 7 sin(ax)| na- i(ax)] 
| 
Ose — : cos(ax) [In a — Ci(az)] — sin(ax) Si(ax)] 
pra 
pt b 1 ax —bax 
10 | In re = (e -e ) 
2 + OF 2 
11 | In me 2 [cos(ax) - cos(bx)] 
2 +b? 2 
12 | pm& a = [cos(bx) + bx sin(bxr) — cos(ax) — ax sin(ax)| 
pra x 
+a) +k 2 He, ek 
13 | In aeee ~ cos(ke)(e™* ~ €**) 
1 1 
14 pin(—/p? + a) — [cos(ax) - 1] + ass sin(ax) 
P up By 
1 1 
15 pin(— p= ) > [cosh(ax) — 1] - al sinh(ax) 
P up £ 
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5.8. Expressions With Trigonometric Functions 


c+t00 
No Laplace transform, f(p) Inverse transform, f(x) = x / eP® F(p) dp 
Mt J c-~ico 
| ae) + sinh(V2az) sin(V2az ) 
VP Vax 
sin(a/p) 1 
7) —— cosh(v 2az ) sin( Vv 2ax 
nes a cosh (2a) sin( 2a 
cos(a/p) 1 
3 | ——— cosh( Vv 2ax ) cos(V2ax 
Fa (08h V Ba) c0s( Var) 
| | cos(a/p) i 
4 sinh(/2az ) cos(V2ax 
se Sa sinh V2az) e05(V/2a 
1 : 1 
5 spn) ae) aaa (3s) 
1 1 
6 | Jp or(-Va) cos( Var) aa (35) 
a 1 
7 | arctan — — sin(az) 
Pp x 
1 a i 
g | —arctan — Si(ax) 
P Pp 
ee 1 : 
9 | parctan S -a 2 [ax cos(ax) — sin(ax)| 
tan 22? 2. hate 
10 | arctan aR = sin(az) cos (x aa +b ) 


5.9. Expressions With Special Functions 


1 ct+ioo _ 
No Laplace transform, f(p) Inverse transform, f(x) = wn / e?* f(p) dp 
TS eioo 
1 | exp(ap*) erfe(pVa ) exp( ©) 
Vira 4 
2 | + exp(ap?) erfe(pva) eta a) 
2/a 
0 if 0<2<a, 
3 | erfc(\/ap), a>0 va ifa<a 
Tx/e—A 
Ja 
a erfi a ee 
4 | e%? erfe(/ap) ne (@ + a) 
1 1 
5 | ——e” erfc(,/ap > 
VP ( ) T(x + a) 
1 
6 erf( a/p) a sin(2,/az ) 
Te 
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5 1 ctioco 7 
No Laplace transform, f(p) Inverse transform, f(x) = aa / e?* f(p) dp 
TM J io 
1 1 
7 | —exp(a/p) erf(./a/p sinh(2./ ax 
1 1 
8 | —exp(a/p) erfc(./a/p exp(—2,/ax 
ap aMa/P) extol Va/p) EO) 
=e | if0<a<b 
9 bp), a,b>0 ao 
POURED) . if b<z. 
10 | (a,b/p), a>0 b9/2¢2/21 J, (20 be ) 
11 | a?y(p, a) exp(-ae~) 
0 if 0<2<a, 
12 Ko(ap), a>0O { (22 4 azyt/2 if a<x. 
0 if 0<2<a, 
h|v Arcosh 
13.| K,(ap), a>0 cos [v rcos. (x/a)] Beet 
a — a? 
1 a 
14 | Ko(a,/p) exp(—— 
Qu 4 
1s | —-Ki(ayp) . 
a a,/p ney pe sees 
JP xp( - 


@) References for Supplement 5: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), I. I. Hirschman and 
D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965). 
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Supplement 6 


Tables of Fourier Cosine Transforms 


6.1. 


General Formulas 


No Original function, f(x) Cosine transform, fe(u) = i} f(x) cos(ux) dx 

1 | afi@) + bf) afic(u) + bfre(u) 

2| flax), a>0 “7.(“) 

| j er y 
3 | a" f(x), n=1,2,... (-1)" — fe(u) 
due” 
2nt+1 fore) 
4 x"*! Faz), n= 0, 1, a (-1)” — fx(u), fi(u) = | f(x) sin(ru) dx 
0 
lrysutdb y (u—b 
5 | f(ax)cos(be), 0,b>0 = ie : ) " ef - ) 


. Expressions With Power-Law Functions 


No Original function, f(x) Cosine transform, fe(u) = i f(x) cos(ux) dx 
0 
1 { if O0<ax<a, ah naa 
0 ifa<az u 
x if 0<2<l, 4 
: 2 U 
2 2-a if l<a<2, — cos u sin” — 
. uz 2 
0 if 2<2 
3 : , a>O —sin(au) si(au) — cos(au) Ci(au) 
at+2z 
1 J rau (the integral is understood 
4 ee 0 2a or 
a+ x in the sense of Cauchy principal value) 
1 7 sin(au) 
) oa?’ a>0O 5 
a i a ae 
ae (b+2) a®+(b-2x)? me cos(bu) 
: b+az . b-2x a sin(bu) 
sin 
at+(bt+ar) a?+(b-2x) ie " 
tira? ex ( as ) sin(7 + =) 
: eae 20 : 7 J2 4  /2 
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No Original function, f(x) Cosine transform, fe(u) = | f(x) cos(ux) dx 
1 Tt ae — bet 
a b MT Ge TS Ue 
9) @rBeray 7° 2, ape a) 
2m 7 on 
10 (a? + qr! 2 Ca erry CA Ta 
n,m =1,2,...; n+1>m20 ee 
ae . 
Vax Qu 
1, 
12 VE PDs 24/ > C(au), Cu) is the Fresnel integral 
0 ifa<2 so 
0 if 0<2<a, = 
13 i ifae =— [1-2C(au)], C(u) is the Fresnel integral 
Vx Gis Qu 
0 if 0<2<a, 
1 T ‘ 
14 ifiyey ,/ ~— [cos(au) — sin(au)] 
r-a 2u 
igs) Ko(au) 
= au 
Var +x 
1 
——— ._ if 0<a<a, T 
16 Va—o2 7 olau) 
0 ifa<ax 
|e Op eA sin($mv)T( —v)u’! 


6.3. Expressions With Exponential Functions 


No Original function, f(x) Cosine transform, fe(u) = | f(x) cos(ux) dx 
0 

—ax a 

nhs ae +u2 
1. be 4+u2 

2 — (eOt _ e bt soy 

x ( ) OF ee 
3 | J/re*” 3V0 (a2 +u2y3/4 cos(3 arctan =) 

a 
Le See T rat(a2+u’)!/2 41/2 

Chae | | 

Vr 2 a2 + u2 

a”! n! Ewk (U\2* 
Pepe” he Sealer Cee ae aS CI Cntt (<) 
OS2k<n+1 
o” 1 


kn Au. 
"Ban T/T —a 
where r=Va?+u?, ky =(-1)" 7/2 


Twa? + wy cos (v arctan “) 
a 
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No Original function, f(x) Cosine transform, fe(u) = | f(x) cos(ux) dx 
8 x 1 ‘a 
eat _] 2u? 2a? sinh? (a7! u) 
l/l 1 1 1 Pe 
. a x =) -zin(1-e ) 
1 /a uw 
0 [ont r/ Soo) 
P ci ) 2Va ae 4a 


(po [cos(V2au ) _ sin(V2au )| 


Uw 
(= en V2au cos (Vv 2au ) 
a 


6.4. Expressions With Hyperbolic Functions 


cosh(ax) + cos b 


No Original function, f(x) Cosine transform, fe(u) = i f(x) cos(ux) dx 
1 oe ee 
} cosh(ax)’ a4 2a cosh(57a7!u) 
1 TU 
2 cosh?(azx)’ vey 2a? sinh(57a7!u) 
; cosh(ax) ek nm [ cos(47ab"!) cosh($7b!u) 
eos. ig 
cosh(bz:) b | cos(rab) + cosh(zb-!u) 
7 1 T sinh(a™! bu) 


asinb sinh(za7! u) 


5 | exp (-ax’) cosh(bz), a>O 


1 /« ( Be —u2 ) ( abu ) 
exp cos 
2Va 4a 2 


2 


x T 

6 sinh(az) 4a2 cosh” (4707! u) 

4 sinh(az) 2 rae ry sin(ab-') 
sinh(bx) 2b cos (rab!) +cosh (rb u) 


1 
8 | —tanh(axr), a>O 
x 


In [coth( 47a! u)| 


6.5. Expressions With Logarithmic Functions 


No Original function, f(x) 


Cosine transform, flu) = I © f(x) cos(ux) dx 


1 Vae if O<2<l, 
0 if l<az 


a Si(u) 
u 
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No Original function, f(x) Cosine transform, fe(u) = I f(x) cos(ux) dx 
1 ria T 
2 sy - 5, [Inu +C+ 5], 
C =0.5772... is the Euler constant 
TV T TV 
S| geal Int, O<v<1 Tv) cos(—-)u” [vo — 5 tan( =) =Inu| 


atx 2 
4 In| , a>O — |cos(au) Si(au) — sin(aw) Ci(au)] 
a-2z u 
27,2 a au 
—(l-e 
5 | In(l+a*/z*), a>0 ml ey) 
a +a? Tr bu —au 
6 In al? a,b>0 —(e —e ) 


7 |e lng, a>O 


aC + za In(u? + a?) + warctan(u/a) 


uz + a2 


8 In(1 +e%), a>0O 


a T 
2u2- 2u sinh (xa- u) 


9 In(l-e“*), a>0O 


a - ~ coth (za) 


6.6. Expressions With Trigonometric Functions 


No Original function, f(x) Cosine transform, fe(u) = i; f(x) cos(ux) dx 
1 . 
: x7 «if u<a, 
1 Suite) , a>O ur if w=a, 
x 


0 if u>a 


2 | a”! sin(ax), a>0, ||<1 


(u+a)y” —|wt+al” sign(u — a) 
401 - vv) cos(57v) 


x sin(az) 


3 nae sre cosh(bu) if u<a, 
helegee. -+re™ sinh(ab) if u>a 
: 11271 _ -ab : 
; sin(ax) eS “as ER Z cosh(bu)] u<a, 
x(x? +b?) x7b ~~" sinh(ab) if u>a 
5 She er 1 atu " a-wU 
e sin(ax), a,b> 2l(atur+e  (a—-u2+h 


1 
6 | —sin*(ax), a>O 
x 


1 a 
qinll-45) 


i 
7 | —sin?(ax), a>O 
x 


ine if u<2a, 
0 if w>2a 


5 Jo(2Vau ) 
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No Original function, f(x) Cosine transform, fe(u) = 2 f(x) cos(ux) dx 
I ; T ab w+ 
— b , a,b>0 i 
9 ie sin(ay/x) sin(bV/x), a,b > af 7 sin(<-) si ( zi 7) 
: > T w w 
10 sin(ax ); a>0O Ba [eos (=) sin(=)| 
Vr ( Au? ( Bw ) 
11 exp(-az’) sin(bx’), a>0 (A2 + B?)!/4 AP \ 924 B2) NP aay Be) 
Az=4a, B= 4b, p= ; arctan(b/a) 
_ 2 
io) See) ae 5 inf - | 
x 5) vy) 
B Este) poe { 4m(a—U) if u<a, 
x 0 ifu>a 
14 | 2’ cos(ax), a>0,0<v<1 TV) cos(z7v) [Ju-al” + (ut ay] 
cos(azx) smb 1e cosh(bu) if u<a, 
i? mae ood { 4mb1e%" cosh(ab) if u>a 
16 | & b>0 : ef 
e cos(ax), a,b> 2l(atur+e  (a—-u2+h2 
1 T ./(@ 
Ege) Va "(Ga ta) 
1 T ab w+ 
— b : 
| Jaomevnentvay | feon( Sh) en(ME 5) 
19 | ex (-bx?) cos(ax), b>0 Ee ex ( at _) cosh <~) 
P 2Vo°P\ a 2b 
20 | cos(ax”), a>0 ge [cos(zartu?) + sin(far'w?)] 
JT Au? Bw 
21 | exp(-ax) cos(bz?), a>0 (42+ B2»1/4 exp(—aay pe) ©8(%- aay pe) 


A=4a, B= 4b, p= ; arctan(b/a) 


6.7. 


Expressions With Special Functions 


No Original function, f(x) Cosine transform, fe(u) = | f(x) cos(ux) dx 
0 
: 1 U 
1 | EiCaz) — arctan (~) 
u a 
; 0 if O<u<a, 
2 | Cilax) 2 ifa<u 
, 1 
3 | si(ax) -=In|=~*), UFAG 
2u U-Ga 
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No Original function, f(x) Cosine transform, fe(u) = | f(x) cos(ux) dx 
1 if 
4| Jo(ax), a>0 Tae ne 
0 ifa<u 
cos[v arcsin(u/a)] . 
if 0<u<a 
Sara ‘ 
5 | J(ar), a>0,v>-l a” sin(rv /2) ee 
(ut OY oe 
where £ = Vu?—-a? 
; vy! cos[v arcsin(u/a)| if O<u<a, 
6 | —J,(av), a>0,v>0 a” cos(rv/2) iil 
ia v(u+ u2—a?)” 
v-1/2 
Vi (a? -u?) : 
—Y at if O0<u<a, 
7|a"J(ar), a>O0O,v> 5 (QayT(v +4) u<a 
ifa<u 
0 if O<u<a, 
av! J, (az), QM /ra"u ae 
cae ess ieee va ~(ifa<u 
re eee) 
iy T T 2 1 
9 Jo(avz ), a>O = sin( =) 
U 4u 
1 4 a 
2 7) 
10 Tq lave), a>O ro (=) 
B 2 
11 | 2”? J,(a/z), a>0,-l<v<t (5) ye sin( 7") 
2 4u 2 
cos(b az — oy) ; 
12 Jo(av x? + 0? ) ia if 0<u<a, 
0 ifa<u 
0 if O0<u<a, 
13 | Yo(ar), a>0 es ifa<u 
Fae 
0) if O0<u<a, 
14 | x”Y, (az), a>0, Wl< 4 2a)’ Vm P Gute 
r(4 ~v)(u2 = a2)" 
T 
15 | Ko(ava?+b?), a,b>0 CW eer exp(-bV'u? + a?) 


@ References for Supplement 6: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), V. A. Ditkin and 
A. P. Prudnikov (1965). 
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Supplement 7 


Tables of Fourier Sine Transforms 


7.1. General Formulas 


No Original function, f(x) Sine transform, f,(u) = | is f(x) sin(ux) dx 
1 | afi(x) + bfra) afs(u) + bfas(u) 
2| flax), a>0 *7(%) 
3 | 2"f(z), n=1,2,... (-1)” a fi(u) 
du2" 
4| 2°" flax), n=0,1,... cay! ie Kw, Fw = | ” f(a) cos(au) dx 


5 | f(axr)cos(bx), a,b>0 


ale) +8 (>) 


7.2. Expressions With Power-Law Functions 


No Original function, f(x) Sine transform, fi(u) = I f(x) sin(ux) dx 
1 if 0<a2<a, 1 
| to ifa<x LE cos(au)| 
x if 0<2<l, 4 s 
2 2-a if l<a2<2, — sinu sin? — 
; uz 2 
0 if 2<2z 
1 1 
4 / a>O sin(au) Ci(au) — cos(au) si(au) 
at+z 
= >0 A nau 
>| @im’ * a 
1 —au 
6 sale a>0O == (l-e ) 
a a Ear 
7 | (x-b) a2+(x+b) ne™ sin(bu) 
§ xa+b a—b 2% 9 5(bu) 
az+(a+b) a%+(x-b) ee ae 
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No Original function, f(x) Sine transform, fu) 7 i f(x) sin(ux) dx 
n2 
og mue (Qn-k-—-4)! 
—>—, a>0,n=1,2,... 2au)* 
9 (a2 + a2)” 22n-2 (ny — 1)! a2"3 d kl ko2)! au) 
2m! a 
10 (a2 + a)rtl’ Cyn . (amevs) 
n,m=0,1,...;0<m<n ht ee 
11 : “a 
Vax Qu 
12 : 
xt 27u 
13 | x(a? +27)3/? uk o(au) 
| (Vee -a)"” Fan 
Va2 +a u 
15. | 2, O<v<2 cos(4mv)PUL—v)u’! 


7.3. Expressions With Exponential Functions 


No Original function, f(x) Sine transform, fu) = | f(x) sin(ux) dx 
0 

1 | ee 0 : 

pr ane SES a +u2 

[n/2] 
n+l 2k+1 

2| ae, a>0,n=1,2 n'(—") eG ykory (= ) 

1 U 
3 | —e€*”, a>O arctan — 

x a 


VRQ + wy3/4 sin(5 arctan “) 
2 2 a 


~ax [x (Va? + u2-a)!/? 
5 | —-e*, a>O 
Va 2 Vaz +u2 
1 
6 | —=e*", a>0 V2n (Va? + u2 —a)!/? 
re 


7 grt /2e-ar a > 0, n= 1, pp RE 


fF [ee 
OO oaks, 15/eaaae 


8 | ate, a>0,v>-l 


Toya +wy?/? sin(v arctan ~) 
a 


9 | x? (er 7 er), a,b>0 


U ue +b? U U 
ae n(= >) + barctan(~) ~aaretan(~) 
2 u2 + a2 b a 
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No Original function, f(x) Sine transform, fi(u) = | f(x) sin(ux) da 
; 1 1 T 
Ol Fae eg See 2u 2asinh(ru/a) 
1 w Tu 1 
ll th( ) 
ett — | dee 2a oo a 2u 
x/2 
124) 2S: —} tanh(rw) 
et —1 


13 | xvexp (-ax’) 


j= ¢-V®[eos(/Jau) + sin(V2au)] 


Qu 
i= e V2au sin(V 2au ) 


7.4. Expressions With Hyperbolic Functions 


No Original function, f(x) Sine transform, fi(u) = i f(x) sin(ux) dx 
0 
1 oe a>O mi tanh(57a7'w) 
sinh(ax)’ 2a : 
5 _# me, nm sinh( 4 7a7!u) 
sinh(azx) 4a? cosh? (47a7! u) 


1 
3 | —e?* sinh(ax), b>|al 
x 


2au ) 


1 
arctan( 
2 wth a 


1 
——— >0 
4 x cosh(az) as 


arctan [sinh (57a" u)| 


5 1 -tanh(Jaz), a>O 


1 T 


u asinh (xa- u) 


6 coth(Sax) -l, a>O 


T 4 1 
coth (7a u) oy 


7 cosh(ax) ey 7 sinh(ab-!u) 
sinh(bz) ’ 2b cos(mab-) + cosh(7b-!u) 
sinh(az) nm sin(47ab"') sinh(57b-'w) 

8 | ———, lal<b 
cosh(bz) b cos (ab) + cosh(b-!u) 
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7.5. Expressions With Logarithmic Functions 


No Original function, f(x) Sine transform, fiw) 7 i ie f(x) sin(ux) dx 
: 1 
1 ak if O0<ax<l, —|Ci(u) -Inu-C], 
0 if l<a ub : 
C =0.5772... is the Euler constant 
5. | he 1 r(Inu+C) 
x 
Ina 1 1 
3 WE aE [In(4u) + C - 51 
= u” |v) +2 = cot( 3) —In ul 
4} 2°" lng, |y<l Id 1) c0s() 
atx ‘sae 
5 In| , a>O — sin(au) 
a-x u 
b 2 2: 
6 | In eee a,b>0 ST 6-O4 sin(bu) 


7 |e lng, a>O 


aarctan(u/a) — su In(u? + a?) — eC u 


Pee 


8 tint +a°a’), a>0 
x 


8-2) 


7.6. Expressions With Trigonometric Functions 


6 | e°”’ sin(br), a>O 


No Original function, f(x) Sine transform, f(u) > 7 f(x) sin(ux) dx 
1 sina) rT; 5 nf *4| 
x 2 u-a 
. sey: ay a if 0<u<a, 
x 77a if u>a 
i ju—al’ —|u+al”’ a 
vlog _ 7 , V 
3 | a’ sin(az), a>0, 2<v<l 4P(. —v)sin(Srv) 
sin(ax) snb'e sinh(bu) if O<u<a, 
mH capegate eee! {i eyecare an if u>a 
5 sin(72) ie sinu if O<u<z7, 
1-22 ifu>7 
a 
2 


0 
1 
a a uy az+(b+u) 


7 | ale sin(bx), a>O 


lin (u +b)? + a? 
4° (u-b)? +42 


1 
8 | —sin’(ax), a>O 
x 


qm if O<u<2a, 


an if wu = 2a, 


0 if u>2a 
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No Original function, f(x) 


Sine transform, f(u) = | i f(x) sin(ux) dx 


1 
9 | —sin’(az), a>0 
x 


t(u+ 2a) In|u + 2a] + +(u- 2a) In |u — 2a| 
—Sulnu 


10 | exp(-az’) sin(bz), a>0 


1 [x ay ( woh) sinh (2) 
2Va P 4a 2a 


1 
11 | —sin(azx)sin(bxr), a=b>0 
x 


if 0<u<a-B, 
if a—b<u<atb, 
if at+b<u 


0 
es 
0 


Tf a 


DJ 


Ji (2V/au ) 


yz lsin(2van) —cos(2,/au ) + exp(-2V/au ) | 


14 | exp(-aVz) sin(aV/z), a>0 


2 
ay / = u/? exp (-<) 


0) if 0<u<a, 
15 costae): a>O qn if w=a, 
x 30 ifa<u 

ae muta)” —sign(u—a)lu—- al’ 
16 | x” cos(axr), a>O, ly) <1 4T(1—v) cos(4nv) 

x cos(ax) tre sinh(bu) if u<a, 
TE) pager eee { Ire" cosh(ab) if u>a 

1- 2 0 
18 ole a>0 In|" a je Sn] 24 

x 2 uz 2 lu-a 

19 ee cos(ay/z ) il ° 

i Fon 


20 = cos(a/x ) cos(b/z ), a,b >0 


7.7. Expressions With Special Functions 
No Original function, f(x) Sine transform, fi(u) = i = f(x) sin(ux) dx 
2 
1 | erfc(ax), a>O0 7 [1 —exp (-)| 
2 | ci(ax), a>0 at in| | 
9 2 
3 | si(ax), a>O oe aN 


© 1998 by CRC Press LLC 


No Original function, f(x) 


Sine transform, fi(u) = ih = f(x) sin(ux) dx 


4 | Jo(ax), a>O 


if O0<u<a, 


ifa<u 


0 
1 
Gas 


5 | Ji(az), a>O0, v>-2 


sin [v arcsin(u/ a)| 


if O<u<a, 
az—u 
i 2 
a’ cos(rv/2) eT 
E(u t €)" 


where £ = Vu?-a? 


1 
6 | —J(ar), a>0,v>0 
x 


arcsin(u/a) if O<u<a, 
nr /2 ifa<u 


1 
7 | —J (ar) a>0,v>-l 
x 


v! sin|v arcsin(u/a)| if O<u<a, 
a” sin(ry /2) 


v(u+ u?—a2)” Pee 


8 | a’ Jar), a>O, -l<v<3y 


if 0<u<a, 
J/m(2a)” 


P(g) (ey? 


ifa<u 


9 | ale J(br), a>O 


; 2u 
seta ( ere eres | 


16): 22 a osa { b-1 sinh(bu)Ko(ab) if O<u<a, 
a= 0 ifa<u 
tJo(ax) 0 if O<u<a, 

11 a2 + b2 > a,b>0 ees ae ti 

12 se { (-1)” sinh(bu) Kon+1/2(ab) if O<u<a, 

x . 
Oe eal ae 0 a ee 0 ifa<u 
x” JL (ax) 
13. | aka R”’ { b’-! sinh(bu)K,(ab) if O<u<a, 
a,b>0, -l<v<3 0 ifa<u 
l-v 
aA) 0 if O<u<a, 
14 a? + b2 1 


a,b>0, y>-3 


inb Ve?" I,(ab) ifa<u 


15 | Jo(avz), a>O0 


1 2 
16 ee a>0O = sin( =) 
ree (a/z), “ a 


a>0, 2<v<t 
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No Original function, f(x) Sine transform, fi(u) 7 | f(x) sin(ux) dx 
2 arcsin(u/a) : 
eee if O<u<a, 

18 | Yo(ax), a>0 A iy eee 

: 2[In(u- u? — a’) -Ina] 
ifa<u 
TV u2 — a? 
0 if O<u<a, 

19 | Vilar), a>O -—— _ifaxu 

gn \e 
20 | Kolaz), a>0 In(u+ ur +a ) Ina 

Vu2 +a? 
TU 

21 | rKo(ar), a>O ue + 2p? 
22 | 2*'Ki(az), a>0,v>-3 Vi (2a)’T (v + 3) u(u? + a2) ¥3/? 


@) References for Supplement 7: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), I. I. Hirschman and 
D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965). 
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Supplement 8 


Tables of Mellin Transforms 


8.1. General Formulas 


No Original function, f(x) Mellin transform, f (s) = | ia f(a)x™ ae 
Dente afi(s) + bf(s) 
2 | flax), a>0 a® f(s) 
3 | x f(a) f(s+a) 
| fs) 


5 | f(x®), B>0 


at 
ce las s 
6 | f(a), B>0 ier) 
7 a f(ax®), a,3>0 ae? (4) 
8 | o*flar”), a,8>0 ae? f(-254) 
9 | fi(x) -(s—lf(s-1) 
10 | xfi(x) -s f(s) 


1 | F'@) 


ee oo 
CI" TG fe-™ 


(-1)"s" f(s) 


(-1)"(s— 1)" f(s) 


14 | «% | t? fi(at) f(t) dt 
0 


fils+ a) fo —s—a+ 8) 


is | oe fe n(Z) Awa 


filsta)fr(stat+ +1) 
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8.2. Expressions With Power-Law Functions 


No Original function, f(x) Mellin transform, f(s) = I i faye! da 
a if O<a<l, Pac. 
1 {2-2 if 1<a<2, eh 1 8 Reg Sat 
0 if 2<a 2In2 if s=0, 
1 s-l 
2 , a>0 poe. SO Reui< i 
xta sin(7s) 
1 m(a*! - b=) 
3 | ——~——., a,b>0 —~—_—_—_, 0<Res<2 
(a +.a)(a +b) Gane 
ct+a a b-a s-1 C-@\ 54 
sal le cere errr Mea men ae eat | 
CEO? 0<Res<l 
s-2 
5 oy a>0O ee 0<Res<2 
x? +a?’ 2 sin( 47s) 
1 ma*” sin [B(s- 1)] 
> 0, 
e x? +2az cos 3 +a? ee oe sinsin(rs) Os Res 
7 1 ROH m(as? —b*?) Gat Fi 
7.9) .9\/..90 , 29\? > > > < es< 
@+ay@e+by ° 2(P — a) sin(E ms) : 
1 (-1)"r 
a =1,2,... | ——-~C? Res 1 
8 (+anyet’ a>0, n=1, 2, a sins) 0 0<Res<n+t+ 
6 te aan i aD _7t__ gcRes<n 
re +an’ : _ nsin(as/n) 
l-x m sin(r/n) 
= », O<Res<n-l 
10 l—27’ WS Dy Dyes nsin(as/n) sin|r(s + 1)/n] aun 
a’ if O<a<1, 1 ; 
" a if l<x sept ene 
1-2’ m sin(/n) 
1 en ee faa as REET 2 0<Res<(n-1)v 
l-ar nV sin( 2+) sin[ 7 | 
8.3. Expressions With Exponential Functions 
No Original function, f(x) Mellin transform, fls)= fe? f(a)a™ de 
1]/e°%, a>0 a*I(s), Res>0 
—be 3; 
2 . . era % b> b*4(s,ab), Res>0 
0 if 0< a2 <a, Ve 
3 { ott if wea: b>0 b*T(s, ab) 
4| =, ab>0 ebT(s)TU-s,ab), Res>0 
xt+b 
5 exp(-ax”), a,3>0 Ba-9/"T (8/8), Res>0O 
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No Original function, f(x) 


Mellin transform, f(s)= i f(a)x™ a 


6 exp(-az”), a,3>0 


6 a5/°T-s/B), Res <0 


7 1-exp(-az*), a,3>0 


-~6a*/"T(s/8), -@<Res<0 


8 1 -exp(-az’), a,3>0 


-6'a/T(-s/8), O0<Res<f 


8.4. Expressions With Logarithmic Functions 


2 | Indt+az), a>O 


No Original function, f(x) Mellin transform, f(s) = : faye! da 
0 
1 tae if 0<a<a, pa), Samii 
0 ifa<2z s2as 
ue -1<Res<0 


sa’ sin(7s)’ 


3 | Infl-al = cot(ms), -1<Res<0 
s 
I “lina =z cot(ms 
Bay ees | dag ner [nemo ”  aapee el 
r+a sin(7s) 
ik mas! Ina—b* Inb- 7 cot(rs)(a*! — b*1)] 
9 (een ee, Fe — 
b ; (b— a) sin(7s) 
OE! 0<Res<1 
Vv E 1 
6 ie Inz if O<a<1, 7 1° Beste 
0 if l<z (stv) 
2 3/2 —sin?(1s 
aL In't ae a) 0<Res<1l 
c+ sin? (7s) 


: ae if O<a<1l, 
0 if l<« 


Tw)-sy”, Res<0,v>0 


2 Ss 
9 | In(a?+2rcosB+1), [Bl<am PROUD <i Ciod 26 
ssin(7s) 
10 in| =) * tan(4ns), -1<Res<1 
l-z Ss 


11 | e*In®z, n=1,2,... 


d” 
—I\(s), Res>0 
ds” 


8.5. Expressions With Trigonometric Functions 


No Original function, f(x) 


Mellin transform, f(s) = | f(a)x™ ie 


1 | sin(az), a>O 


a*I(s)sin($7s), -1<Res<1 


2 | sin?(ax), a>O 


a7 ka Ts) cos(47ms), -2<Res<0 


3 | sin(axr)sin(br), a,b>0, a#b 


1T(s) cos(47) [|b-al*-(b +a)" ], 
—2<Res<l 
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No Original function, f(x) 


Mellin transform, f(s)= | f(a)x™ Ae 


4 | cos(az), a>O 


a*T(s) cos(478), 0<Res<l 


5 | sin(axz)cos(bz), a,b>0 


Is) 


sin(>) [(a + by + Jaf sign(a-0)), 
-1<Res<l 


T(s) sin [s arctan(b/ a)] 


11 | arccotz 


~at gin(h 
6 | e“*sin(bx), a>O (a2 4 BP ; 1<Res 
7 T(s) cos [s arctan(b/a)| 
axr b + 
7 |e“ cos(bxr), a>O (a4 BP , O<Res 
8 eee if0<a<1, __ 4 . Res>0 
0 ifl<a s* +a? 
9 Vere if0<a<1, 8 . Res>0 
0 ifl<a +a? 
T 
3 1<Res<0O 
10 | arctan 2s cos (478) 7 
"_  Q<Res<1 


2s COS ( 4 mS) 


8.6. Expressions With Special Functions 


No Original function, f(x) Mellin transform, if (s) = ih * f(a)a*! dx 
1 | erfex rae), Res>0O 
2 | EiCa) -s'I(s), Res>0 
3 | Si(x) -s'sin(;7s)I(s), -1<Res<0 
4 | si(x) —4s"' sin($7s)I(s), -1<Res <0 
5 | Ci(x) -s'cos(4ms)I(s), 0<Res<1 


6 | Ji(az), a>O 


2°'T(4v + 48) 


3 
y<Res<35 
al (5v-4s+ 1) : 2 


7 | Yi(axr), a>O 


aw! 7s ov Ss ov m(s—v) 
Ges 7) £05] 2 ) 


ly) <Res< 5 


8 | ear), a>O 


Td/2-s)r(s+v) 
Vn (2ayT(1 + —s)’ 


v<Res< + 


9 | Ki(axr), a>O 


Oh Ss op Ss ov 
e MP ohG a Wises 


10 | eK (az), a>O 


Vrl(s—v)I(s +) 
(QayT(s+1/2) ” 


jv] < Res 


@ References for Supplement 8: H. Bateman and A. Erdélyi (1954), V. A. Ditkin and A. P. Prudnikov (1965). 
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Supplement 9 


Tables of Inverse Mellin Transforms 


See Section 8.1 of Supplement 8 for general formulas. 


9.1. Expressions With Power-Law Functions 


A 1 otico , : 
No Direct transform, f(s) Inverse transform, f(x) = er q f(s) ds 
Tt Jo-ico 
1 if 0<a<l, 
re ek ‘6 if l<a 
1 if 0<a<l, 
al ees eas te if l<a 
1 x if O<a<l, 
Hl Sasa ee he: if l<a 
1 
4 Rese, oe if 0<a<l, 
sta -2* if l<ax 
5 ! eee { -c"Ing if O<2<1, 
(s+a)’ 0 if l<a 
1 
6 : Res <-—a est if 0<2<l, 
(sta)? zing if l<a 
gill _exsete a ts ean § e — HE GeO e eet. 
: : A 
(s+a)(s+b) 0 Seis 
1 if 0<a<l, 
8 , a<Res<-b 
(st+a)(s+b) aces 
a a 
I 0 if 0<a<l, 
2 | agen eae EE et 
b-a 
1 1 
10: 5a Res ce ae “ sin (on) if O0<a<1, 
CROs e 0 ifi<e 
11 eR, aes {* *cos(bInz) if O<a<l1, 
(sta)? +b?’ fp ioe 


© 1998 by CRC Press LLC 


No Direct transform, fi (s) 


1 a+ico , . 
Inverse transform, f(x) = —~ | ft (sja* d 


271 


S 


-" Reamne) if 0<2<1, 
x 


-a<Res<0, v>0 


-a’ ifl<az 


Vr (-Inz)’"V/71,,_;2(-alnz) 


12 | Vs2-a2-s, Res>|al { In 

0 if l<z 
B sta a1, (Rees id ia ei a if O0<a<l, 

s-a 0 if l<a 
I a v-l s 

14 | (st+ay”, Res>-a,v>0 Tw)” (Ing) Se 

0 if l<zaz 
is | Setar”, a’ (TO)] yv,-alnz) if O<a<l, 

Res>0O, Res>-a, v>0 0 if l<z 

6 | Seto”, ae [rw] 'Tw,-ane) if O<a<l, 


17 | (s’-a@’y”, Res>lal, v>0 T(v)(2ayr/? noes 
if l<a 
Ina)? K,42(-aln 
a 12 a if 0<ect 
2 2\-V = u i 7 
18 | @-s)y", Res<|al, v>0 (In v)’"'/? K,_4 2(alnz) 
if l<a 


Varl(vy(2a)ye"/2 


9.2. Expressions With Exponential and Logarithmic 


Functions 


No Direct transform, fi (s) 


1 atico , 
Inverse transform, f(x) = —~ i  f(s)ard 


271 


S 


1 exp(as’), a>0O 


1 (- In? x ) 
Sma’ 


4a 
1- 
a iG . 
2) sve*/s, Res>0; a,v>0 ic ia Jpal2 alin |) if 0<2<l, 
if l<az 
(afm? a . 
3 exp(-Vas), Res > 0, a>O 13 jin xp/2 * Bea if 0<zx< 1, 
if l<z 
1 erfe( Tea) if O<@<l, 
4 | —exp(-ay/s), Res>0 ie - 
: 0 if l<az 
l —erf Tea) if O<2<l, 
5 | —[exp(-a/s)-1], Res>0 {-t(3 ” 
5 . 
0 if l<a 
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a 1 otico , F 
No Direct transform, f(s) Inverse transform, f(x) = = i) fis)\a> ds 
Tt Jo-too 
feel) ( : ) if O<a<l 
x 1 x : 
6 | Vsexp(-Vas), Res>0 4,/n{In a> PL ain a] 
0 if l<z 
: | _ ox (-~—) ifo<e<! 
7 | —zexp(-vas), Res>0 Valina|  \ inal 
ve 
0 if l<a 
amas eT Geet 
; i “<li, 
8 In Res > -a,—b ae 7 
0 if l<a 
yi VY) —lniing|, 
9 | s“Ins, Res>0,v>0 te ty ee 
0 if l<z 


9.3. Expressions With Trigonometric Functions 


* 1 atico , : 
No Direct transform, f(s) Inverse transform, f(x) = pe | f(s)a* ds 
Tt Jo-ico 
T 1 
1 PerEaaaeEe 0<Res<l 
sins) mad 
: <Res<l ne 
~~, —-n es —n x 
2 | sin(zs)’ ; ee omar, 
Wa ouymly Vy hp Sees rt+1 
1 Inz 
3 | ——~, 0<Res<l 
sin2(775) iv zl 
me Inz 
4 sin2(7rs)’ n<Res<n+l, aah 
fee ale OA Dien. ee) 
73 2 2 
S| oo eRe ey ee 
sin3(7s) xc+1 
2 3 
6 roe n<Res<n+l, 7 +In° x 
sin3 (7s ETT EGY 
ee I ae os ea) 
2 1 f@ ay 2 A 
7 sin(s /a), a>O 5 sin(falln 2| it) 
T 
- I 1 Jr 
eo sy oe eRe get 
8 cos(7s) area ead 
u 1 1 hs 
—— —;<Res<n+5 1/2-n 
9 | costmsy’ 27°82 | yynZ 
n=...,—1,0,1,2,... r+l 
cos((3s) 1 
———., -1<Res ene. 2 
10 aces <Res <0, [Bl <7 — In(a* + 2x cos 3 + 1) 
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a 1 otico , ; 
No Direct transform, f(s) Inverse transform, f(x) = ae | fis\e* ds 
Tt Jo-ico 
2 1 ja I 241 
11 cos(s /a), a>0O 5 cos({alln x} iT) 
7 
oe? 
12 arctan ( =), Res>—_b Ing Salt al) if 0<2<l, 
s 


0 if l<a 


9.4. Expressions With Special Functions 


. 1 at+ico , F 
No Direct transform, f(s) Inverse transform, f(x) = Oni - f(s) ds 
Tt Jo-t09 
1) Ts), Res>0O e* 
2 | Its), -l1<Res<0 e*-1 
3 | sin(S7s)I(s), -1<Res<1 sin x 
sin(as)I'(s), 
4 | Res> -1, lal < 7 exp(—2 cos a) sin(z sin a) 
5 cos(47s)I(s), 0<Res<l cos £ 
6 | cos(57s)I(s), -2<Res<0 ~2 sin?(x/2) 


7 | cos(as)I(s), Res>0, jal<— 


exp(—2 cos a) cos(x sin a) 


T(s+1/2)”’ 


2 
Ms) ail ‘ 

8 Bae 0<Res< 5 e” erfe(/z ) 
T(a+s)[(b-s), : ahs 

‘ -~a<Res<b, a+b>0 D(a + b)a*(x + 1) 
T(ats)P(b +8), ee 

10 Res >-a,-b 2x Kao(2V2) 

T(s (l—-2)’! ; 

11 (s) , Res>0,v>0 =e if 0<a2<1, 

Tw+v) V 
0 ifl<a 

Pd -v—s) 0 if 0<a<l, 
“Ty1 oo) v-l 

12 T(l-s) ’ {en 
Res<l-v,v>0 TO if l<z 

T(s) 

3 uae wl2Z, (2B) 

0<Res< —+-— 
Dod 

Tw+v)(s-v 

14 ( aX ) Res > |v mel? ke (x/2) 
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No Direct transform, ri (s) 


1 ation , 
Inverse transform, f(a) = — iy fis\a> ds 
27% Ja-ico 


I(s+v)PU/2-s) 
15 Td+v-s) 
—-y<Res< 4 


g'/2 2/27 (¢/2) 


Y(st+a)—Y(s + b), 


Res >-a,—b 


b_ pa 
fe **. 4 O2H< B 
l-a 

0 


if l<a 


17 | T(s)y(s), Res>0O 


e “Ing 


18 | T(s,a), a>O 


ee if 0<2x<a, 


e” ifa<az 


19 | [(s)T'Gd-s,a), Res>0, a>0 


(x fe Ly leat) 


vif O<a<a 
0), Res>0,a>0 fae 
20 | 7s, a) es>0O,a> 0 fact 
0 if 0<x<e", 
2 _ n2 
21 Jo(avb? -s?), a>0O cos(bV/a? — In’ x) if e¢ <x <e%, 
mere 
0 if e"<a2 
1 if 0<a<ell, 
22 | s'Ip(s), Res>0O mw 'arccos(Inz) if el! <a<e, 
0 ife<ax 
2” sin(mv) . 
if 0<a<e', 
nF (x)V In? x - 1 
cos [v arccos(In x)| 
23 | Ls), Res>0 if el <a<e, 
rV1-In a 


if e<a, 
F(«) = (V-l-Inv + V1-Inz)”” 


2” sin(mv) i eee 
mv F (2) ; ae 
4 sin[v arccos(In z)| : 
24 | s'L(s), Res>0 if ce! <a<e, 
TY 
0 if e<z, 
F(a) = (V-I-Ina + V1-Inz)” 
0 if 0<a<e', 
de 1 —In? x)"!/2 
25 | s’I,(s), Res>-+ C-Wn sy ig ot 
: VEPuetID. 
0 ife<az 
: -l 
26 s! Ko(s), Ress0 Arcosh(- In x) if es r<e, 
0 if e' <2 
fy 2 . -l 
7 s'Ki(s), Res>0O { Inn x-1 if O<axr<e _ 


0 ifel<a 
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No Direct transform, Zi (s) 


j atico , 
Inverse transform, f(x) = —— | f(s)a* ds 
271 Jo-ico 


28 | K,(s), Res>0O 


cosh [v Arcosh(— In x)| 


Vin? x—1 


if 0<a<ell, 


ifel<a 


29 | s'K,(s), Res>0O 


1 

—sinh[v Arcosh(-Inz)| if 0<a<el, 

Vv 
0 ifel<zax 


30 | s”’K,(s), Res>0, v> -5 


Vm (In? x — 1)”-1/? 
2’T(v + 1/2) 
0 ifel<ax 


if 0<a<e'l, 


@) References for Supplement 9: H. Bateman and A. Erdélyi (1954), V. A. Ditkin and A. P. Prudnikov (1965). 
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Supplement 10 


Special Functions and Their Properties 


Throughout Supplement 10 it is assumed that n is a positive integer, unless otherwise specified. 


10.1. Some Symbols and Coefficients 


> Factorial 
Ol=t!=1, nl=1-2-3...(n—-I)n, ie oe 


(2n)!!=2-4-6...(2n—2)(2n) = 2 nl, 


n+l 
One DS 1-3-5 Cn-DOneD =—2 P(n+ ay 


Vr 2 
1 ifn = 
ne i es Oey 
> Binomial coefficients 
hap. where k=1,...,n, 
Creat ye on = —— where k=1,2,... 
General case: 
b T(a+ 1) 


«= To+bDra—b+ 1)’ where I(x) is the gamma function. 


Properties: 


Cat, Cra0 for k=-1,-2,... or k>n, 


Ce = Sch = Fock, che ch = cht, 
eo AY ee - a Cn Di 
Cap.= “pam Cin = CD (Qn)! ” 
n CD A — CD! On-3)!! 
1/2 nQ2n-T nn (2n—2)!’ 
Cnet, = (CD21 Ch,  OSnats2 = 2°" Cae» 
2n+1 2n 
Cl? = Q2n+ Mts 2 Cereb, 
TCS. T 
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> Pochhammer symbol (/ = 1,2,...) 


7 T(a+n) n LU-a) 

(a)n =a(at1)...(at+n-l)= Ta) = (-1) Td <d=n)° 
k-1)! 
Grd: One Ga ie: OS 
(n-1)! 

_T(a-n)_ 1" . 
(@)_n = Tar Geo where a#1,...,7; 
(Du =nl (1/2, =2"222) Gya,, =22n Cet" 

n! n! 
2 (a) mk+nk = (a)on (a)x(a + kn, 

a aka a (A+N)n = ae? (a+n)p = = 


> Bernoulli numbers, B,, 
Definition: 


The numbers: 


10.2. Error Functions and Integral Exponent 


> Error function and complementary error function (probability integrals) 
Definitions: 


erf x = —= exp(—t*) dt, erfe x = 1 —erf x = —— i exp(—t*) dt. 
VT 0 VT x 


Expansion of erf x into series in powers of x as x — 0: 


oe) 
2k+1 2 De 2h 


_ 2 = k x _ 2 et 
as Jaed "(lke - et ‘i >, 2k+ DI 


Asymptotic expansion of erfc x7 as 7 — oo: 


erfc 7 = a on -x? [Se 1)” Gn 4 +o(ler™)], Mee ADs. 


m=0 


> Integral exponent 


Definition: 
Ei(x) = / Ca for «<0, 
28 r ‘i 
Ei(z) = jim n(f_ 4 — Ede +/ Sa it) for x>0. 
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Other integral representations: 


© x¢sint+tcost 
Ei(—2) = -e® | EE toe BSG 


+t 
: _, [°° «sint—-tcost 
Ei(-x) = € tt for <0, 
) ut+t 
Co 
Ei(-x) = —x i, e*' Int dt for x«>0. 
1 


Expansion into series in powers of x as x — 0: 


oo k 
C+In(-2)+ > if r<0, 
Ei(x) = oo i 
Seek ar if c>0, 


where C = 0.5572... is the Euler constant. 
Asymptotic expansion as 7 — oo: 


; oti (k-1)! n! 
Ei(— = x = A= Se cH 
i(-x) =e » Ih + Rn Rn<—, 
k=l 
> Integral logarithm 
Definition: 
* dt ; . 
— = Ei(Inz) if 0<a<l, 
6 0 Int 
li(x) l-e dt x dt 
lim i ati — if «>1. 
e—+0 ) Int lt+e Int 
For small x, 
li(x) = ae on 
In(1/z)° 


Asymptotic expansion as 7 — 1: 


li(x) = Cinna + = =a 


10.3. Integral Sine and Integral Cosine. Fresnel Integrals 


> Integral sine 
Definition: 


sica)= | an at, say == [> Bat = sicay— 5. 


Specific values: 
Si(0) =0, Si(oo) = a si(oo) = 


Properties: 


Si(<v) =-Si(x),  si(x)+si(-x)=-7, _lim_ si(x) =—1. 
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Expansion into series in powers of x as x — 0: 


Co 


(-1)**! g2k-l 


Sie) = ) | Gk D@k= DE 


k=1 


Asymptotic expansion as x — 00: 


M-1 N-1 
: C1)™(2m)! -2M-I C1)™(2m - 1)! -2N 
si(x) =—cos x [oer FOC ) + sin az 2a ge ) > 
where VM, N = 1,2,... 
> Integral cosine 
Definition: 
ee t : t-1 
cia) =- f = a=C+ines | — dt,  C=0.5572... 
x 0 
Expansion into series in powers of x as x — 0: 
: co (-1)Fa2* 
C =C+Inx+ ——__., 
ee fe » 2k (2k)! 
Asymptotic expansion as 7 — oo: 
M-1 N-1 
CD™Qm- 1)! S -1)™(2m)! -2N- 
cite) = cose | 37 OPER D+ o(t eas) +singz a eee 2N 7) : 
me=l1 m=0 


where M,N = 1,2,... 


> Fresnel integrals 
Definitions: 


1 /* sint 15. ve 
S(x) = dt = | sint?, dt, 
o) Vin Jo Vet T Jo 


1 * cost fp ple 
C(x) = dt = | cos ¢? dt. 
2 Vin Jo Vet T Jo 


Expansion into series in powers of x as x — 0: 
2 oo (yar! 
S(x) = : 
Ne os (4k +3)Qk+1)! 


x 2 mn (-1)F a?’ 
Ve (22 » (k+l) (Qk)! 


Asymptotic expansion as x — 00: 


S(x) = 1 cos x P(x) sin x Q(x) 
a 2 V2rx V202x , 
1 sin x cos x 
Cl) = 5 + FP) - F— Aw), 
1-3 1-3-5-7 1 1-3-5 
BN ok ane Te 8 OO 5 os 
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10.4. Gamma Function. Beta Function 


> Definition. Integral representations 

The gamma function, ['(z), is an analytic function of the complex argument z everywhere, 
except for the points z = 0, -1, -2,... 

For Re z > 0, 


(= | t7 e+ dt. 
0 


For -(n + 1) < Rez <—n, where n = 0, 1, 2,..., 


“ (-1)™ 


T()= | “ le = VaR 
0 7 mM: 


n=0 


> Euler formula 


T(z) = lim mune (z#0,-1,-2,...) 
ALS seo HEED ia en 


> Simplest properties 


Tizt+D=2), Tm+len!, Ta=TQ)=1. 


> Symmetry formulas 
T(2@)l(-z) = -—__.,  P@Prd-z)== ; 
z sin(7z) sin(7z) 
1 1 T 
T( — T = : 
6 ks :) G :) cos(7z) 
> Multiple argument formulas 
922-1 
122) = rer (2 + =) 
332-1/2 1 2 
Tz) = rer (2+ 5 )E (z+ a: 
n-l 
k 
T(nz) = (2m) Pn? TP (2 + =) 
k=0 


> Fractional values of the argument 


r(5) a P(n+ 5) = VT an 1)!, 


r(-5) =e oy, r(5 n) =o any. 


p> Asymptotic expansion (Stirling formula) 


D(z) = V2me* 2714 bets he? + Oley] (larglz <7). 
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> Logarithmic derivative of the gamma function 


Definition: 
InT(z) _ (2) 


Wea = Tay? 


Functional relations: 


1 
Y@)-YU +2) =—, 
aide aa cas, 
V@)—UC2) = —eotnz)— =, 


w(5+2)-¥(5-2) =rtan(rz), 


m-1 


W(mz) = Inm + mt a) 


Integral representations (Re z > 0): 


W(z) = | * [e*-(1+t)*|¢ dt, 
0 


Wz) =Inz+ im sd se le"? at, 
0 


1 —t=! 
t, 
1-¢t 


1 
w=c+ | 
0 


where C = —w(1) = 0.5572... is the Euler constant. 
Values for integer argument: 


n-l 


p=, gm)=C+S kK! (n=2,3,... 


k=1 


> Beta function 
Definition: 


1 
B(w,y) = i: 1-1"! dt, 
0 


where Re x > 0 and Rey > 0. 
Relationship with the gamma function: 


_T@ry) 


PU aaa 


10.5. Incomplete Gamma Function 


> Definitions. Integral representations 
x 
(a, x) = if otto dt, Rea > 0, 
0 


T(a, x) = / * ett?! dt =T(a)- (a, 2). 
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> Recurrent formulas 
yVat1,x2)=ay(a,x)-x%e™, 


T(a+1,2)=al(a,xr)+2%e”* 


p> Asymptotic expansions as x — 0: 


crag 


Tia, . _ T(a) Z > (-1)"2o" 


"4 ni(atn)- 


> Asymptotic expansions as x — oo: 


(a,2) =a) - ten Gaon o(lar)], 


M-1 


T(a, 2) = 2° 1e* bay ( ae + Oller") (-3m <argx < 3). 


> Integral functions related to the gamma function: 


1 


1 1 1 
erf x = —=1(5. a), erfc x = —=l(5, 


vm X22 v0 


> Incomplete beta function: 


2) Fic) = -I'(0, 2). 


1 
Bz(p, Q) = | PUL #9" dt, 
0 


where Rez > 0 and Rey > 0. 


10.6. Bessel Functions 
> Definition and basic formulas 

The Bessel function of the first kind, J,(a), and the Bessel function of the second kind, Y,,(x) 
(also called the Neumann function), are solutions of the Bessel equation 


ay, + xyl, +(x? —v*)y =0 


and are defined by the formulas 


(-1)*(a/2)v?* J,(a) cos ty — Jy (x) 
as Y, = F 1 
TaN Dee @) sin 7V () 
The formula for Y,,(z) is valid for vy #0, +1, +2,... (the cases vy #0, +1, +2, ... are discussed in 


what follows). 
The general solution of the Bessel equation has the form Z,(x) = C) JL(x) + C2Y_(a) and is 
called the cylinder function. 
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The Bessel functions possess the properties 
2vZ,(x) = x[Z)1(@) + Zy41(@)], 
d 1 V 
—— Z,(&) = 5[4Zy-1(@) — Zy41(@)] = = [=2.@) — Zy41(£)], 
dx 2 x 


d d 
Gy lt Al = x" Z,\(2), ——[x" Z,(a)] =a" Z,41(2), 
cv dx 
ld 


1 n n 
(+=) [2 J/(a)] = 2" Jyn(@), (+=) [xT (a)] = (De Svan (@), 
XL aL xe aX 
LAO) = EY he), YAQ=C Yes -w=012 23 


> The Bessel functions for v = +n + $3 n=0,1,... 


[de a3 | 2 
Ji /2(@) = = sin x, J_1/2(&) = a COs x, 
2/1 2 1 
Jz2(X) = 4] ae € sin cos). J_3/2(X) = 4) (- cosr-sin.r), 


[n/2] k 
Sh Ra (-1)¥(n + 2k)! 
Insi/2(@) = ye sin(z 2 ) d (2k)! (n — 2k)! (2x)? 


[(n-1)/2] k 

(-1)*(n+2k +1)! 

+008 (x- > ao Stes 
[n/2] k 
ae a (-1)*(n + 2k)! 
Jn i/2(@) = (2 os(x+ 2 ) » (2k)! (n —2k)! (2a)?* 

. (mr) /2] (-1)*(n+2k +1)! 

= sin(a + om (2k + 1)! (n—2k—1)! 22x)2*! |’ 


159, P26 Sf. 
Yi /2(@) = — = COs x, ¥1/2(2) = a sin x, 


Yat /2(@) = (1) nt 2(@), Yin-1/2(&) = 1)" Inst /2(2). 


> The Bessel functions for v = +n; n = 0,1,2,... 
Let v = n be an arbitrary integer. The relations 


In(@) = CD" In(@),  ¥n(@) = 1)" Yn (2) 


are valid. The function J,,(x) is given by the first formula in (1) with v = n, and Y,,(x) can be 
obtained from the second formula in (1) by proceeding to the limit v — n. For nonnegative n, Y,,() 
can be represented in the form 


ae cL A(m-k-DIE2\r2% 1 ry Pe d(kt Dtd(ntk +L) 
> nes d kl (=) 7 ) G) ki(n+ by! 


nl 

where ~(1) = -C, W(n) =-C + S> k!, C = 0.5572... is the Euler constant, w(x) = [InT'(2)J;, is the 
k=l 

logarithmic derivative of the gamma function. 
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> Wronskians and similar formulas 
2. 2 
Wi, Jy) es sin(7v), Wi, Y,) =e, 
TX TX 
2 sin(7v/) 2 
J, (&)J_p+i(x) + J_y(@)Jp-1 (x) = ee Ji(x)Y p41 (2) _ Jvsi(x2)Y,(2) = aca 


Here the notation W(f,g) = fgi, — fig is used. 


> Integral representations 
The functions J,, and Y, can be represented in the form of definite integrals (for x > 0): 


Td (x) = - cos(x sin @ — v0) dO — sin rv | exp(—x sinh t — vt) dt, 
0 0 

TY) (x) = | sin(x sin 6 — v0) dé — | (e’? +e”? cos mv)e* i dt. 
0 0 


For |v| < 3,2 >0, 


Kee ghygy a sin(at) dt 
ut) = m/2p(t _y) 1 (= 1W!2’ 
Qvgy °° cos(xt) dt 
Y(a) = ; 
(z) mPT(S -v) Ji (t? = 1yt!/2 
1 
For v > 53 
(x /2)” me 
J(a) = (2/2) cos(x cos t) sin?” t dt (Poisson’s formula). 


m2T(S +v) Jo 


For v = 0, x > 0, 
2 fPFE 2. of 
Jo(x) = — sin(x cosh t) dt, Yo(x) = -— cos(x cosh t) dt. 
T JO T J0 
For integer vy =n =0,1,2,..., 


1 Tv 
Jn(x) = — | cos(nt—axsint)dt (Bessel’s formula), 

mT JO 

2 a /2 

Jon (x) = — | cos(x sin t) cos(2nt) dt, 
wT JO 
2 n/2 
Joni (@) = — i sin(x sin t) sin[(2n + 1)t] dt. 
T JO 


> Integrals with Bessel functions 


2: 2 7 4 


C Aty+l 1 2, 
[ ev@ac- = p(Ates AMEE. yale 22 ), Re(At+v)>-I, 


i WA+v+ DIW+) 


where F’(a, b, c; x) is the hypergeometric series (see Section 10.9 of this supplement), 


meet cos(vmE(-V) ya y44 (Gases Atvt+3  & ) 
Gide Ss ge i 

i Naas ere was bi gee 2 
2’T(v) Peg ae 1 A-v+3 « ), 


Seared Gy PS « Se 
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Re > |Rev|—1. 


> Asymptotic expansions as |x| — oo 


ne 2 4a -2un—T\ [em (vy. Wm\22y2™ + Ole 
a) =] = {cos , [ar y"(v, 2m)" + Olle ) 


m=0 
M-1 
sin( Ax — ue - ) | a 1y"(v,2m + (22)?! a ower?) \ 
m=0 
Y, (x) = \/ 2 sin(* —2uT —*) yy L"V 2m)(2xy 2” + O(jal™) 
: ae “ m=0 
4a —2v7n -—7 pale, 
+ cos( fi ) bs 1l)™(v,2m + Dry?! *p omer?) \ 
m=0 


(5 +v+m) 


where (V,m) = 55 (40 1)(4v? - 37)... [4v? -(m-1)] = 


mm mIT(3 +v—m) 


For nonnegative integer n and large x, 
Va Jom(x) = (-1)"(cos x + sinx) + O(2”), 
Vr Jonai(2) = (-1)"*! (cos # — sin x) + O(a). 


> Asymptotic for large v (Vv — oo). 


where < is fixed, 


21/3 1 21/3 1 


Jv) 32/32 (2/3) VE > YW) 31/6 (2/3) eB . 


> Zeros of Bessel functions 

Each of the functions J,,(a) and Y,(x) has infinitely many real zeros (for real v). All zeros are 
simple, possibly except for the point x = 0. 

The zeros 7¥,, of Jo(x), i.e., the roots of the equation Jo(7,) = 0, are approximately given by 


Ym = 2.4+3.13(m-1) (m= 1,2,...), 
with maximum error 0.2%. 
> Hankel functions (Bessel functions of the third kind) 


HO (2) = Iz) +iV.), HH) = I(z)-iV.(), ?=-l. 


10.7. Modified Bessel Functions 


> Definitions. Basic formulas 
The modified Bessel functions of the first kind, [,,(a), and the second kind, K,(2) (also called 
the Macdonald function), of order v are solutions of the modified Bessel equation 


gy! + cy), —(a + v*)y =0 
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and are defined by the formulas 


: (a /2)2#* ril,-L, 
ca ra Mrecka? "=> aaa 


(see below for K,(x) with vy = 0,1,2,...). 
The modified Bessel functions possess the properties 


K_(2) = K(x); Lp(a) =(-1)"In(a), =1=0,1,2,... 
2vl, (x) = tUyi@)-Lyai@)), — 2v K(x) = -# (4) - Ky 41@)], 


d 1 d 1 
a I(@) = ZU (@) + La (@)], — Kh, (a) = -Z [61 (@) + Ky 41(2)). 
x 2 2 


dx 


> Modified Bessel functions for v = -En + 4, where n = 0,1,2,... 


Ti /2(@) = 4/ oa sinh x, Lip(x)=4/ J cosh x, 
TL TL 
T3/2(x) = 4/ = (-2 sinh x + cosh c) » 13/2(@) =4/ = c cosh x + sinh c) ; 
ae! ewe CLF +h)! is (n+k)! 
en oe c » Rin mayer O° oS ki(n— TocproaF | 
a ii aw CDF +h)! ee (n+k)! 
ONS ies [« ne Maman oO? ® > k(n Wonpronr | 
/ / 1 
K41/2(@) = ae K43/2(£) = = (1+—)e*, 


ot (n+k)! 
Knsi/2(@) = Kn-1/2(©) = \/ ae ce k!(n—k)! (2x)k 


> Modified Bessel functions v = n, where n = 0,1,2,... 
If vy = n is a nonnegative integer, then 


K,(2) = (-I)™*' I, (a) 1 ave l + \ vey as 
n(x) = (- n(x) In 5 2 5 


m! 


Lary pnt mst 1) 4+ ¥(m41) 
+50" D2(5) 


: = 0512s o<s 
2 mi(n+m)! a 


m=0 
where ~(z) is the logarithmic derivative of the gamma function; for n = 0, the first sum is dropped. 


> Wronskians and similar formulas. 
2». 1 
WL, Ly) =-— sin(rv), Wd,, K,)=——, 
TX x 
2 sin(7v/) 


1 
£,@) Lvs @) ~ Ly @)lya@) = -— I @) By @) + Li @) KV @) = 


where W(f, 9) = fg, — fig. 
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> Integral representations. 
The functions J,,(a) and (a) can be represented in terms of definite integrals: 


Vv 1 
- v 2yv-1/2 1 
K, (2) = i exp(—x cosh t) cosh(vt) dt (x > 0), 
0 
1 lo) 
KL (2) = —— { cos(x sinh t) cosh(vt) dt (x >0, -l<v< 1), 
cos(47v) 0 
1 lo) 
KL(2) = — i sin(z sinh t) sinh(vt) dt (x >0, -l<v< 1). 
sin( 57) 0 


For integer v = n, 


1 “us 
Iy(x) = = ‘| exp(zx cos t) cos(nt) dt (n=0,1,2,...), 
0 


e ;  cos(xt) 
Ko(x) = | cos(x sinh t) dt = | a dt (x > 0). 
> Integrals with modified Bessel functions 
x Atv+1 2 
nN x Atve4+l A+V4+3 x 
La) dx = F( , vtls Z), OR =H 
a CDAE ME = a5 5 oT 1) 2 a eae a 


where F’(a, b, c; x) is the hypergeometric series (see Section 10.9 of this supplement), 


[ Pmi@de= POO pn pA 1 A-vt3 =) 


‘ el pee eae 
2YITR-v) vai pfAtutl A\tV4+3 v 
— mip( ao Re A> |Rer|—1. 
VaGpet © 2 ag 4 So veley| 


> Asymptotic expansions as x — co 


i M i — : : 
1a) = anf 14 yn — 1)(4.* — 3°)... [4v~ -(m - 1) 1, 


V 20x rae m! (8a)™ 
M 
ee ee ~ (4v? — 1)(4v? — 32)... [4v2 —-(2m-1)?] 
K,(2) = an © {1 + d Gat \ 


The terms of the order of O(a~™') are omitted in the braces. 


10.8. Degenerate Hypergeometric Functions 


> Definitions. Basic Formulas 
The degenerate hypergeometric functions ®(a, b; x) and W(a, b; x) are solutions of the degenerate 
hypergeometric equation 


LY +(b- x)Yy’, —ay =0. 
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TABLE S1 
Special cases of the Kummer function ®(a, }; z) 


a b z ® Conventional notation 
a a x et 
1 2 2x —e” sinh zx 


Incomplete gamma function 


a atl | -« ax “(a, 2) ail »= [ ot gy 
0 
Error function 
1 3 2 Tv f y) x 2 
= a —x —erfx 
2 2 erf 2 = —= | exp(—t*) dt 
: Vi Jo 
1 x la ih Hermite polynomial 
—n = ae eae (-;) Hn (x) ermite polynomials 
2 2 (2n)! 2 > qr p 
H,=(-1)"e* —_(e*), 
3 x n\ ( 1 ) "a (x) da” 
mn - = TA aN n+l = 
B 2 (Qn+1)!\ 2 at n=0,1,2,... 
Laguerre polynomials 
! (a) = ca i d” -—£ ,N+Q 
—n b r n. L&Y(a) Ly (2) nm! dx” (e t Ve 


(d)n a=b-1, 
(b), =b(b+1)...(b+n—-1) 


1 z\Y 
z T+v)e (5) L, ; . 
a 2 aa ae ae 2 (2) Modified Bessel functions 
3\ ~¢a\-r-k I) 
n+1 2n+2 2a P(n+5)e*(S) L414 (x) 
2 2 ae 
In the case b # 0, -1, -2, -3, ..., the function ®(a, b; x) can be represented as Kummer’s series: 


(ayn a 
®(a,b; 2) =1+ —— —_, 
Cho > ok 
k=l 
where (a), = a(a+1)...(a+k-1), (a)o = 1. 
Table S1 presents some special cases when ® can be expressed in terms of simpler functions. 
The function (a, b; x) is defined as follows: 


_.. Td-d) T(b-1) 
U(a, b; x) = Ta-bsp?* b,x) + T@ 


x! °@(a—b+1, 2-5; 2). 


> Some transformations and linear relations 
Kummer transformation: 


®(a, b; x) = e” ®(b—a, b;-2), W(a, b; 2) = c' °W(1 + a—b,2-b; 2). 
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Linear relations for ®: 
(b—a)®(a— 1,6; x7) + (2a—6b+ x)®(a, b; x)-a®(at+ 1,6; x) =0, 
b(b— 1) ®(a, b— 1; 2) -— b(b- 1+ x) ®(a, b; x) + (b- a)x®(a, b+ 1; x) = 0, 
(a—b+ 1)®(a, b; x) —a®(a + 1, b; x) + (6- 1)®(a, b- 1; x2) = 0, 
b®&(a, b; x) — b&(a - 1, b; x) — x ®(a, b+ 1; x) = 0, 
b(a + x) ®(a, b; x) — (b- a)x®(a, b + 1; 2) —ab®(a + 1, b; x) = 0, 
(a—1+2)®(a, b; x) + (b-a)®(a— 1, b; x) — (b— 1) ®(a, b- 15 7) = 


Linear relations for WV: 
W(a-1,b;7)-(Qa-—b+x)W(a,b; 2) + a(a—b+ 1I)WV(a+ 1,6; x) = 0, 
(b—a—1)W(a, b-1;2)-(b-14+ x)WV(a, b; 7) + eW(a, b+ 1; x2) = 0, 
Wa, b; x) -aV(at+ 1,b;x2)-WV(a,b-1;2) =0, 
(b—a)V(a, b; x) -—2WV(a,b+ 1,2) + V(ia—-1,b; x) =0, 
(a+ x)WV(a, 6; x) + a(b—a-—1)V(a4+1,b;2)-2V(a,b+1;2) =0, 
(a—1+a)WV(a, b; x) -V(a—-1,b; 7) + (a—c+ 1)V(a,b-1;2) = 


> Differentiation formulas and Wronskian 
Differentiation formulas: 


d d” i 
de b; x)= aa +1,b+1;2), age te b; x) = — ®(at+n,b+n;2), 
d mn 
— Wa, b; x) = -aV(a+1,b+1;2), ee b; x) = (-1)"(a),V(at+n,b+n; 2). 
dx dx” 
Wronskian: iG 
W(,V) = 6U!,- 6! v= 2b ©) ee. 
I(a) 
> Degenerate hypergeometric functions for n = 0,1, ... 
(-1)""! 
W(a,n+ 1; x2) = ———— § ®(a, n4+1; x7) Inax 
niT(a-n) 


(ar (n-1)! Go (@=n)r & 
Pra: [Watr)—v +r)- vd+n+r)|— al Te ee at 


where n = 0, 1, 2, ... (the last sum is dropped for n = 0), w(z) = [InT'(z)]j, is the logarithmic 


derivative of the gamma function, 


nl 


wd)y=-C, dn)=C+ Okt, 


k=l 
where C = 0.5572... is the Euler constant. 
If b < 0, then the formula 


W(a,b;xz) = 2! W(a—-b +1, 2—b; x) 


is valid for any «x. 
For b # 0, —-1, —-2, -3, ..., the general solution of the degenerate hypergeometric equation can 


be represented in the form 
y = C) ®(a, b; x) + C2V(a, b; x), 


and for b = 0, -1, —2, -3, ..., in the form 
y=a'?|C,O(a-b+1, 2-b; x) + C,W(a-b+1, 2-b; x)}. 
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> Integral representations 


®(a, b; x) = eee ee er ap a (for b>a>0) 
= T(a)T(b—a) Jo ' 
1 [oe) 
Ua, b; 2) = —— ea a (for a>0, x >0), 


T(a) Jo 


where I'(a) is the gamma function. 


> Integrals with degenerate hypergeometric functions 
b-1 
®(a, b; x) dx = Pie he a 1,b-1;2)+C, 
a — 


[Matin de = — Wa-1,b- 132) +6, 
-a 


®(a—k,b-k;3 x) +C, 


n+l : 
| k+1 1—b n-k+1 
[rena dx =n! y yt Dt 
k=1 


(1—a)(n—k+D)! 
n+l 


(-1)**! gn k+l 


“ » (-a(n—k+ D! 


fewars) dx Wia-—k,b-—k;x)+C. 


> Asymptotic expansion as |x| — co. 


N 
®(a, b; x) = nae p Onna On gen + ‘| z>O0, 
1, (ee one Co Ce ee 
(a,b; x) = Té-9°” bs 7 (=) rel, x <0, 
z (a),(a—b +1) 
Wlasbia) =0"] 1)" 7 tam ae], —0O <x“ <0, 
n=0 . 


where ¢ = O(a"). 


10.9. Hypergeometric Functions 


> Definition 
The hypergeometric functions F(a, 3, y; x) is a solution the Gaussian hypergeometric equation 


u(x - lyn. +[(a+ 64+ 1)ax - yi, +aSy =0. 


For y #0, -1, -2,-3, ..., the function F(a, 3, y; x) can be expressed in terms of the hypergeo- 
metric series: 


(a)e(B)x ak 


Gy Er? eH eat))...tk-D, 


F(a, B,y;2)=1+5> 
k=1 


which certainly converges for |x| < 1. 
Table S2 shows some special cases when F’ can be expressed in term of elementary functions. 
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TABLE S2 


Some special cases when the hypergeometric function F'(a, 3, 7; 2) 
can be expressed in terms of elementary functions 


a B Y z F 
 n)a(Bn av* 
—n Y x —_———— —, where n=1,2,... 
re a. Fi 
 n)a(Bn v* _ 
—7n B —n-— Mm x Dian ae where n=1,2,... 
k=0 
a p B r Cla)? 
a ats z a $ (A +ay7°+(1-ay?*] 
12a 1-2a 
“4 con 3 (l+2)'**-(1-2) 
2x2(1 -2a) 
Qa —a ; —a? 3|( l+22+2) °+(V1+22-2)"] 
1 j 1+2? +2)" + (Vi+22-2)"" 
a l-a z —2x 
2V14+x2 
a | a3 20-1 w 92 (14/12) 
P 1 3 ¥ sin[(2a—1)z] 
aa 2 ae (a—1) sin2z) 
_ 3 a sin[(2a—2)z] 
. ae 2 se (a1) ane) 
ey ieee 1 sin? cos[(2a— 1)x] 
COS © 
a atl za a (+a)-2)°" 
2a 
a | at3 20+] F a Sy 
12a 
“ aed D0 Z 1 (Se) 
Vl-2 2 
3 7 3 x? . arcsin 
xv 
1 l 3 ~y? iD arctan x 
xv 
1 
1 1 2 —x —In(x +1) 
xv 
1 l+a2 
1 3 
4 1 2 2 po 
= 2x ‘ l-ax 
(-l)"(n+m4+l41)! am {a yn =} 
xv 
'/! ! ! ntm l 2 
ntl) ntm4+l | nt+m4+l4+2 x Bia ae ee 
ee pear eA 
av 
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> Basic properties 
The function F’ possesses the following properties: 


F(a, 8, y; 2) = F(B, a, ¥; 2), 
F(a, 8,32) = (1-2) FP F(y-a, y- 8, 7; 2), 
F(a, 8,732) = -2y°F(a, 1-2, 3 —), 


a”  @n(Bn 
ee OP aye 


If y is not an integer, then the general solution of the hypergeometric equation can be written in 
the form 


Flatn, G+n, y+n; 2). 


y = Ci F(a, B,y;2)+ Cox! 1F(a-yt+1, B-y+1, 2-7 2). 


> Integral representations 
For y > 3 > 0, the hypergeometric function can be expressed in terms of a definite integral: 


KG?) 
TPA)Py-B) Jo 
where I(/3) is the gamma function. 


See M. Abramowitz and I. Stegun (1979) and H. Bateman and A. Erdélyi (1973, Vol. 1) for 
more detailed information about hypergeometric functions. 


1 
F(a, 8,7; 2) = t?1q -t)7 F111 - tx)? dt, 


10.10. Legendre Functions 


> Definitions. Basic formulas 
The associated Legendre functions P#(z) and Q#(z) of the first and the second kind are linearly 
independent solutions of the Legendre equation: 


(1—2?)y'!, -22zy) + + D- WO - 2 y Wy = 0, 


where the parameters v and yu and the variable z can assume arbitrary real or complex values. 
For |1 — z| < 2, the formulas 


1 z+1\4/2 l-z 
Eee eer 
¥@> Tap \ ea als aie oT 
z—-l 5 l-z z+l1 5 1-z 
E =A(=—)? F(-, L+y, 1p, =~) +B )? R(-v, 1+y, 1, *), 
Q@ z+ rea a, =f Saeed EY 


an TW +y +p) TGs 
A=ci¥t B=cur 
St. OP a wat SS 


v=-l, 


are valid, where F’(a, b, c; z) is the hypergeometric series (see (see Section 10.9 of this supplement). 
For |z| > 1, 


PH(z) = POC AY) pte _tyntp(TtYoe 2+v-p 2v+3 1 
ms m7 I(-v — p) pd 2 ° 2? # 

vr lu 

‘ 2’T(5 +V) (1H ( v+p l-v-p 1-2 1 

Jr tv—-p) Des 2 7 2 ? gf 

an VEY ttl) oto 2Q+v+p l+vt+p 2v4+3 1 
E(x) = eoTH v- | - 1? P( ; 
Wane pega aye a a eer 
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The functions P,(z) = P°(z) and Q(z) = Q°(z) are called the Legendre functions. 
The modified associated Legendre functions, on the cut z = x, -1 < x < 1, of the real axis are 
defined by the formulas 


1 


PH (x) = 4 [e2™ P#(a + 10) + 24" PH(a - 10), 
Qu (x) = Le" [e-2#™ QE (a + 40) +e?" QU (a — i0)]. 
> Trigonometric expansions 


For -1 < x < 1, the modified associated Legendre functions can be represented in the form 
trigonometric series: 


241 Dt +1) Gin ey’ > ($+ Wed +v+Wr 


P!"(cos 6) = sin((2k +v + p+ 1)6], 


vr Tw) aa kt 3)x 
Tw+ptl).. (S+we(L+u+ we 
ve = Pe ee be 
QU (cos 0) = \/n 2 Tess) (sin 6) 2 mvs Db cos[(2k + + w+ 1)6], 


where 0 <6 <7. 


> Some relations 


- So _Twt+n+l) = » 
PEPE ae) CO) apna (z), n=0,1,2,... 
_ in Tdt+vt+yp) 

QU (2) = 2sin(um) : PO-Tagpo pi’ @ : 


For0<2< 1, 


PY (-x) = P# (x) cos[r(v + p)] - 20! QH(a) sin[7(v + 14)], 
QE (ax) = -QY (x) cos[m(v + p)] — 5m Pi (x) sin[7(v + j1)]. 


For-l<a< 1, 


2v+1 vt 
Phi (@) = Phe) - er 


Wronskians: 


we om WP, Qt) = i pogel 
(P.. Qu) = > (Pr. Q2) = 7a = r( 


For n =0,1,2,..., 


P(e) = (Id 2"? Pye), Qh) = Dd -22)"? £_Q,,(0). 
dx” dx” 


> Legendre polynomials 
The Legendre polynomials P,,(«) and the Legendre functions Q,, (x) are defined by the formulas 


1 


+2 ti 
Fy = os hie Crmin : 
(x) are ae 1(2)Pnm(2) 


LS eae Qn(o) = 5 Pu(a)In 


n!i2” da” 
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The polynomials P,, = P,,(a) can be calculated recursively using the relations 


2n+1 


1 

P(x)=1, P@=2, P(@)=5G0-1, ..., Praue)= LP, (x) 
2 n+ 

The first three functions Q,, = Q(x) have the form 


l+az x l+az 1 l+a2 


1 377 — 
Qoa)= sin, Qi(@)= FIn—- 1, Q(z) = —— In 


The polynomials P,,(x) have the implicit representation 
[n/2] 
Pel SCI CT CR a ta 


m=0 


where [A] is the integer part of a number A. 


Ph-t (2). 


All zeros of P,,(x) are real and lie on the interval -1 < x < +1; the functions P,(a) form an 


orthogonal system on the interval —1 < x < +1, with 


+1 0 if n#m, 
fo Pate)Pnta) de = _ 
if n=m. 
= 2n+1 
The generating function is 
1 co 
————— =) 7P,(2)s” (Is < 1). 


V1—2sx + s2 


n=0 


> Integral representations 


For n =0,1,2,..., 
r 1) ft 5 
pay eD (2 +costV22—1)” cos(nt)dt, Rez>0, 
mvt) Jo 
Twt+nt+l) 


WA) CN paw) 


Note that z # x, -1 < x < 1, in the latter formula. 


10.11. Orthogonal Polynomials 


(eal if (z +cost)”” |(sint)’*! dt, Rev >-l, 
0 


All zeros of each of the orthogonal polynomials P,,(x) considered in this section are real and 


simple. The zeros of the polynomials P,,(a) and P,,4;(x) are alternating. 


> Legendre polynomials 
The Legendre polynomials P,, = P,,() satisfy the equation 


(l-27)y”,, —2ay/, + n(n + Dy =0. 


They are outlined in Section 10.10 of this supplement. 
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> Laguerre polynomials 
The Laguerre polynomials L,, = L,,(x) satisfy the equation 


eyes. +(1 — x)yl, +ny =0 


and are defined by the formulas 


Tr 


2 _ 4)2 
L,(2) = ee (a"e)(-1)” [e" any! + n (n 1) gh? 
ee 


2! 


+--- 


The first four polynomials have the form 
Io=1, Ly=-e+1, In =2°-4r4+2, L3=-2° +92? -182+6. 
To calculate L,, for n = 2, one can use the recurrent formulas 
Lnai(x2) = (2n+1-2)Ly(x)- n?Ln_1(2). 


The functions L,,(x) form an orthogonal system on the interval 0 < x < oo, with 


yen _ fo if n#m, 
| € En()Lim (2) de = ‘i 


if n=™m. 


The associated Laguerre polynomials of degree n — k and order k are given by 


k dé 
Ln(@) = FLn(@). 


These satisfy the differential equation 
xy. +(k+1—ax)yl,+(n—k)y =0, 


where n = 1,2,... andk =0,1,2,... 
The generating function is 


1 Sx = gs” 
oe ae In qe 
ras oP ( 2 » ay 


> Chebyshev polynomials 
The Chebyshev polynomials T,, = T),(x) satisfy the equation 


(l-27)y”,, -ayl,+n’y =0 (1) 


and are defined by the formulas 


Tn(x) = cos(n arccos x) = oo V1—272 - [a 2)" 
i [n/2] Gina 
= 5) sof 1)” : (Oh aga (n=0, 1 


m!(n-2m)! 


m=0 


where [A] stands for the integer part of a number A. 
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The first four polynomials are 
T=1, T=2, Th=22°-1, T;=4a° -32. 

The recurrent formulas: 

Trsi(x) = 22T, (x) — Thr_1 (2), n22. 
The functions T;,(a) form an orthogonal system on the interval —1 < x < +1, with 

"FOTO ase [Ye it named 

= 1-2? - nen =a. 

The Chebyshev functions of the second kind, 


Uo(x) = arcsin x, 


V1-<2x? dT,(2) 

n dx 

just as the Chebyshev polynomials, also satisfy the differential equation (1). 
The generating function is 


U,(@) = sin(n arcsin x) = (He 1, 2s) 


pane “> T(z)s” — (\s| < 1). 


1—2sxr +82 


> Hermite polynomial 
The Hermite polynomial H,, = H,,(x) satisfies the equation 
Yun —22y), + 2ny =0 
and is defined by the formulas 


A, (2) = (-1)” exp(2” )— exp(-”). 
The first four polynomials are 
Hy=1, Hy =2, Hy =40*-2, Hy =82°- 122. 
The recurrent formulas: 
Anis (@) = 20 Hy (x) -2nAp_\(x), n22., 
The functions H,,(a2) form an orthogonal system on the interval —oo < x < o0, with 
if n#Am 


oo 0 } 
i exp(-27) Hy, (2) Hm (a) dx = { Vr2"n! if n=m. 


The Hermite functions w,,(a) are introduced by the formula w,,(~) = exp (-27) A,(a), where 
nm =.071,.2,-<0: 
The generating function: 


exp( =o + 2sz) )= doth (=. 


> Jacobi polynomials 
The Jacobi polynomials P™° = P%°(z) satisfy the equation 
(-2’)y"+ [B-a-(at+ 8 +2)x]y,+n(n+at B+ ly =0 
and are defined by the formulas 
(1)? 
2°n! 


(1-ay 41 +2? ae — |a- ards) 2 ES OR Or rai, 


nt+a Crab 


Pars 
m=0 


where C are binomial coefficients. 


@) References for Supplement 10: H. Bateman and A. Erdélyi (1953, 1955), M. Abramowitz and I. A. Stegun (1964). 
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